Statistics 581, Problem Set 8 Solutions
Wellner; 11/20/2008

1. Suppose that 6 = (61,60,) € © C R* where §; € R and 6, € RF~1. Show that:
A. I =1y — I1513', is orthogonal to [Iy] = {d'ly : @ € R*1} in Ly(Py).
B. 1192 = inf cpr E9(11—0/12)2 and that the minimum is achieved when ¢’ = I1515,".
Thus . _
e = Ey(ly — IaI3t0)? = E,[(12)Y].

C. Prove the formulas (16) and (17) on page 21 of the Chapter 3 notes and interpret
these formulas geometrically.

Solution: A. Note that for any a € R*~! we have
Eg[lilga] = Eg {(ll — 11212_21i2)i2Ta}

- {Eg {z’lig} oI5 By {igig}} a

= {112 — [12}& = O .

Thus * is orthogonal to [I;] in Ly(Pp).
B. Note that for any ¢ € R*~! we have

Ey(ly — cly)?

= Ep(ly — Lolyp'ly + Lolyg'ls — ly)?
E@(jl - [121231Z2)2 + Ep((I1215 — Cl)i2)2
= I — Lolsy Iy + Eg((I21y — C,)i2)2
> I

with equality if and only if ¢ = Ij515,'. Here the second equality uses the
orthogonality proved in A.
C. Formula (16) says that

=I5 — I3 sl (0.1)
One way to derive this is as indicated on page 21: since [ = 7' we have
L=1"+T1"%, and o= T+ 1%,
Hence it follows that
I+ I ol
= TY) 4 12y + I (1P + 172)
= I3 {(IHI“ 4 LY 4 (I 2+ 112122)52}
= Il_l1 {Ident . il +0- lg}

= Il .



Rearranging yields (0.1). Note that this indentity decomposes the efficient influence
function [; in the larger model with both #; and #; unknown into its projection onto
the efficient influence function in the sub-model when 6 is known, namely I;'l;,

and a term which is orthogonal to [[;]. Formula (17) follows immediately from (16)
in view of orthogonality of the two terms:

1L, = ELIT) = U T I + I3 e EL1E ) Iy 17}
= It I eI I I

. Suppose that (Y|Z) ~ Weibull(A~'e™7#, 3), and Z ~ G, on R with density g, with
respect to some dominating measure p. Thus the conditional cumulative hazard
function A(t|z) is given by

App(t]z) = (Ne72t)P = NP 7tP
and hence
)"y,)\,ﬁ(t’Z) = )\ﬁeﬁ’Yzﬁtﬁfl '
(Recall that A(t) = f(t)/(1 — F(t)) and

At) = /0 A(s)ds = /o (1— F(s)) 'dF(s) = —log(1 — F(t))

if F' is continuous.) Thus it makes sense to reparametrize by defining ¢; = (v (this
is the parameter of interest since it reflects the effect of the covariate Z), 0y = N,
and A3 = (. This yields

Mo(t|2) = 0305 exp (0, 2)t% !

You may assume that

a(z) = (0/9n) log gy(2)
exists and E{a*(Z)} < oo. Thus Z is a “covariate” or “predictor variable”, 6, is a
“regression parameter” which affects the intensity of the (conditionally) Exponential
variable Y, and 6 = (04, 0, 05, 6,) where 6, = 7.
(a) Derive the joint density py(y, z) of (Y, Z) for the re-parametrized model.
(b) Find the information matrix for . What does the structure of this matrix
say about the effect of n = 6, being known or unknown about the estimation of
61,02,037
(¢) Find the information and information bound for 6; if the parameters 6, and 63
are known?
(d) What is the information bound for #; if just 63 is known to be equal to 17

Solution: (a) Integrating A\y(t|z) with respect to t gives
Ag(t|2) = 0y exp(6,2)t"
and hence the conditional survival function 1 — Fy(t|z) is given by

1 — Fy(t|z) = exp(—Ag(t|2)) = exp(—0y exp (6 2)t") . (0.2)
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It follows that

and hence that

fo(t]2) = 0305e7t% 71 exp(—0ye71%) |

po(y,2) = folylz)gy(z) = 0y05e017¢05~1 exp(—926912t93)gn(z)

(b) We first calculate the scores for ¢. Note that the random variable W =

= = fyfh5e?17t%! eXp(_QQeelztes)g% (2).

