Statistics 581, Problem Set 7 Solutions
Wellner; 11/22/2006

1. Compute and plot the score for location, —(f'/f)(x) when:

A. f(x) = ¢(x) = (2m)" 2 exp(—2?/2), (normal or Gaussian);
B. f(z) = exp(—z)/(1 + exp(—x))?, (logistic);

C. f(z) = 1exp(—|z|), (double exponential);

D. f =t, the t—distribution with k degrees of freedom;

E. f(z) = exp(—z)exp(—exp(—z)), Gumbel or extreme value.

Soluton: A. For f(z) = (27) "2 exp(—2?/2), it follows that log f(z)
constant so that (—f'/f)(z) =z, =1 —z(f'/f)(z) = 2* — 1.
B. For f(z) =e /(14 e )2 log f(x) = —x — 2log(1 + ™) and
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E. For f(x) = exp(—x) exp(— exp(—z)),
log f(x) = —x — exp(—z),
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Plots of these score functions for location are given in Figure 1. Note that they are
odd functions in cases A-D, which are all symmetric densities about zero. In case E,
corresponding to the asymmetric extreme value density, the score for location does
not have any obvious symmetry property.

Figure 1: Scores for location.

2. Compute Iy = [(f'(z)/f(x))*f(z)dz, the information for location, for each of the
densities in problem 1.

Solution: A. In this case I; = [2?¢(x)dz = Var(Z) = 1 where Z ~ N(0,1).
B. For the logistic density the information for location is

o= [ GEsrare) - [ erw - 1)
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= /0 (2u — 1)*du = 4Var(U) = 4E =3
C. For the double-exponential density, [(—f'/f)(z)]* =1, so I; = 1.
D. For the t — distribution with k& degrees of freedom, by using a change of
variables and letting 7). denote a random variable with the ¢t — distribution with



r degrees of freedom,

[ k1, 2 T(k+3) 1
Iy = /oo< 2 )(1+$2/k‘)2f(§)\/ﬁ(1—1—x2/k)(k+1)/2dx
_ (k+D(k+2)
kv )+ ) Th)
(kDR +2)k+4 k+1
(k+4)(k+3)k+2 k+3

since Var(T,) =r/(r —2) for r > 2.
E. For the extreme value distribution F(x) = exp(—exp(—z)) and therefore if
X ~ F, the random variable Y = exp(—X) ~ exponential(1):

P(Y >y) = Plexp(—X)>y) = P(X < —log(y))
= exp(—exp(log(y))) = exp(—y).

Since —(f'/f)(x) = —1 4+ €7%, it is easy to see that

Iy = E[—fT/(X)]Q = Elexp(—X) — 12 = B[y — 12 = Var(Y) = 1.

. Consider the two parameter location-scale model

o dry

-0
wio) =51 (7).

and the (known) density f has a derivative f’ almost everywhere with respect to
Lebesgue measure .

(a) Calculate the information matrix () for 6.

(b) For which of the densities in A-E of problem 1 is I;5(6) not zero?

where © = R x R*,

Solution: (a) The score for location is
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and the score for scale is
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Thus we compute
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(b) Note that I;o s = 0 for all symmetric densities f since y is odd while (f'/f)?f
is even. Thus I15(f) = 0 for cases A-D in problem 1, while I15(6) = 92’211%: # 0 in
case E. I calculate

oy = [y (f7'<y>)2f<y>dy

= / y(—14 e ¥) e Vexp(—e¥)dy

= — /Ooo(logv)(v —1)%e "dv = —(1—7)

where v is Euler’s constant. In fact this is related to I15 that we calculated already
for the Weibull family in Example xx.xx in the notes and in the first display at the
top of page 2 of the Handout on Gamma, Digama, and Polygamma.

. Suppose that X ~ Gamma(a, 3); i.e. X has density py given by

(o7

po(z) = %xa_l exp(—pf)lx)(z), 0= (a,3) € (0,00) x (0,00) =0O.

