
Statistics 581, Problem Set 6 Solutions

Wellner; 11/15/2006

1. Chapter 2, Exercise 5.3, page 25. [Hint: use the fact that Sn(tj) − Sn(tj−1) =

n−1/2
∑[ntj ]

i=[ntj−1]+1 Xi, j = 1, . . . , tk with t0 ≡ 0 are independent random variables.]

Solution: Note that
Sn(t1)
Sn(t2)

...
Sn(tk)

 =


1 0 0 · · · 0
1 1 0 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1




Sn(t1)
Sn(t2) − Sn(t1)

...
Sn(tk) − Sn(tk−1)

 .

where the components of the vector on the right side are independent and

Sn(tj) − Sn(tj−1) = n−1/2

[ntj ]∑
i=[ntj−1]+1

Xi

=

√
[ntj ] − [ntj−1]

n

1√
[ntj ] − [ntj−1]

[ntj ]∑
i=[ntj−1]+1

Xi

→d S(tj) − S(tj−1) ∼
√

tj − tj−1N(0, 1) = N(0, tj − tj−1).

Thus it follows that
Sn(t1)

Sn(t2) − Sn(t1)
...

Sn(tk) − Sn(tk−1)

→d


S(t1)

S(t2) − S(t1)
...

S(tk) − S(tk−1)


where the coordinates of the vector on the right side are independent. (This
justifies the notation, since Brownian motion has independent increments.) Then
the continuous mapping (or Mann-Wald) theorem yields

Sn(t1)
Sn(t2)

...
Sn(tk)

 =


1 0 0 · · · 0
1 1 0 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1




Sn(t1)
Sn(t2) − Sn(t1)

...
Sn(tk) − Sn(tk−1)



→d


1 0 0 · · · 0
1 1 0 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1




S(t1)
S(t2) − S(t1)

...
S(tk) − S(tk−1)



=


S(t1)
S(t2)

...
S(tk)

 ∼ Nk(0, (tj ∧ tj′)
k
j,j′=1).

1



2. Consider a function T : F → R where F is some (sub) class of distribution functions
F (examples include the mean, T (F ) = µ(F ) =

∫
xdF (x), the variance T (F ) =

σ2(F ) =
∫

(x−∫ ydF (y))2dF (x), the median T (F ) = F−1(1/2), linear combinations

of order statistics T (F ) =
∫ 1

0
F−1(u)w(u)du, the mean residual life function at x > 0

T (F ) ≡ e(x, F ) ≡ ∫
(x,∞)

(1−F (u))du/(1−F (x)) = E(X −x|X > x), and so forth).

[The mean residual life function gives the mean life conditional on surviving beyond

x.] The “principle of substitution” says that T (F ) can be estimated by T (F̂n). for

some estimator F̂n of F . If T is sufficiently “smooth”, then frequently the empirical
distribution function Fn can be taken as the estimator F̂n of F .

Give a treatment of consistency and asymptotic normality of the estimator e(x, Fn)
of e(x, F ) based on our results from sections 2.4 and 2.6. You may assume that with
X ∼ F on (0,∞) we have EFX < ∞, EF X2 < ∞, and 1 − F (x) > 0 (as well as
any other additional assumptions you need).

Solution: First note that

e(x, Fn) =

∫
(x,∞)

(1 − Fn(u))du

1 − Fn(x)
(0.1)

where we know that

1 − Fn(x) → 1 − F (x) (0.2)

by the strong law of large numbers (or the Glivenko-Cantelli theorem), and where∫
(x,∞)

(1 − Fn(u))du =

∫
(x,∞)

n−1

n∑
i=1

1[Xi>u]du

= n−1
n∑

i=1

∫
(x,∞)

1[Xi>u]du

= n−1
n∑

i=1

(Xi − x)1[Xi>x] ≡ n−1
n∑

i=1

Yi

where the Yi’s are i.i.d. with Yi ≥ 0 and

EYi = E(Xi − x)1{Xi > x} =

∫
(x,∞)

(y − x)dF (y)

=

∫
(x,∞)

(∫ y

x

du

)
dF (y)

=

∫
(x,∞)

∫
(x,∞)

1{u < y}dudF (y)

=

∫
(x,∞)

∫
(x,∞)

1{u < y}dF (y)du

=

∫
(x,∞)

(1 − F (u))du.

