Statistics 581, Problem Set 7 Solutions
Wellner; 11/12/2008

1. Compute and plot the score for location, —(f'/f)(x) when:
A f(z) = ¢(z) = (2m) Y2 exp(—2?/2), (normal or Gaussian);

B. f(z) =exp(—x)/(1 + exp(—x))?, (logistic);
C. f(z) = exp(—|z|), (double exponential);
D. f =t, the t—distribution with k degrees of freedom;

E. f(z) = exp(—z)exp(—exp(—z)), Gumbel or extreme value.

Soluton: A. For f(x) = (27)"Y/2exp(—22/2), it follows that log f(x)

constant so that (—f'/f)(z) =z, =1 —z(f'/f)(z) = 2* — 1.
B. For f(z) =e®/(1+¢e7)? log f(x) = —x — 2log(1 + ™) and
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C. For f(x) =27 exp(—|z]),
log f(z) = —|z| + constant,
and
f -1 r <0
—*(z) = ¢ undefined r=0,
f +1 x>0
while
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—1—957(3:): lz] — 1, for  z#0.
D. For the t; distribution, f(x) = F(%((;)l)) ﬁ(l + %2)_('““)/2,
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E. For f(x) = exp(—z) exp(— exp(—2x)),
log f(x) = —z — exp(—z),
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and
f/
—=(r) =1 —exp(—2),
f
while
f/
-1- x7(x) = —1+4z(1 — exp(—x)).
Plots of these score functions for location are given in Figure 1. Note that they are
odd functions in cases A-D, which are all symmetric densities about zero. In case E,
corresponding to the asymmetric extreme value density, the score for location does

not have any obvious symmetry property.

Figure 1: Scores for location.

2. Compute Iy = [(f'(z)/f(x))?f(x)dz, the information for location, for each of the
densities in problem 1.
Solution: A. In this case I} = [ z?¢(x)dx = Var(Z) =1 where Z ~ N(0,1).
B. For the logistic density the information for location is

o= [CEre - [ ere) - 1par)

1
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/0( u—1)du = 4Var(U) 5= 3

C. For the double-exponential density, [(—f'/f)(x)]* =1, s0 I; = 1.

D. For the t — distribution with k& degrees of freedom, by using a change of
variables and letting 7). denote a random variable with the ¢ — distribution with
r degrees of freedom,
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since Var(T,) =r/(r —2) for r > 2.
E. For the extreme value distribution F(z) = exp(—exp(—z)) and therefore if
X ~ F, the random variable Y = exp(—X) ~ exponential(1):

PY >y) = Plexp(—X) >y)=P(X < —log(y))
= exp(—exp(log(y))) = exp(—y).

Since —(f'/f)(x) = —1 + €7%, it is easy to see that
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. Consider the two parameter location-scale model

dPy
where © = R x R™,
33'—01

pe(fﬁ):%f( % >,

and the (known) density f has a derivative f’ almost everywhere with respect to
Lebesgue measure \.

(a) Calculate the information matrix () for 6.

(b) For which of the densities in A-E of problem 1 is I;5(6) not zero?

Solution: (a) The score for location is
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and the score for scale is
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(b) Note that I15 ; = 0 for all symmetric densities f since y is odd while (f"/f)*f
is even. Thus I12(f) = 0 for cases A-D in problem 1, while I15(6) = 6’2_2112#: # 0 in
case E. I calculate

Loy = /y(f%(y)yf(y)dy

= / y(—=1+e¥)e Vexp(—e¥)dy

(e 9]

= — /Ooo(logv)(v — 1)’ Pdv=—(1—7)

where 7 is Euler’s constant. In fact this is related to I15 that we calculated already
for the Weibull family in Example xx.xx in the notes and in the first display at the
top of page 2 of the Handout on Gamma, Digama, and Polygamma.

. Suppose that X ~ Gamma(c, 3); i.e. X has density py given by

e

po(z) = Fﬁ(&)xo‘l exp(—pfr)lo ) (z), 0= (a,3) € (0,00) x (0,00) =0O.

