Statistics 581, Problem Set 4 Solutions
Wellner; 10/23/2008

1. Suppose that N, ~ Multg(n,p) and p = N, /n. Suppose that the true p is p =

p, + n~Y2¢c where 17¢ = 0. Use the Cramér - Wold device together with either the
Liapunov or the Lindeberg-Feller CLT to show that

7 - (Nn,l — NPp1 Nnk - npn,k)
- /1'Po,1 O /MPor

satisfies Z,, —4 Z where Z ~ Ny (0,1 — \/p_o\/p_oT). (It therefore follows, as outlined

in class, that the chi-square statistic Q,, —4 x3_,(d) with 6 = Zle ¢ /po,; under

the local alternative p .)

Solution: We argued heuristically in class that when the true p = p, =D, +en Y2,
then

(1) Z, = diag(1//p)n'*(p—p,) = Z+d ~ Ny(d, %)
where d = diag(1/,/p;)c and ¥ = I —  /p;,/p,’- To prove that (1) holds, we can

use the Cramér-Wold device and the Liapunov CLT. Fix a € R¥. Then we want to
show that

a"Vn(@, —p ) —a N0, d" (diag(p,) — p,p;)a) -

But since N,, = > | A,; where A
write

ni ~ Multy(1,p ) are i.id. for each n, we can

'@, —p) = Z Z a;(Dnij — pnj)/ VN

=1

where the X,,;’s have p,; = F(X,;) =0,

op; = Var(X,;) = o' (diag(p, ) — p,p! Ja/n

and

k k 3
Yni = E‘an‘g = 7173/2 Z { aj'(l _pnj’) + Z CLj(O _pn]> Pnj

J'=1 J#3g=1

so that



while

1
k k 3
= n_1/22{aj’(1_pnj')+ Z aj(o_pnj) }pnj'

J'=1 J=14#j5'

— O~M(g,go) =0

where

M(@aQO)ZZ{@j'(l—POj/)JF > aj(O—pOj)3}p0j/-

J'=1 J=L3#5’
hence it follows that 7,/ od/* =0, and

QT\/ﬁ(En - ]_)n) _ Z?:l an

On On

—d N(O,l) .

Since 02 — a’Ya, this implies
a"vn(@, —p)—a N0 d Ya),
and by Cramér - Wold, this yields

\/ﬁ(/én - £n> —d Nk(ov Z) :

. Suppose that N,, ~ Multy(n,p) and p = N,,/n. Define a family of functions ¢, for
—1<s<2by

_1—S+SZE—ZL‘S

bo(2) = s(1—s) 7

reRT, s#£0,1,

and define ¢1(z) = z(logx — 1) + 1, ¢o(z) = log(1/x) + x — 1. Now define a family
of statistics for testing H : p= p, versus K : p =+ P, by

k .
T,.(s) = TR p—j) .
(s) anzlp0]¢ (pO'

7

(a) Show that T, (s) reduces to the following statistics discussed in class:

(i) T,,(2) is the Pearson chi-square statistic @Q,,; (ii) T,,(1) is 2log \,, where )\, is the
likelihood ratio statistic; (iii) 7,,(—1) is Neyman'’s version of the chi-square statistic,
QNevman: and (iv) T,,(1/2) is the Hellinger statistic H2.

(b) Show that n~'T;,(s) converges in probability to a deterministic limit #(s) under
a general p, and identify the limit explicitly in cases (i) - (iv) of part (a). Do any of
these limiting parameters have names?

(¢) Find the limiting distribution of 7,(1/2) under the null hypothesis H.

Notes: This problem is related to the statistics treated in Cressie and Read, JRSS
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B 46 (1984), 440 - 464, and also to the “transformed” chi-square statistics discussed
in Ferguson, ACILST, pages 59 and 66. See also Jager and Wellner, Ann. Statist.
35 (2007), 2018-2053 for related material in a different vein.

Solution: (a) (i) When s =2, ¢o(z) = (=14 2z — 2?)/(—=2) =27 (z — 1), so

Tn(z) - 2n2p0]¢2 pg/pjo _nZPOJ pj/p()] )

7j=1
-y,
7=1

(ii) When s =1, ¢1(z) = z(logz — 1) + 1, so
k k
T.(1) = 20 pojéa(;/pio) = 20> {p;(log(h;/poj) — 1) + pos}
P =1

k
= 2) Njlog(N;/(npo,)) = 210g A,

j=1

where A, = H?Zl(Nj /(npo;))Ni is the likelihood ratio statistic.
(iii) When s =—1,¢_1(z) =2 —x—271)/(-1-2) =27 (x — 1)?/z, so

k
T.(—-1) = 2n Zpoj 1(Pi/pjo) =1 > (B — poj)* /By
j=1
k
_ Z(Nj . npoj)Q/Nj _ QnNeyman'
j=1

(iv) When s =1/2, ¢15(2) =271 + 272z — 22 50

T,(1/2)

k k
20 pojdry2(Bi/pso) = 20 ) {27 pog + 275 — /bipos}
j=1 J=1
k
= 2n(1 =) \/bipoj) = 2nH(p,p,)
j=1

where H*(p,p,) = 271 327, (\/B; — /Po))*.