0y exp(0, Z)Y% has, conditionally on Z, a standard Exponential(1) distribution:

Py(W > w|Z) = Py(baexp(61 2)Y" > w|Z) = e

by (0.2). We calculate

1oy, z) -

11(Ya Z) =
12(Ya Z) =

13(Ya Z) =

14(Ya Z) =

Moreover,

li5(Y, 2)

los(Y, Z)

Is5(Y, 2)

logpe(Y, Z)

log 0 +log 0 + 0, Z + (63 — 1) log Y — 02" %Y + log gs,(Z),
7 — 70" 7Y% = 7(1 - W),

1 Oye?Yy% 1

G 1—

02 02 62( W) ?
1

ot logY — 05" %Y % log Y
3

1

o +log Y{1 — O 2y %}

3

1 62691ZY93
A i)

6% {1 + {logW — log(92€91Z JH1 - W}}

6% 11— (W —=1)logW]+ (W —1) 10g<92€91Z>}
CL(Z) - a(Zv 7]) :

1 9 691ZY93
B 9.7+ 0 o 012,60 2
= —Z0,"°Y%logY = _Z9_392€ Y™ log (W)
A
= _H—W{logW — log(62"7)}
3
_ _iw{logW —log(6y) — 012}
9 691ZY93
012y 0120 2
_ 12y03 Yy — ——9 14y g e 7
08 02&3 ¢ ( 02601Z )
= ———W{logW — log(f,e"%)}
9203
= ———W{logW —log(02) — 6,7},
9203

_ —@{1 + Wllog W — log(6,¢" 7]’} .
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Thus we calculate easily:

n(0) = Eo(L(Y, 2)%) = E{E[Z*(1 - W)*|Z]}

= B{Z’E[1-W)|Z]} = BE(Z?),
In(0) = Eo(L(Y,2)?) = Ep{E[0;*(1 = W)*|Z]} = 652,
I3(0) = 6052 {14 E[W(logW)?| — 2E(W log W){log 6> + 6 E(Z)}

+ E{(log b, + 91Z)2}}

= 60;° {1+ B*—2A4{logb, + 1 E(Z)} + E{(logb, + 6,:2)*}}

a(8) = Ep(L(Y. 2)a(Y, 2)) = Eo{ E[26;(1 — W)*| 2]} = 6, E(2).

Ls(0) = —FEp{lis(Y,2)}
— 0;{E(Z)[A —logy] — 6, E(Z%)},
Is(0) = —FEy{lys(Y,2)}

= (‘92&3)_1{14 — IOg 02 — 6’1E(Z)}
where
A= E{WlogW} = / (wlogw)exp(—w)dw =1 — 7,
0

B> = E{W(ogW)*} =7%/6+ (1 —v)* — 1.

Note that since Li(y,z) = a(z) is just a function of Z, it follows easily that for
7 =1,2,3 we also have
Lu(0) = Eo{li(Y, 2)lu(Y, Z)}

= E{g;(W, 2)a(2)} = EXElg;(W, Z)a(Z)|Z]}

= E{a(2)Elg;(W, 2)|Z]} = E{a(Z) - 0} = 0,
Because of this orthogonality, the information bounds for (6,605, 0;) are the same
when 6, = n is unknown as when it is known.
(c) If 3 and 5 are known, then the information bound for estimation of 6; is just

I71(0) = 1/E(Z?). Tt follows that the information matrix for  is of the following
form:

E(Z?)  6;'E(Z) 0;'C 0
10) = 0, E(Z) 052 (0203)7'D 0
a 0:;10 (‘92&3)71D 0§2E 0

0 0 0 Ed*(Z)

where
C = E(Z)(A—logby) —6,E(Z?)
D = A-—logb,—6,E(Z)
E = 1+ B*-2A(logby +0,E(Z)) + E(logfy + 6, 2)* .