Consider estimation of : A. qa(0) = EyX. B. qp(0) = Fy(xo) for a fixed zg; here
(i) Compute I(0) = I(«, 3); compare Lehmann & Casella page 127, Table 6.1

(i) Compute g4(0), qp(0), 4a(0), and ¢p(6).

(iii) Find the efficient influence functions for estimation of ¢4 and ¢g.

(iv) Compare the efficient influence functions you find in (iii) with the influence
functions 14 and vp of the natural nonparametric estimators X, and F,.(x0)
respectively: in particular, show that 14 € P, while ¥ ¢ P.

Solution: For the Gamma(a, ) parametrized my way:

po(z) = Fﬁ(;xal exp(—B7)1(0,00) (7).

Thus
log pe(z) = ( — 1) logx + alog 5 — log I'(«v) — S,
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and hence

/

io(z) = logz + log B — = (a) = log(8z) — ¥(a),

r
lo(a) =5~
Furthermore,
loa(z) = —¢'(),
o) = 5 = o),
las(x) —%‘
Hence () 15
Q) —
0= (1% )
(ii). Now ga(0) = o/, and
(0) = Py(X < 1xp) = /xo Lﬁo‘xa_le_ﬁf”’ dx
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where I'(a,y) is the incomplete gamma function; note that I'(a,00) = I'(«a).
Therefore
) 0 0 1 « 1 Q@
G4(0) = (%QA, %CIB) = (B: —@) = B(la —B)
= Covy(X — Ep(X),lj (X)),
while, with 5
¢(a7y) = % logF(a,y) = F/(avy)/r(avy) )
a (Do Br)  T(aBao)l(0) (Bxo)™™ g wo
50 = (S - )
(T, Bxo) T
= (NI e - vl St
= (a5(0){¥(, Bxo) — ¥()}, = po(0))

B
= Covo|(Ljo.wo)(X) = Fy(0)), 5]

(iii). The scores are given by

i) ( Lo () ) _ ( log(f) — () )
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and the information matrix is

0= (") )

Thus
171(9>: ( O[/ﬁQ 1/5 ) ﬁ2
1/ ¢'(a) ) ay'(a) =17
and the efficient influence function for estimation of g4 is

la = 4a0)"T7(0)l
_ 1(1,_a)<a/ﬁ2 1/5) 5 (log(ﬁx)—w(a))

7 B\ 1B () ) agia) -1 57
—7B - log(px) — Yl l—g'a g—f
= iy =710 (8(82) = v(@) + (5 = GG — )
= (x—B)

Note that X — Ep(X) € [ly] = P; in fact, X — Ep(X) = —I3(X).

Similarly, Iz(z) = ¢z(0)I~"(A)ls(z); unfortunately, this does not simplify much,
largely due to the fact that 1o, (X) — Fp(x0) ¢ [ls] = P.

(iii) The information bound for estimation of g4 is

I(PloaP) = @517 (0)ia
1 a (a/f® 1/8 3 1 1
= 30 ﬁ)< /5 w'<a>)aw<a>—1(—a/ﬂ)ﬁ

!
= @:V@m(){).
Similarly,
I"'(Plgs,P) = =5l " (0)ds,

which does not simplify appreciably because 119 ) (X)— Fp(z0) ¢ [ly] = P. However,
since we know that Ig = II(1jg 4, (2) — F'(20)|P), it follows easily that

I7Y(Plgs, P) < Eg(Ljo,00)(X) — Fy(20))* = Fy(0)(1 — Fy(x0));

i.e. it is possible to improve on the natural nonparametric estimator F, (zq) of
qp(0) = Fy(zo) when the model holds.

. Lehmann and Casella, TPE, Problem 6.6, page 142: if p(z) = (1 — €)o(z — §) +
(e/T)o((x — &)/T) where ¢ is the standard normal density, find I(€, £, 7).