Thus ∫
(x,∞)

(1 − Fn(u))du = n−1

n∑
i=1

Yi →a.s. EY1 =

∫
(x,∞)

(1 − F (u))du (0.3)
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by the strong law of large numbers. It follows from (0.1), (0.3), (0.2), and the
continuous mapping theorem that e(x, Fn) →a.s. e(x, F ) for any x for which 1 −
F (x) > 0.

To establish asymptotic normality of e(x, Fn) we first establish joint asymptotic
normality of ( √

n
(∫

(x,∞)
(1 − Fn(u))du − ∫

(x,∞)
(1 − F (u))du

)
√

n (1 − Fn(x) − (1 − F (x)))

)

=
1√
n

n∑
i=1

(
Yi − EYi

Zi − EZi

)
≡ 1√

n

n∑
i=1

(
Y c

i

Zc
i

)
≡ √

n

(
Rn − r
Sn − s

)
(0.4)

where Yi ≡ (Xi−x)1[Xi>x] as before and Zi = 1[Xi>x] with EZi = 1−F (x), and then
use the delta - method. Note that r =

∫
(x,∞)

(1−F (u))du and s = 1−F (x) ≡ F (x).

Now the random vectors (Y c
i , Zc

i )
′ are i.i.d. with mean 0 and E|(Y c, Zc)|2 =

E{(Y c)2 + (Zc)2} < ∞ since E(X2) < ∞, and with covariance matrix

E

(
(Y c)2 Y cZc

ZcY c (Zc)2

)
=

(
E(X − x)21{X > x} − (E(X − x)1{X > x})2 F (x)F (x)e(x)

F (x)F (x)e(x) F (x)F (x))

)
≡ Σ.

Thus, using the notation of (0.4), the multivariate CLT yields

√
n

(
Rn − r
Sn − s

)
→d

(
R

S

)
∼ N2(0, Σ).

Now we apply the delta method with g(u, v) = u/v so that ġ(u, v) = v−1(1,−u/v):

√
n(e(x, Fn) − e(x, F )) =

√
n(g(Rn, Sn) − g(r, s))

→d ġ(r, s)

(
R

S

)
=

1

F (x)
(R − e(x)S) ∼ N(0, V 2)

where, using the notation u+ ≡ u1{u > 0},

V 2 =
1

F
2
(x)

{
E(X − x)2

+ − (F (x)e(x))2 − 2e(x)F (x)F (x)e(x) + e2(x)F (x)F (x)
}

=
1

F (x)

{
E(X − x)2

+

F (x)
− e2(x)

}
=

1

F (x)
V ar(X − x|X > x).
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3. Suppose that Z ∼ N(0, 1) and, for µ ∈ R and σ > 0, that X = µ + σZ ∼ Pµ,σ =
N(µ, σ2).
(a) Compute the likelihood ratio

dPµ,σ

dP0,σ
(x) =

σ−1φ((x − µ)/σ)

σ−1φ(x/σ)
and Y ≡ log

dPµ,σ

dP0,σ
(X) .

What is the distribution of Y under P0,σ and under Pµ,σ?
(b) Plot the function

l(µ; X) ≡ log
dPµ,σ

dP0,σ

(X)

as a function of µ.
(c) Find the maximum value of the function l(µ; X) in B (as a function of µ) and
the value of µ ≡ µ̂ which achieves the maximum.
(d) What is the distribution of µ̂ under P0,σ and under Pµ,σ? What is the
distribution of l(µ̂; X) under P0,σ and under Pµ,σ?

Solution: (a) The likelihood ratio

dPµ,σ

dP0,σ
(x) =

σ−1φ((x − µ)/σ)

σ−1φ(x/σ)
=

exp(−(x − µ)2/(2σ2))

exp(−x2/(2σ2))

= exp

(
µ

σ2
x − 1

2

µ2

σ2

)
.

Hence

Y ≡ log
dPµ,σ

dP0,σ
(X) =

µ

σ

X

σ
− 1

2

µ2

σ2
.