Consider estimation of : A. qa(0) = EyX. B. qg(0) = Fy(xo) for a fixed xg; here
Fy(z) = Py(X < ).

(i) Compute I(0) = I(«, 3); compare Lehmann & Casella page 127, Table 6.1

(ii) Compute qa(0), qu(0), Ga(0), and ¢g(0).

(iii) Find the efficient influence functions for estimation of g4 and ¢g.

(iv) Compare the efficient influence functions you find in (iii) with the influence
functions 14 and 1p of the natural nonparametric estimators X, and F.(xo)
respectively: in particular, show that ¢4 € P, while ¢ ¢ P.

Solution: For the Gamma(«, #) parametrized my way:

la) = foosa ! exp(—Bo) 0 ).




Thus
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where T'(«,y) is the incomplete gamma function; note that I'(«,o0)
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(iii). The scores are given by

= (487)- ()

and the information matrix is

0= (U5 )

Thus
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and the efficient influence function for estimation of g4 is
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Note that X — Ep(X) € [lg] = P; in fact, X — Eg(X) = —lg(X).

Similarly, I(z) = Gp(0)I 1 (8)ls(z); unfortunately, this does not simplify much,
largely due to the fact that 1o ., (X) — Fp(20) ¢ [lg] = P.

(iii) The information bound for estimation of g4 is

I\(PlanP) = @A 0)ia
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I"Y(Plgs,P) = =5l '(0)is,

which does not simplify appreciably because 1( 4,(X) —Fy(z0) ¢ [ls] = P. However,
since we know that I = TI(1j 4. (z) — F(20)|P), it follows easily that

“(Plap, P) < Eg(Ljg.wq)(X) — Fy(w0))* = Fy(0)(1 — Fy(wo));

i.e. it is possible to improve on the natural nonparametric estimator F, (zq) of
qB(0) = Fy(zo) when the model holds.

. Suppose that P = {P, : § € ©}, © C R* is a parametric model satisfying the
hypotheses of the multiparameter Cramér - Rao inequality. Partition 6 as 6 = (v, )
where v € R and 7 € R*"™ and 1 < m < k. Letl = 19 = (I3,1) be the

corresponding partition of the (vector of) scores I, and, with 1= I-'(6)i, the
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efficient influence function for 6, let 1= (11, 12) be the correspondlng partition of
1. In both cases, 11, 11 are m—vectors of functions, and 12, 12 are k — m vectors.
Partition 7(0) and I~*(0) correspondingly as

Iy Ly
=7 )
where I1; is m xm, L5 is m X (k—m), Iy is (k—m) X m, Iy is (k—m) x (k—m).
Also write
I74(0) = [I)i =12
Verify that:
A M = I, where Ih1.0 = L1y — L1215, Iy,
1?2 = I,', where Iy = Iy — I 1}, 1o,
I = I L1015
I = LY I I
This amounts to formulas (5) and (6) of section 3.2, page 15.
B. Verify that
L= 1M+ 120, = I3 (1 — oloy'ly), and
12 = 12111 + 12212 = 122 1(12 — 121[11 11)
The first of these is (7) on page 15, section 3.2.

Solution: A. This is just block inversion/multiplication of matrices:

e Ly I _ I — I 500 1 Iy 1o
T b Iy Iy — I I I 1921 Iy Iy
_ ]1_1 2(111 - ]12]2_21]21) 11_1?2<]12 — 112)

Lo (=T + Iy) Lt (=D Ih Ihg + 1)

( Ident 0

0 Tdent ) = Identity.

by using the definition of I11.5 and I59.1.
B. This follows immediately from the formulas for /' and I'? by just plugging
into the formula 1, = I''1; + I'*21, for 1;:

L = I 211 - ]11 2]12122 12
- ]11-2(11 - [12—722112) = 11_1}21>f :



