Statistics 581

Problem Set 5 Solutions
Wellner; 10/30/2008

1. Verify the following claim made in our treatment of the asymptotic distribution of
the sample correlation coefficient: if

wn-no(11)

then
E(X?Y?) —p* E(X?Y)—p EXY?) —p 1+p% 20 2p
E(X3Y)—p E(XY -1 EX?YH -1 | = 2p 2 2p?
E(XY3) —p EX?*Y?*) -1 E{YYH)-1 20 20 2

Hint: Compute conditionally and use Theorem 1.3.5, page 14, Chapter 1.
Solution: First note that (Y|X) ~ N(pX,1 — p?). Thus we compute

E(X*Y?) = EB(B(X?*Y?|X))=E{X’E(Y*}X)}
= E{X’[Var(Y|X)+ E(Y|X)*]}
= BE{X*[1-p"+p"X"]}
= 1-p"+pPEXY) =1—p*+3p* =1+ 2p%

Thus the claimed entries for the (1,1), (3,2) and (2,3) entries of the matrix hold.
Furthermore,

E(XY?) = EEXY?}X)=E{XEY?*X)}
= BE{XE[(Y —pX + pX)*|X]}
= E{X[(Y = pX)’ +3(Y = pX)*(pX) + 3(Y — pX)(pX)* + (pX)°|X]}
= E{X [0+3(pX)(1—p*) +3(pX)*- 0+ p’X°]}
= E{3(1—-p*)pX?+p*X*} = 3p.

Thus the result for the (3,1) and (1, 3) entries holds, and by symmetry this yields
the result for the (2,1) and (1,2) entries. Note that the result holds for the (2,2)
and (3, 3) entries since E(X?) = E(Y*) = 3.

2. For a random variable X taking values in (0,00) define the entropy H of X by
H(X)=E(XlogX)— E(X)log(E(X)).
(a) Show that H(X) > 0.
(b) Compute H(X) and H(X)/E(X) for X ~ Exp()).
(c) Suppose that X, Xy,..., X, are i.i.d. Propose an estimator of H(X) and give
conditions under which your estimator, say H,, satisfies H,, —, H(X).
(d) Give conditions under which the estimator you proposed in (c) satisfies \/n(H, —
H(X)) —4 N(0,V?) and find V2.



Solution: (a) Let g(x) = xzlogz. Then ¢'(z) = 1+ logx and ¢"(z) = 1/z > 0.
Thus g is convex, and by Jensen’s inequality

E{Xlog X} = Eg(X) > g(E(X)) = E(X)log(E(X)).
This implies that H(X) = E{X log X} — F(X)log(E(X)) > 0.
(b) When X ~ Exp(A), we compute E(X) = 1/X and
E{XlogX} = /Ooxlogx)\e’\xdx

= / %log(y//\)e_ydy by letting y = \x
0

1 o0 o
= — {/ ylogy - e Ydy — log)\/ ye_ydy}
A 0 0
1
= X{l — v —log A}
where v ~ 0.577216... is Euler’s constant,
~v = lim il —logn p = — /Oo(logy)e_ydy.
n—oo = j 0
Thus for X ~ Exp()),

H(X) = {17 ~logA} — 1 log(1/A) = -,

A
H(X)/E(X)=1-1.

(c) FX,Xy,..., X, areiid. with E|X log X| < oo, then, by the strong law of large
numbers applied to both X,, =n~'Y"" | X; and to X1log X, =n~'>""  (X;log X;)
(noting that E|X log X| < oo implies E|X| < 00), it follows that

~ 1 — — —
2 22 Xilog(X;) = X, log(X,)

—a.s. E(X1 lOgXl) — E(Xl) IOg(Xl) = H(X)

(d) Now suppose that E(X log X)? < co. (Note that this implies that E(X?) < c0.)
Then by the multivariate CLT it follows that

\/ﬁ( Xlog%z :gg)logX) ) i Z ~ Ny(0,%)

where
5 E{(Xlog X)?} — [E(X1og X)]? FE{X%log X} — E(X)E(X log X)

~\ F{X?log X} — E(X)E(Xlog X) Var(X) '
Now H, = h(Xlog X, X,) where h(u,v) = u — vlogv has

0 0
%h(uﬂ}) =1, %h(uﬂ}) = _(]‘ + IOgU).
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Thus by the delta-method with Vi = (1, —(1 +logu)), u = E(X),
Vn(H, — H(X)) =4 Vh-Z ~ N(0,VATSVh).
Notes: It was not part of the problem, but when X ~ Exponential(\), I find that

> 1 [ 3(logA)* +6(y —2)logA+d 2—v—log\
N2 2 — v —log A 1 ’

where d = 72 + 372 + 3 — 12, and hence
VATSVh = A2((y — 1)? + (7* — 9)/3) ~ (0.468615...)\ 2.
. (a) Write out a proof of (10) on page 16 of the Chapter 2 notes.