Under P0,σ we find that E(Y ) = 0 − µ2

2σ2 and V ar(Y ) = µ2/σ2 ≡ V 2 so that

Y ∼ N(−1

2
V 2, V 2) under P0,σ .

Under Pµ,σ a similar computation gives E(Y ) = µ2/σ2 − µ2/(2σ2) = V 2/2 and
V ar(Y ) = V 2, so

Y ∼ N(
1

2
V 2, V 2) under Pµ,σ .

(b) and (c). The function

l(µ, σ; X) ≡ log
dPµ,σ

dP0,σ

(X) =
µ

σ

X

σ
− µ2

2σ2
=

X2

2σ2
− 1

2

(X − µ)2

σ2

is quadratic in µ with maximum value X2/(2σ2) which is achieved at µ = µ̂ ≡ X.
D. Under P0,σ, µ̂ = X ∼ N(0, σ2) and l(µ̂, σ; X) = X2/(2σ2) ∼ χ2

1/2. Under Pµ,σ,
µ̂ = X ∼ N(µ, σ2) and l(µ̂, σ; X) = X2/(2σ2) ∼ χ2

1(δ)/2 with δ = µ2/σ2.

4. Suppose that X, X1, X2, . . . , Xn are independent Exponential(λ) random variables:

P (X ≥ x) = exp(−λx), x > 0.
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(a) Show that the r-th moment of X, µr ≡ µr(λ) is given by

µr(λ) = EXr =
Γ(r + 1)

λr
.

(b) Use the moment calculation in (a) to show that

µr(λ)

µr+1(λ)
=

λ

r + 1

and hence that the family of estimators {λ̂(k)
n }k≥0 given by

λ̂(k)
n ≡ (k + 1)

Xk
n

Xk+1
n

≡ (k + 1)
n−1

∑n
1 Xk

i

n−1
∑n

1 Xk+1
i

are all consistent estimators of λ: λ̂
(k)
n →p λ for each k = 0, 1, 2, . . ..

(c) Show that √
n(λ̂(k)

n − λ) →d N(0, σ2
k(λ)) as n → ∞

and compute σ2
k(λ) explicitly as a function of k and λ.

(c) What is the asymptotic relative efficiency of λ̂
(k)
n to λ̂n ≡ λ̂

(0)
n = 1/Xn for k > 1?

Solution:
(a) We compute

E(Xr) =

∫ ∞

0

xrλe−λxdx = λ−r

∫ ∞

0

(λx)re−λxλdx

= λ−r

∫ ∞

0

y(r+1)−1e−ydy = λrΓ(r + 1).

(b) It follows from (a) that
µr(λ)

µr+1(λ)
=

λ

r + 1

and hence

λ̂(k)
n ≡ (k + 1)

Xk
n

Xk+1
n

≡ (k + 1)
n−1

∑n
1 Xk

i

n−1
∑n

1 Xk+1
i

→p (k + 1)
µk(λ)

µk+1(λ)
= λ.

(c) Now by the multivariate CLT it follows that

√
n

(
Xk

n − µk

Xk+1
n − µk+1

)
→d Z ∼ N2(0, Σ)

where

Σ =

(
Γ(2k+1)−Γ(k+1)2

λ2k

Γ(2k+2)−Γ(k+1)Γ(k+2)
λ2k+1

Γ(2k+2)−Γ(k+1)Γ(k+2)
λ2k+1

Γ(2k+3)−(Γ(k+2)2

λ2k+2

)

=
1

λ2k

(
Γ(2k + 1) − Γ(k + 1)2 Γ(2k+2)−Γ(k+1)Γ(k+2)

λ1

Γ(2k+2)−Γ(k+1)Γ(k+2)
λ1

Γ(2k+3)−(Γ(k+2)2

λ2

)
.
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Thus by the delta method with g(u, v) = u/v, so that ġ(u, v) = v−1(1,−u/v)

√
n(λ̂(k)

n − λ) = (k + 1)
√

n(g(Xk
n, Xk+1

n) − g(µk(λ), µk+1(λ))

→d (k + 1)ġ(µk(λ), µk+1(λ))Z

=
k + 1

µk+1(λ)
(Z1 − µk

µk+1
Z2

=
1

µk+1
((k + 1)Z1 − λZ2)

∼ 1

µk+1
N(0, λ−2kCk) = N(0,

1

λ2kµ2
k+1

Ck)

= N(0, λ2 Ck

Γ(k + 2)2
) ≡ N(0, λ2Dk)

where

Ck = (k+1)2
{
Γ(2k + 1) − Γ(k + 1)2

}−2(k+1){Γ(2k+2)−Γ(k+1)Γ(k+2)}+Γ(2k+3)−Γ(k+2)2.

and (after a bit of algebra)

Dk =
Γ(2k + 1)

Γ(k + 1)2

{
1 − 2

2k + 1

k + 1
+

(2k + 2)(2k + 1)

(k + 1)2

}
.

