STATISTICS 581:
Solutions, Day 1 Quiz, Fall 2006

1. State the (classical) Central Limit Theorem.
Solution: If X, ..., X, are i.i.d. with E(X;) = p and Var(X;) = 0% < co, then

Vn(X, — i) —q N(0,0°).

In other words, if Z ~ N(0,1) and ® denotes the distribution function of a standard
normal random variable,

D(z) = /_OO \/127 exp(—y°/2)dy ,

then, for all t € R,
P — 1) <) = P(oZ < 1) = B(t/0) 1)

[Note: the hypothesis 02 < oo is also necessary: if i.i.d. random variables X; satisfy (1)
then 02 < oo.]

2. State the weak law of large numbers.
Solution: If Xi,...,X, are iid. with E|X;| < oo and F(X;) = pu, then X, =
ST X =, e

3. Suppose that X has density f(z) = 327" 1p ) (2).

(a) For what values of r € R is it true that E(X") < co?

(b) For the values of r for which the expectation is finite, compute it explicitly.

(c) If Xy, Xo,... are i.i.d. with the same density as X, does the law of large numbers
hold?

(d) If Xy, Xy,... are i.i.d. with the same density as X, does the central limit theorem
hold?

Solution:

(a) BE(X7) = [T a"3a " de = [[7 32" *de = 3272 /(r —3)|° =3/(3—r) <ocoif r <3. If
r > 3 then E(X") = oo by the same calculation, while if r = 3, then E(X) = [~ 3z 'dz =
log z|$° = co.

(b) Asshown in (a) E(X") =3/(3 —r) for r < 3.

(c) Yes, since E(X) = 3/2.

(d) Yes, since E(X?)=3/1=3.

4. Define what is meant by:
A. X, converges in distribution to X for random variables X and X,,, n > 1.
B. X,, converges in probability to X.

Solution: A. X, converges in distribution to X if

F,(z)=P(X,<z)— P(X <x)=F(x)
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forall z € Cp = {x € R: F is continuous at x}.
B. X, converges in probability to X if

P(|X,—X|>¢) —0 as n — oo for every €>0.

5. Suppose that U is a random variable with a Uniform(0, 1) distribution. For each
integer n > 1 define X,, = \/nljg1/n(U).

(a) Does X,, —4 X7 (If so, identify the distribution of the limiting variable X.)

(b) Does X,, —, X? (If so, identify the limit variable X.)

(c) Does X,, —1 X (i.e. in Ly, or “first mean”)?

(d) Does X,, —2 X (i.e. in Lo, or “mean square”?

Solution: Here it is easier to answer (b) first, then (a):
(b) Note that for any € € (0, 1)

P(’Xn‘ >€):P(U§1/n):1/n—>0.

Hence X,, —, 0.

(a) Since convergence in probability implies convergence in distribution, the result of (b)
implies that X,, —4 0. [In fact, X,, —,5 0: for U(w) € (0,1] we have 1/n < U(w) for all
n > N(w) sufficiently large, and hence X, (w) = 0 for n > N(w). But P(U € (0,1]) =
1, so it follows that X, —,s 0. Since —,, implies —,, this also yields the desired
conclusion(s).]

(c) The expectation is

E(X,) = E{v/nlp1m(U)} = VaP(0 <U < 1/n) = v/n(1/n) = n~/2 — 0.
Thus X,, —1 0. (d) The expectation of the square is
BE(X?) = E{nlp1/y(U)} =nP(0<U < 1/n)=n(l/n) =10,
so X, does not converge to 0 in Ly (or mean-square).

6. Suppose that X, Xi,..., X, ... are independent and identically distributed Rayleigh(6)
random variables (i.e. P(X > z) = exp(—0z?) for x > 0). Let T,, = X? +... + X2

(a) What is the distribution of X?? What is the distribution of T},?

(b) Compute E(X?) and Var(X?).

(c) Does X2, = n~'T, —, something? If so, what is “something”?

(¢) Does v/n(X2, — §~') —, something? If so, what is “something”?

(d) What is the Cramér-Rao bound for unbiased estimators of 67

Solution:
(a) Now
P(X?>vy)=P(X > /y) = exp(—0(\/y)?) = exp(—0y)
for y > 0; i.e. X has an Exponential distribution with (rate) parameter 6. Hence
X2 X2 ..., X? are i.i.d. Exponential (f) random variables, and T, = X? + -+ + X2 =



Y1+ -+ + Y, has a Gamma(n, #) distribution.
(b) For arbitrary r > 0,

EX") = / Y20 exp(—6z)da
0
o~/ / (0y)""* exp(—0y)d(0y)
0
= 0’”/2/ 2% exp(—z)dz by the change of variables z = 6y
0
0T(r/2 +1).
Therefore E(X?) = 07'T'(2) = 671! = 67! while B(X*) = 672'(3) = 6722. It follows
easily that Var(X?) = Var(Y) =672
(c) By the weak law of large numbers, X2, —, 671

(d) By the central limit theorem, /n(X, — 071) —4 N(0,1/6?).
(e) The Cramér - Rao bound for unbiased estimators of 6 is given by 1/(nI(6)) where

1(6) = B{l,(X})} = E {% - Y} = Var(Y) =672

Hence the Cramér - Rao lower bound in this case is #%/n. Alternatively,

1(0) = —E{in(Y)} = —B{-1/6} = 1/6~