(d) If 3 = 1 is known, then the information bound for 6, is I;;', where
Lio(0) = I — Dalyy' In
E(Z%) — (E(Z)/62)%05 = E(Z*) — (EZ)* = Var(Z).
Thus I}, = 1/Var(Z).



3. This is a continuation of the previous problem:
(e) Find the efficient score function and the efficient influence function for estimation
of #; when 05 is known.
(f) Find the information /y1.(23) and information bound for ¢, if the parameters 6,
and 03 are unknown. (Here both #y and 65 are in “the second block”.)
(g) Find the efficient score function and the efficient influence function for estimation
of 6; when 6, and 65 are unknown.
(h) Specialize the calculations in (d) - (g) to the case when Z ~ Bernoulli(6,) and
compare the information bounds.

Solution: (e) When 65 is known, the efficient score function and the efficient
influence function for estimation of 6; are given by

(Y, 2) = 1 — LI,
= Z(1-W)— 921E(Z)9§9i(1 — W)
= Z(1-W)-EZ)1-W)=(Z-EZ))(1-W),
and

L(Y,2) = I;LINY, 2)
1

(f) When both the parameters 6y and 65 are unknown, the information L1203 1s
given by

Loz = I where the “second block” contains both 65, 05
- Ill - 112]2}1[21 (03)

where

112 — (HQIE(Z),H:;lC) y

ra_( GE 665D 1
22 —0,05D 62 E_—D?°

Thus the second term in (0.3 ) is
{[E(Z)’E —2E(Z)CD + C*} /(E — D?). (0.4)
Now the denominator is
E—-D* = 1+ B*>-2A(logby + 0,E(Z)) + E(log by + 6, 2)?
—(A —logby — 1 E(Z))?
= 1+ B*>—-2A(logb, +0,E(Z)) + E(logfy + 6, 2)°
—[A? —2A(log Oy + 61 E(Z)) + (log by + 0. E(Z))?

= 1+ B*— A>+Var[logby + 6, 7]
= 7/6+0Var(Z),



and, upon noting that

C—E(Z)D = E(Z)(A—logb,) —0,E(Z%) —{E(Z)(A—logb,) — 6:[E(Z)]*}
= —0\Var(2),

it follows that the numerator of (0.4) is

C? -2E(Z)CD + [E(Z)PE = C?—-2E(Z)CD + [E(2)]*D*+ [E(Z)]*(E — D?)
= (C—EB(Z)D) + [E(2){x*/6 + 6;Var(Z)}
= QQ[VM( W+ [B(Z)]{7*/6 + 01Var(Z)} .

It follows that the information for #; when 65 and 63 are unknown is equal to

2 [Var(2))* + [E(2))*{7?/6 + 0iVar(Z)}
726 + 02Var(Z)

111-(2,3) = E(Z2>_

= =% f@%/?/ar 7 Var(Z) < Var(Z) < E(Z%)

with equality in the first inequality if and only if #; = 0. Note that the information
decreases as 6 increases, and it converges to 72/(60%) as Var(Z) — oc.

(g) When 6y and 05 are unknown the efficient score function for 6; is, with the
“second block” containing both 6, and 63,

I = 1 — II5',
I, — (b:(E(Z)E — CD),65(C — DE(2))ly/(E — D?)
E(Z)E - CD

= Z0=-W)- =751 =W)
7r2/60f2§1(/i3~(z) {1 = (W = 1)log W] + (W — 1) log(0>¢" ") }

_ E(Z)E — CD + log(09e%)
B {Z_ 72/6 + 03Var(Z) }(1_W)
2Var(Z2)
72/6 + 03Var(Z)

{1— (W —=1)logW}.