(b) Write out a proof of the corresponding fact concerning the general empirical
process G,: G,, =74 G where G,, and G are as defined on page 21 of the chapter 2

notes; i.e. for any fi1,..., fx € La(P), (G, (f1),--.,Gn(fx)) —a (G(f1),---, G(fr)).

Solution: (a) U, —;4 U. To see this, let 0 < t; <t < --- <t < 1. Then define
random vectors Y, by

Y, = (1po)(&) =ty Lo (&) — te),
for i =1,...,n. Note that £Y; = 0 and

(1l —t) t—tyty -t — ity
ty —tity  to(1—ty) - Ly — oty
EY, Y| =
ty—tity  to—toty oo te(1—tg)
k —
= (LAt —tit);,_ =3

Thus it follows from the multivariate central limit theorem that

([Un(tl), e ,Un(tk))/ = \/7_LG —d Nk(O, Z)

But for a Brownian bridge process U, (U(ty),...,U(tx)) ~ Ng(0,3), so we have
shown that (U,(t1),...,Un(tx)) —a (U(t1),...,U(tx))’. But since this holds for
every k and every choice of t,...,t, it follows that U, — ;4 U.
(b) G,, —fa G. To see this, let fi,..., fr € Ly(P). Then define random vectors
Y, by

Y, =(((Xi)) = Pfi..o, fi(Xi) = Pfi)

fori =1,...,n. Note that EY, = 0 and

P(ft) = (P(f1)> P(fifz) = PfiPfa --- P(fifs) — PAPfe
P(fifs) = PHiPfs  P(f3) = (Pfa)> -+ P(fofi) = PfaPfi

EY,Y; =

P(fifx) — PfiPfi P(fofx) — PfoPfr --- P(f]?) _ (Pfk)2
= (P(fif;) — Pfinj)fJ:l =.
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Thus it follows from the multivariate central limit theorem that

(Gn(f1>a ceey Gn(fk))/ = \/ﬁfn —q Nk(O, Z).

But for a P—Brownian bridge process Gp, (G(f1),...,G(fx)) ~ Ni(0,%), so we
have shown that (G, (f1),...,Gn(fx)) —a (G(f1),...,G(fx)). But since this holds
for every k and every choice of fi,..., fi € Lo(P), it follows that G,, — 4 G.

. Ferguson, ACILST, problem 6, page 93.

Solution: (a) Now Fy(z) = 2% for 0 <z < 1,50 F, ' (t) = t'/% for 0 <t < 1, and
hence m(6) = F, '(1/2) = (1/2)"/%. Since

fo(m(0)) = fo(Fy ' (1/2)) = 0(1/2)~ D/ >0,
it follows from Theorem 2.6.2 that
VM, —m(9)) = Vn(F,(1/2) - F;'(1/2))

S S N 4
L E A N (0’ fzu%lu/z)))

_ 1/4 _ —20-2/0
_ N (o, 92(1/2)2(9_1)/9) — N(0,672272%).

(b) Since M, = F;*(1/2) —, F,(1/2) = (1/2)}/%, it follows from the continuous
mapping theorem that

o _lom(2)  loa(/n) sl
"= TogM, 7 log{(1/2)7}  (1/0)log(1/2)
(c) Let g(z) =log(1/2)/log(x). Then
L —log(1/2)1
Y= g
and
o m(®) = (1721 = L 182 g o00

(1/2)7% [log(1/2)/°)
Thus it follows from the delta-method (or ¢’-theorem) that

Vi, —0) = Va(g(M,) —g(m(6)))
—a g/ (m(0))N(0,07227%/%) = N(0,6%/(log 2)*).