(b) In general we have, by the continuous mapping theorem since gs(x) =
Z?leojgzﬁs(xj/poj) is continuous in = (x1,...,7;) € (0,1]* for each s € [—1,2]
and p —, p,

n I T(s) = 20:(p) = 22?03% (pj/poj) = t(s) = t(sip,p,)-



Much as in (a), it follows that

( Zf 1(pJ pj(]) /Pjo = q(p7p0> when s = 2,

2 Z] 1 pjlog(p;/poj) = 2K (p,p,),  when s =1,

t(SSB QO) = 2 Z] 1 Poj log<p03/pj) = QK(pO, )7 when s =0,
> (ps = po)?/p; = a(py D), when s = —1,
2(1 Z] 1\/1%)_2[{ (p,po) when s = 1/2.

Here Q(Q’Bo) is the “Chl—square discrepancy” between p and p, K (po, p) is the
“Kullback-Leibler discrepancy” between P, and p, and H 2(]_9,]_90), is the Hellinger
distance (metric!) between p and p,.

(c) We know from the multlvarlate CLT that when H : p = py is true, then

\/ﬁ(ﬁ - QO) —a Ni(0, A)
where A = diag(p,) — ]_QOQ_QOT. Thus with g(u) = (/ug, ..., /ur)", and hence
Vy(p,) =27 diag(1/,/p,),

it follows by the delta method that

2B = /) —a Z~ NeO. T = /i, /B, ")

Therefore, by the continuous mapping theorem,
k
dny (Vb — VB —a 272 = |ZP.
j=1

As we have seen in class, the distribution of the random variable | Z|? is x7_,.
Notes: In fact, T,,(s) —4 Xj_, under H : p = p, for all s € [-1,2]. Furthermore,

under p = p +cn” 1/2 it can be shown that T}, (s ) —4 X3_,(6) with § = Zj 1 G/ Poj

for all s € [— 1 ,2]. But as seen in (b), the statistics n='T,,(s) converge to different
natural parameters when p # P, holds, and hence yield different tests.

. Ferguson, ACILST, problem 4, page 55, modified slightly: suppose that the sample
sizes (of X’s and Y’s) are m and n respectively, and that m/(m +n) — X € (0, 1).

2 2

Solution: Since S% —, 0 and S% —, 72 as m An — oo, S¢/S% —, 7°/c?
as m An — oo. Furthermore, with N = m + n and using the assumption that
Ha 5 Vg < OO,

(-5 - TR ()
- \f\[( )52 \f\F( )

sy \/XU N(0,1+7y2/2) — V1 —/\U—N(O 14 vx2/2)

where the two normal rv’s are independent
2

~ %N(O, 1+ (1/2)(Myy2 + Mx2))
;—ZN(O, 1+ (1/2)7,)
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where 7, = A\yyo + X'YXQ if Ay — XA as m An — oo since the two normal rv’s are
independent.

When 02 = 72 and the X’s and Y’s are normal, so vxs = Vy2 = 0, it follows that
S%/S% = F has an F,_;,, ; distribution, so that

o = P02:T2(F Z Fn—l,m—l,a)

mn [ S? mn
= Po_po(4/—= =2 —-1]>/=——=(Fr1m1a—1
027'2( ON (Sg( >_ 2N( n—1,m—1,a ))

— P(N(0,1) > z,) = o

that is, we must have

mn
ﬁ(anl,mfl,a - 1)) — Za-

Thus, when the X’s and Y'’s are not normal,

mn ,S? mn
Po_o(F>Fy 1moa) = Poo|/—(—1)>/—(Fr1mota—1
e 2 Futmesa) = Paces (505 =102 (5Bt — )

— P(N(0,1+2) > z)

= P(N(0,1) > z/V1+72/2)
1+7,/2 <a if 7,<0

Recall from problem 2.5 that v, € [—2, 00) always; and note that

z
lim {1 - ¢(———=—)1 =0
Jim {1 - (=)}
while p,
lim {1 - d(—=——-)=1/2.
WQ"OO{ ( 1+72/2) /

. Suppose that N, = (Ni1, N1, No1, Nog) ~ Multy(n, p) where p = (p11, p12, po1, P22)
where 327 Z§=1 pij = 1. (Thus N, is the sum of n independent Mult,(1, p) random
vectors {Y;}I;.) Since there are really just three independently varying parameters
for this problem, it is often useful to re-express the cell probabilities in terms of two
marginal probabilities, say p;. = p11 + p12 and p.; = P11 + po1, and 1, the log of the
odds-ratio, defined by
P21/ P22 P12P21
= log

2 =lo = .
( ) v gpn/pm P11D22

You may use the fact that ¢» = 0 if and only if independence holds for the 2 x 2
table (16 Pij = Pi-P-j for ’L,j = 1, 2)

(a) Suggest an estimator of v, say 0.
(b) Show that the estimator you proposed in (a) is asymptotically normal and

compute the asymptotic variance of your estimator.