(h) When Z ~ Bernoulli(n), then

Iy = E(ZQ) =n="04,

Lo =Var(Z)=n(1—n) =0,1—-10,4),
/6
72/6 4+ 02Var(Z)

/6

BT K

L3 = Var(Z)

The corresponding information bounds are given by the reciprocals of these
quantities. See the following figures for comparisons of the information and
information bounds.
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Figure 1: Plots of Iy, I11.2, and I11.(23) as a function of n = 64, and for 6, = .5, 1.0,1.5
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Figure 2: Plots of I};', I;;%,, and 11_1?(2,3) as a function of n = 6,, , and for 6; = .5, 1.0,1.5

4. (a) Lehmann and Casella, Problem 2.13, page 501.
(b) Let R,(0) = nEy(T,, — 0)* where T, is the Hodges superefficient estimator as in
Example 3.3.1 (so T;, = §,, of Example 2.5, Lehmann and Casella pages 440 - 443).
Show that R, (n~"/*) — oo as n — oo.

Solution: (a) (a’) First recall that (with 6, = T,,) since /n(X —0) L7~ N(0,1)
we can write

\/ﬁ(Tn - 9) == \/ﬁ(ynl[|ynl>n_1/4] _'_ &Ynl[lyn|§n—1/4] - 9)



Il=

2V z40ymsnii + 102 + vVnb(a = D]z40 /1<)
= Z+[(a—=1)Z+ (a = DVl z19 m<niry
= Z - (1= a)[Z + V) ze0ym<niiy-
Thus
b,(0) = Ey(T,) -0
= n?{EZ - (1= a)E[Z + Vb1, g mi<nii |

l1—-a

= — \/ﬁ E[Z+ \/ﬁe]lﬂZ—i—@\/rﬂgnl/‘l]
1—a nl/4

= — —v/nb)d
Nl I Raas vnb)de

since Z + 60/n ~ N(0y/n,1).
(b’) Differentiating the result in (a’) gives

nl/4
o) = - | adla = v~y da
nl/4
= —(1- a)/ » x(x — v/nb)p(x — /nb) de  since ¢'(z) = —x¢(z)

—~ 0 if 040

by the dominated convergence theorem since x(z—+/n8)d(x—/n0)1_,1/a y1/4(x) —
0 for each fixed z and is dominated by the integrable function 4e~'¢(z)/(]0] A 1)
(for n > (3/16])").

Details of this domination: For |z| < n'/* it follows that

lz]|z — /0| < n'/4 —n'/* — /nb) < 02+ n¥40) < 203410 V 1)
while

oz —v/nb) = o) exp(v/nbe — nb’2)

(2) exp(|0]n®* — n6?/2)

(2) exp(|8]n**(1 — n'/"]6]/2))
() expl(

1
exp —§|Q|n3/4) if 1—n40]/2 < —1/2

IA
S S ©

IN

o(x

or, equivalently, when n > (3/]0])*. Combining these two bounds yields

elle — Vlo(e — Vi) < G A(18] v 1) exp(—0}n¥2)
oy | 20 e (=lol2) it 0] <1

~ b(@) (4/10])(n®4]6]/2) exp(—|0|n**/2) if |0] <1
A1 /2) exp(— ol /2y i J6] > 1
4e1
S At



When 6 = 0

1/4

b,(0)=—(1—a) /_:1/4 2*¢(r) do — —(1 — a) /_Z r*¢(x)dr = —(1 — a).
(¢’) The information inequality implies that
Varo(/a(t, - 0)) = O 1 9 11y

1(0)

since I(f) = 1. At the point § = 0 the right side converges to a?, while the limit
inferior of the left side is the variance of the limiting distribution at # = 0, namely
a?. Thus there is no contradiction with the information inequality.

