Statistics 581, Problem Set 6 Solutions
Wellner; 11/05/2008

1. Chapter 2, Exercise 5.3, page 25. [Hint: One approach uses the fact that S,(¢;) —

Sn(tj_1) = n~1/2 Z[mnt X, 7 =1,...,t with t; = 0 are independent random

J— 1

variables. |

Solution: Note that
Sn(t1) 1 00 0 Sn(t1)
Sn(ts) 110 0 Sn(t2) — Sp(t1)
S (tx) 111 -+ 1 Sn(tr) — Sp(te—1)

where the components of the vector on the right side are independent and

[nt;]

Sn(t]) — Sn(tj—l) = n_1/2 Z X

i=[nt;_1]+1

[nt;]
_ \/Wj] [ntj 1] 1 Y ox
n V [nt]] - [ntjfl] i= nt 1]+1
—d S(tj) - S(tj_l) ~ tj - tj_lN(O, ]_) == N(O, tj - tj—l)-
Thus it follows that

Su(t1) S(t1)
Sn(t2) = Sn(t1) S(t2) — S(t1)
Su(t) — S, (fr) S(t) — S(te)

where the coordinates of the vector on the right side are independent. (This
justifies the notation, since Brownian motion has independent increments.) Then
the continuous mapping (or Mann-Wald) theorem yields

S, (1) 100 - 0 S (th)
Sutz) | [110 -0 Sn(t2) — Sn(t1)
Sn(:tk) 111 . Sn(ts) — Sn(ts_1)
100 0 S(t,)
110 0 S(ta) — S(t1)
L1 1 S(te) — S(tx-1)
S(t1)
S(t2)
= : ~ Nk (0, (5 Aty)s5isy).
S(t)



2. Ferguson, ACILST, problem 4, page 93 (modified slightly): suppose that X3,..., X,
are i.i.d. F with continuous and positive density f in neighborhoods of F'~!(p)
F~1(1/2), and F~'(1 — p) for some 0 < p < 1/2. (Ferguson takes p = 1/4.)

(a) Find the asymptotic distribution of the mid-p-quantile range R,(p) =
(Xtna—py) + X(np))/2; ie. find the asymptotic distribution of /n(R.(p) — r(p))
where r(p) = (F~'(1 —p) + F~'(p))/2.

(b) Find the asymptotic distribution of the median.

(c) For a general distribution function F, the mid-p-quantile range and median
estimate different parameters, the population mid-p-quantile range r(p) and the
population median F~'(1/2) respectively, but in the case of a distribution function
F that is symmetric about some point p (so 1 — F(z + u) = F(x — p)), they both
estimate the point of symmetry, p. Compute the asymptotic relative efficiency of
the mid-p-quantile range relative to the median as a function of p when: (i) F is
Cauchy(u, 0); (ii) F' is Uniform(0, 2u).

Solution: (a) Now

Q' (p)V(p) _
F'1—p) —F(1-p) ) T ( Q1 —pV(1—p) ) =W

so, with R, (p) = (1/2)(F,'(p) + F, (1 —p)), r(p) = (1/2)(F ' (p) + F' (1 —p)), it
follows that

Wa(p) = Vvn

Y
=

S

)

~—~

|

!
L

)

=

Vi(R,(p) — 7(p)) (1/2)1"W,,(p) —a (1/2)1"W (p)
= (1/2)(Q'(p)V(p) + Q' (1 = p)V(1 - p))
~ N(0, i(@’(p)Qp(l —p)+Q'(1—p)*p(1 —p) +2Q'(p)Q'(1 — p)p°)).

When F is symmetric, f(F~'(p)) = f(F~Y(1 — p), so Q'(p)

asymptotic variance of /n(R,(p) — r(p)) becomes (p/2)Q'(p)°.
(b) For the median we have

Vn(F, (1/2) = F71(1/2)) =4 N(0, (1/4)Q'(1/2)*).

(c) It follows from (a) and (b) that the asymptotic efficiency of R, relative to the
median is given by

_UAQUR 1 QU 1 ()
ARE el E) =0 mar ~ o @~ wiep O

When F' is Cauchy(p, o) we have

fo=oh () o =R ()

Q' (1 — p) and the

no
I

o o g
where 1 1 1 1
fo(l’) = ;m, F()(I) = 5 + ; arctan(x).

Thus F;'(t) = tan(m(t — 1/2)), F7'(t) = p + oF;*(t), and it follows that
f(F7Yt) = fo(Fy*(t))/o. Therefore we compute F,;'(p) = tan(n(p — 1/2)),

2



Fy'(1/2) = tan(0) = 0, and fo(F; ' (p)) = 1/(27), fo(F;(1/2)) = 1/7. Thus
the ARE computed in (0.1) above becomes

2
1 1
1 (E(Htan%(pq/z)))) 1
ARE ca(Cauchy) = — = .
() ed(Carichy) 2p (L)Q 2p(1 + tan?(w(p — 1/2)))?

oT

At the Cauchy distribution, the asymptotic variance of the median varies from 0
times the asymptotic variance of the mid-quartile range (when p = 0) to l.xz of
the asymptotic variance of the mid-p range (when p =); see Figure 3. It seems that
for sampling from the Cauchy distribution the mid-p-quantile range has a variance
which is smaller than the median for p € (0.387653,1/2) with a maximum ARE of
1.05819 at p = 0.443485.