Solution: T would prefer to write # = (£,¢,7). The first thing to note about the
model

P ={Py: (dPy/d\)(z) = p(z;0) = p(x)}

is that it is a location family: p(z;&,€,7) = po(x — &; €, 7) where
po(zi€,7) = (1 —€)o(x) + (¢/7)d(x/T).
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Moreover, all the distributions in the family Py = {Fo.. : ¢ € [0,1],7 >
0} are symmetric about 0. Here are plots of these densities for 7 = 3 and
e = 0,.2,.4,.6,.8,1; the second plot is of the densities pg for ¢ = .2 and 7 =
1.5,4,8, 16,32, 64.

Figure 2: Densities p(z) for € =0, 7=3,€=0,.2,.4,.6,.8,1.0

Figure 3: Densities p(x) for £ =0, e = .2, 7 =1.5,4,8,16,32,64

Since ¢'(x) = —x¢(x), the score functions for €, £, and 7 are given by

i) = S le-on-gue -0+ 555 (224 ],

p(x)
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i (2) = ﬁﬁ(x;f){(ff)il}.

Thus with 0 = (&, ¢,7) and [,, the information matrix I(&,e,7) = I(0) is given by

1(9) = E@{ZG(XMO(X)T}

= (Bll(X)i5(X))) .

Hence it becomes clear that all of the elements of (e, &, 7) are constant functions
of &; hence it suffices to compute the information matrix for & = 0. Thus we take
¢ = 0 in the rest of the argument. Now note that the scores for € and 7 are even
functions of z: I.(—z) = l.(z) and similarly for i,. On the other hand, the score
function for ¢ is an odd function of z: [¢(—2) = —l¢(z). It follows that

Ep{l:(X)l.(X)} =0, and  Ep{le(X)i.(X)} =0.

Thus the only non-zero entry off the diagonal is I»3(f) = I..(f). I do not know
any “closed form” results for I11(0), Ix2(0), I33(0), or Ix3(6), but it is not hard to
compute them as functions of 6 = (¢,&, 7) especially since they depend only on
(€, 7). See Figures 3-5 below.

Figure 4: Information for € as a function of 7 for e = .1,.2,.3,...,.9
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Figure 5: Information for ¢ as a function of 7 for e = .1,.2,.3,...,.9
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Figure 6: Information for 7 as a function of 7 for e = .1,.2,.3,...,.9

6. Suppose that P = {P) : § € ©}, © C RF is a parametric model satisfying the
hypotheses of the multiparameter Cramér - Rao inequality. Partition 6 as 6 = (v,n)
where v € R and n € RF-"™ and 1 < m < k. Let | = |y = (I1,13) be the
corresponding partition of the (vector of) scores [, and, with =1 _1(0)i , the efficient
influence function for 0, let [ = (2},2;) be the corresponding partition of [. In both
cases, I3, [; are m—vectors of functions, and Iy, Iy are k —m vectors. Partition I (0)



and I71(6) correspondingly as

(I L
I(Q)_(Im 122)

where I1; is m X m, I1p is m X (k—m), Iy is (k—m) X m, Iy is (k—m) x (k—m).

Also write
I74(0) = [[]ij=12-
Verify that:
A TV =I7Y where I1yo = Iy — Lol I,
1?2 = I,', where Iy, = Iy — I I o,
I = I L1015
I = N I I
This amounts to formulas (3) and (4) of section 3.2, page 14.
B. Verify that
Iy = Iy + 1'%y = I (I — Lolsts), and

lQ == I2li1 + 122Z2 == [27211(l2 - Iglfﬂlil).

Solution: A. This is just block inversion/multiplication of matrices:
A b Ly I - I —I7 5D 1 Iy
rore Iy 1o — Iy In I3y} I54 I

( Ident 0

0 Tdent ) = Identity.

by using the definition of ;1.5 and Is9.;.

I (L — oL o) I (Lo — Ip)
12_2?1(—]21 + 1) 12_2?1(—]21111112 + 1)

112
I22

B. This follows immediately from the formulas for I'* and I'? by just plugging

into the formula L = ]1111 + 11212 for L:

L, = Il — I5510505M,

I35 (4 — LoIpts) = I
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