(b) Using the distributional identity in (a) yields

Ry(0) = 141 —a)’E(Z+Vn0)*1) mj<ni
— 2(1 = ) E{Z(Z + VnO)L 210 m<niin}
= 1+{(1—-a)*-2(1-a)}E(Z + ﬁ6)21[\z+6ﬁ|§n1/4]
+2(1 = a)VnOE{(Z + Vnb) 1|z 0 m<niin}
= 1= (1=a®)E(Z+ Vn0)*1y5. 0 mi<niiy
+2(1 = a)VnOE{(Z + Vnb) 1|z 0 m<niin}
(This confirms the first identity in Lehmann’s example 4.7, page 442.) Squaring out

the expectation in the second term and writing the third term as the sum of two
terms yields, with oy, = n'/* — \/nb, B, = —n'/* — \/nb,
Rn(e) = 1- (1 — a2)EZ21HZ+9\/ﬁ|§n1/4]
— 2(1 — a2>\/ﬁ‘9EZ1[|Z+9\/ﬁ\gnl/4]
— (1= a*)nf*(®(8,) — ®(an))
+ 2(1 — a)nd*(®(3,) — ®(a))
+ 2(1 - a)\/ﬁgE{Zl[‘Z+9\/ﬁ|§n1/4]}
- ]_ — (1 — a2)E221HZ+9\/771|§n1/4]
+(1 — a)*nd*(®(8,) — ®(ay))
—2(1(1 — a)\/ﬁ‘gE(ZlﬂZ-i-G\/ﬁ\Snl/ﬂ)

where

Bn
E(Z1[|Z+9\/ﬁ|§n1/4]) = / Z¢(Z)d2

Bn
= — [ d(x)dz  since ¢/(2) = —z9(2)

=~ (6(8) — Hlaw)).
Thus it follows that
Ry(0) = 1—(1—a*)EZ*1y 5,0 mj<ni/
+ (1 —a)’nb*((3,) — B(aw))
+ 2a(1 — a)vnd(¢(Bn) — d(an)).
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(This confirms the second identity in Lehmann’s problem 4.7, page 442.) Now we
take 6 = 6§, = n~*, and note that a,, = —2n'/*, 3, = 0. Since the expectation of
in the second term in the last display is bounded below by zero and above by 1 we
find that

Rn(n_1/4) > a2 +(1 )2 1/2(1/2 ( 2n1/4)
+2a(1 = a)n'/(6(0) — &(~2n""))

— a2+oo+oo:oo

since n1/2®(—2n1/4) — 0 and n1/4¢(_2n1/4) — 0.

. Suppose that Z ~ N(0,1) and, for 4 € Rand 0 > 0, that X = p+0Z ~ P,, =

N(u,a?).
(a) Compute the likelihood ratio

%(x = o '¢((z — p)/o) and Y = log dF, —7(X) .

by o~ lo(x/o) dPo»

What is the distribution of ¥ under F, and under P, ,?

(b) Plot the function I(y; X) = log(dP, ,/dFPy,)(X) as a function of pu.

(¢) Find the maximum value of the function I(x; X') in B (as a function of u) and
the value of ;1 = i which achieves the maximum.

(d) What is the distribution of g under Py, and under P,,? What is the
distribution of {(f1; X) under Py, and under P, ,?

Solution: A. The likelihood ratio

AP0 () = o 'o((x —p)/o) _ exp(—(z — p)?/(20%))
by o~ lo(x/o) exp(—z2/(202?))
C e (P
o? 202
Hence ip X 1.2
Y =log Sro(xy =2 ZH
8 dPOU( ) co 202
Under P, we find that E(Y) =0 — 2% and Var(Y) = p?/0* = V? so that

Y ~ N(—§V2,V2) under Py, .
Under P,, a similar computation gives E(Y) = p?/o? — p?/(20%) = V?/2 and
Var(Y)=V? so
1
Y ~ N(§V2,V2) under P, .
B and C. The function
P,

Wi X) =log g (X) = =5 =507 2

is quadratic in p with maximum value X?/(20?) which is achieved at u = i = X.
D. Under Py, i = X ~ N(0,0%) and I(ji,0; X) = X?/(207) ~ x}/2. Under P,,,
=X~ N(u,o%) and I(f1,0; X) = X?/(20?) ~ x3(5)/2 with § = pu?/o?.
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