When F is Uniform(0, 2u), f(x) = (2p) " 1o .20 (x) = (20) 7 fo(x/21) where fo(x) =
1p1y(z). Therefore f(F1(t)) = fo(Fy '(t))/(21) = 1/(2u) for all ¢. Thus the ARE
computed in (0.1) above becomes

—~
DO
=
~—
&
—_

1
ARER, (). mea(Uniform) = 3 (20)2 =% >1 forall 0 <p<1/2

with equality at p = 1/2. See Figure 4.
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Figure 1: Asymptotic relative efficiency of R, (p) with respect to F,*(1/2), F =Cauchy
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Figure 2: Asymptotic relative efficiency of R, (p) with respect to F,!(1/2), F =Uniform

3. Suppose that X, X7, Xs, ..., X, are independent Exponential(\) random variables:
P(X > ) = exp(—\x), x> 0.

(a) Show that the r-th moment of X, p, = () is given by

r 1
fr(\) = EX" = M
b\
(b) Use the moment calculation in (a) to show that
fir(A) _ A
,UrJrl()‘) r+1

and hence that the family of estimators {/A\%k)}kzo given by

X*, YT XE
= (1) 2 K
Xk, not X

AP = (k+1)

are all consistent estimators of A: A —p, Aforeach £ =0,1,2,....
(c) Show that
VI(A® —X) =4 N(0,02()) as n— oo
and compute o7(\) explicitly as a function of k and .
(d) What is the asymptotic relative efficiency of AP o X, = A0 =1 /X, for
k>17
(e) Now suppose that X, X, ..., X, are ii.d. with distribution function F' on (0, c0)
where F'is not an exponential distribution function. Specify hypotheses on F' (or X)

which guarantee that 5\7(11@) —,, some natural parameter, say \x(F') defined in terms of

F. What hypothesis will be needed to guarantee that \/ﬁ(ﬂﬁf) —AXe(F)) —4q N(0,V?)
for some V2?7



Solution:
(a) We compute

EX") = / xT)\e)“”dx:)\T/ (A\z) e \dx
0 0
= /\_r/ Yy lemdy = AT (r + 1).
0

(b) It follows from (a) that

fir(A) _ A
Mr—f—l(/\) r+1
and hence
2 ﬁ n-1 Zn Xk
(k) — n_oo_ 1
A= (k+ 1)Xk+1n = (k+ 1)n712? ek
Mk:(/\)
— kE+1)——— = \.
P ( )Nk+1()‘)

(¢c) Now by the multivariate CLT it follows that

ﬁn — Mk
Xk—Hn — Hik+1

ﬁ( )wzwxo,z)

where

2 \2k+1
T'(2k+2)—T'(k+ 1) (k+2) I'(2k+3)—(I(k+2)?
A2k+1 A\2k+2

( ['(2k+1)—D(k+1)2 ['(2k+2)—D(k+1)T(k+2) )
2k

W [(2k+2)—T(k+1)'(k+2) F(2kz+3)i(F(k+2)2
A A2

1 ( 2k +1) = D(k +1)2 DTEA2TE)IkT2) )

Thus by the delta method with g(u,v) = u/v, so that ¢(u,v) = v=}(1, —u/v)

VAP =) = (k+ 1)vn(g(XF, X)) — g(un(N), e (V)
—a (k+1)g(pe(N), rgp1(N)Z

_ kAt (Zl_ﬂ%)

prs1(N) HE+1
1
= (k+1)Zy — \Zy)
HE+1
1 1
~ N(,X"%*C}) = N0, ——C
Hk+1 ( ) ( /\%Miﬂ )
= N(0 )\QL) = N(0,\*Dy,)
) F(k + 2)2 — ) k

where

Cr = (k+1)>{T'(2k + 1) = T'(k + 1)*} —2(k+1){D(2k+2)—D(k+1)T'(k+2) }+T'(2k+3) - (k+2)*.



and (after a bit of algebra)

Dy, =

I'2k+1) 2k+1  (2k+2)2k+1)  T(2k+1)
F(k+1)2{ B (k+1)2 } T(k+1)2

(¢) When k = 0, we compute Dy = 1. Thus the asymptotic relative efficiency of
/\Slk) with respect to /\510) is Do/Dy. These estimators become inefficient relative to
the mean very rapidly as k increases, as is shown by the following plot of the relative

efficiency.
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Figure 3: Asymptotic relative efficiency of X;"’) with respect to 5\510)