Solution: (a) An obvious estimator of 1 is

QZ _ log 1/9\121121
P11DP22



where p = N /n.
(b) Now b= g(p) where g(p) is given in (2) and is differentiable with derivative

Vg(]_)) = (=1/p11, 1/p12,1/p2r, —1/p22)

and, by the multivariate CLT,

V(D —p) —a Z ~ Ny(0,%)

where ¥ = diag(p) — pp". Thus the delta method (or ¢’-theorem) yields

vy =) = n(g®@) —g(p)
—a Vg(p)Z ~ N(0,Vg"EVg) = N(0,V?(p))
where 1 1 1 1

Vip)=—+—+—+—.
P11 D12 D21 D22

. This is a continuation of problem 3. One standard test of independence in the 2 x 2
table is the test based on a Pearson-type chi-square statistic.

(a) Write down the chi-square statistic @,, for this problem, state its asymptotic
distribution under the null hypothesis, and explain briefly why the claimed result
holds.

(b) Suppose that the alternative hypothesis holds. Show that under the alternative
hypothesis n™'Q,, —, some constant ¢ and compute ¢ as explicitly as possible.

(c¢) Find the asymptotic distribution of @, under local alternatives of the form

U =1tn"V2 de. p = (P11, Prams Poims Paan) = Py + cn”'/? where

bo = log (M) _0

P11,0P22,0

and 1'c = 0.
(d) Suppose that n = 30, a = .02, and the true p is p = (.3,.2,.1,.4). Give an
approximation to the power of the chi-square test at this particular alternative.

Solution: (a) The chi-square statistic for testing independence in a 2 x 2 table is

0, = ZQ: i (Nij - nﬁi-ﬁ-j)2

NnP;.p.;
i=1 j=1 Pi-P-j

(N Ny — NiaNgp )? 1
o n3 Z DD

0,
(N12Ngp — NyyNoo)? 1
n? Pr.(1 = pr)pa(l —pa)
n{exp(q@n) — 1} (p11P22)?
pr.(1 = pr)pa(l —pa)
{\/ﬁ[exp(qﬂn) - 1]}2 (13111322)2
pr(1 —pr)pa(l —pa)
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o [p1.(1 = p1)pa(l —pa))?
pr.(1 = pr)pa(l —pa)

d
= [N(0,V*)Ppr.(1 = pr)pa(l = pa) = [N(0,D]* = xi
by the delta method or ¢’ theorem and result of problem 3 where we have repeatedly
used the fact that p;; = p;.p.; under the null hypothesis of independence.
(b) When the alternative hypothesis holds, then the above argument shows that
(N12Na1 — Niy Nao)? 1

—1
n Qn - n N n =
nt Pr.(1 —pr)pa(l —pa)

—q [N(0,V?)]

(Pr2P21 — P11Daz)?
p1.(1 —p1)pa(l —pa)
(P12p21 - p11p22)2
pl-(l - pl-)p-l(l - P-l)
where pi. = p1; + p12 and p.g = pi1 + par.
¢) Under local alternatives wi n = tn~1/% for , the argument in (a) repeate
Under local alternati ith tn=Y2fort # 0, th t ted
(but using the Liapunov CLT) yields

\/ﬁ({b\n - O) = \/ﬁ({b\n - wn) + \/ﬁ(wn - O)
vn(g(®) —g(p,)) +1
—a Vg(p,)Z +1~ N(t,Vg'EVg) = N(t,V*(p,))

_>p

Vrpy - L L L1 1
=07 prio pizo Pao Peo Pro(l—pro)pio(l —pag)’

and hence, by the delta-method again,
Vilexp(tn) — 1) —q Vg(p)Z -+t~ N(t,Vg"SVg) = N(t,V(p,)) -

This implies, via the same development as in (a), that under p_ we have

n{exp(@ﬁn) - 1}2 (13111322)2
Pr(1 = pr)pa(l — pa)
{\/_[exp(g/)n) — 1] (p11ﬁ22)2
Pr(1 = pr)pa(l —pa)
—aq [N(t, VQ(pO)] p1.o(1 = pio)pio(l —paio)

(
= [N(tVe, D]* £ x3(0)
where 6 = ¢t? and ¢ = py.o(1 — p1.o)p1.0(1 — p1o).
(d) When n = 30, a = .02, and the true p is p = (.3,.2,
p=1-p1=.5,p=4 (sothat c=p (1—p1)p1(1—p1) =
t, = Vnlog 2222 — _9814... .
P11P22

Thus § = (9.814)%(.06) = 5.779..., and an approximation to the power of our test is
given by

Qn =

4), we calculate

1,.
(:5)%(4)(.6) = .06),

P(x3(5.779...) > x{.02) = P(X(5.779...) > 5.412...) = .531....