(c) When k = 0, we compute Dk = 1. Thus the asymptotic relative efficiency of

λ̂
(k)
n with respect to λ̂

(0)
n is D0/Dk. These estimators become inefficient relative to

the mean very rapidly as k increases, as is shown by the following plot of the relative
efficiency.

1 2 3 4 5

0.2

0.4

0.6

0.8

1

Figure 1: Asymptotic relative efficiency of λ̂
(k)
n with respect to λ̂

(0)
n

5. Problem 4, page 132, Ferguson, AFCILST, modified slightly.
Suppose that X1, . . . , Xn are independent random variables with Xi ∼
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Poisson(exp(θzi)) for i = 1, . . . , n where z1, . . . , zn are known real numbers.
(a) Find the Cramér - Rao bound for the variance of an unbiased estimator of θ
based on X1, . . . , Xn.
(b) Find the Cramér - Rao bound of an unbiased estimator of q(θ) = Pθ(X < 3).
(c) Repeat (a) and (b) for the case in which we observe (Xi, Zi) for i = 1, . . . , n
where (Xi|Zi) ∼ Poiss(exp(θZi)), and Zi ∼ G on R with density g where g is
unknown. Compare the bounds for this model with those computed in (a) and (b).

Solution: (a) First, the joint density (with respect to the n−fold product of
counting measure on {0, 1, . . .}) of X1, . . . , Xn is given by

pθ(x1, . . . , xn) =

n∏
i=1

exp(−eθzi)
(eθzi)xi

xi!
,

so

log pθ(x1, . . . , xn) =

n∑
i=1

{xiθzi − eθzi − log(xi!)},

and

l̇θ(x1, . . . , xn) =
n∑

i=1

{xizi − zie
θzi} =

n∑
i=1

zi{xi − eθzi}.

It follows that the information for θ is given by

I(θ) = V ar(l̇θ(X1, . . . , Xn)) =

n∑
i=1

z2
i e

θzi.

Thus the Cramér - Rao lower bound for unbiased estimators T of θ is given by

V arθ(T (X1, . . . , Xn)) ≥ 1

I(θ)
=

1∑n
i=1 z2

i e
θzi

.

(b) For estimation of

q(θ) = n−1

n∑
i=1

Pθ(Xi < 3) = n−1

n∑
i=1

∫
1[xi≤2]pθ(xi)dν(xi)

we compute

q̇(θ) = n−1
n∑

i=1

∫
1[xi≤2]l̇θ(xi)pθ(xi)dν(xi)

= n−1

n∑
i=1

∫
1[xi≤2]zi(xi − eθzi) exp(−eθzi)

(eθzi)xi

xi!
dν(xi),

and the Cramér-Rao lower bound for unbiased estimators of q(θ) is given by

V arθ(T ) ≥ q̇(θ)2

I(θ)
.
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where I(θ) is as in (a).
(c) When the Zi’s are i.i.d. with density g we have

pθ(x, z) = exp(−eθz)
(eθz)x

x!
g(z),

so
log pθ(x, z) = xθz − eθz − log(x!) + log g(z),

and the score for θ for a sample of size 1 is

l̇(x, z) = z(x − eθz).

Thus the information for θ is given by

I(θ) = E l̇2(X, Z) = E{Z2(X − eθZ)2}
= E{E[Z2(X − eθZ)2|Z]}
= E{Z2E[(X − eθZ)2|Z]}
= E{Z2eθZ}.

For estimation of q(θ) = Pθ(X ≤ 2) = Eθ1[X≤2] we compute

q̇(θ) = Eθ{1[X≤2]l̇θ(X, Z)},

and the resulting information bound for unbiased estimators of q(θ) is given by

V arθ(T ) ≥ q̇2(θ)

nI(θ)
.

Remark: It is of interest to consider this same example, but with a “baseline
mean parameter” λ in addition, so that E(X|Z) = λ exp(θZ) (with (X|Z) ∼
Poisson(E(X|Z)) again). What is the information for θ in the presence of the
nuisance parameter λ?
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