. Suppose that X1, ..., X, arei.i.d. random vectors with values in R* with E(X;) = p
and E(XTX;) < co so that ¥ = F(X; — u)(X; — p)T is well-defined. Thus

Suppose that g : R¥ — R is a function, and suppose that Vg = § exists at p. Then
the delta-method (or ¢’ theorem) tells us that

(1) V(g(Xn) — g(w) —a V()" Z ~ N(0,Vg(p)"SVg(p)) .
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(a) Show that we can strengthen (1) as follows: Suppose that Vg = g is continuous
at p. Then /n(g(X,) — g(n)) is asymptotically linear at p:

Vi(g(Xn) —g(p) = V()" vVn(X, —p) + op(1)

n

= =2 UX) + o)
where
(2) U(x) = V() (z - p)

which is called the influence function of g(X,) as an estimator of g(x), has mean
Ey(X,) = 0 and Var(y(X,)) = Vo(u) SV ().

(b) Does the result of (a) apply to the situation considered in problem 1(b) of
problem set #37 If so, what is the resulting influence function?

(¢) Does the result of (a) apply to the situation in Problem 4 above? If so, what is
the resulting influence function?

Solution: (a) By Taylor’s theorem, for some Y,* satisfying |V;* —u| < [X,,—pu| —, 0
it follows that

Vi(g(Xn) —g(w) = Vg(¥y)vn(X, — )
= Vg(p)vn(X, — )
+ {Vy(Y;)) = Vg(u)}vn(X, — p)
= Vg(pu)vn(Xn —p) +o,(1)

since Vg(Y;*) —, Vg(u) by continuity of Vg at p and since v/n(X,, — ) = O,(1).
Now note that

Vo)X = ) = <= 30 Valn) (X =) = 2= 3 U(X)

with ¢ as in (2).

(b) In problem 1(b) of problem set # 3, X; ~ Poiss(\) are i.i.d., and g(\) = pa(\) =
Py(X1 = 2) = \2e7*/2, while E(X;) = A = u. Thus the result of part (a) applies
with g : R — R, and in this case

Vil —paN) = Vi((K) — g(N) = ¢ WK — ) + 0p(1)
- %wawop(l)

where ¢'(\) = A(2 — X)e™*/2 and ¢y (z) = ¢’ (\)(z — N).

(¢) In problem 4 above, the estimator 6, is expressed as 6, = g(M,) where g(z) =
log(1/2)/log(z) and M, = F,'(1/2) is the sample median, so the development in



(a) above does not apply (directly). On the other hand, by the asymptotic linearity
of the sample median expressed in Theorem 2.6.3, it follows that

Vi, —0) = g'(m(0)v/n(M, —m(8)) + 0,(1)

! 1 n -1 _ o
= =g 00y VI (B (1/2) = 1/2) + 0,(1)

= =D UlX) + o)

where

__9'(m(8))
fo(Fy ' (1/2))

Thus 6, is asymptotically linear with influence function ).

Yo(x) = (1(700,@;1(1/2)](1?) - 1/2).

. Suppose that X; ~ Bernoulli(p;), i = 1,...,n are independent. Show that if

(3) Zpi(l—pi)—’OOa

then
\/H(Xn—ﬁn) N(O.1).

Give one example {p; };>1 for which (3) holds and another example for which it fails.

Solution: (a) With Y,; = X,,; — ppi, ¢ = 1,...,n,... we have E(Y,;) = 0, 02, =
VCL?“(Ym') = pn,z(l - pn,i)a and

Yni = E’Ym’g = E’Xn,z _pn,i‘?) = ‘1 _pn,i‘?)pn,i + ’O - pn,z‘3(1 - pn,z)
< Pui(1 =) {(L = pni)® + 053} < 2Pni(1 — pui)
so that 02 = > " pui(l — pus) and v, <230 pri(1 — ppy). hence
T 2
o3 = n 1/2
no A Pri(1 = pag)}

if ) Pni(1 = pni) — oo. Hence it follows from the Liapunov CLT that

Z?:l(Xn,i - pn,i)
\/2711 pn,i(l - pn,i)

and this is equivalent to the stated conclusion.
If pp; = 1/i" with 7 > 1, then the assumption fails:

n n n o0 o0
INURTED SIS S DI B
i=1 =1 =1 i=1 i=1

— 0

—d N(071)7




On the other hand, if p,; = 1/i, then it holds:
SNIEEIPID SN SR P
i=1 i=1 i=1 i=1

(b) Suppose that p,; =i%/n, i =1,...,n for some o > 0. Then

D D .
i=1 ! ‘5 T 2a+ i

if & < 1/2. On the other hand for p,; =i*/nand 0 < a < 1/2

n n
anz pnz = an,z_ngz,z
=1 =1

n

= n! ¢ —

i=1
1
a+1

n® —o(1) — oo,

and thus both conditions hold for these p,, ;.



