Statistics 581

Problem Set 5 Solutions
Wellner; 11/1/2006

1. Suppose that X1, ..., X,, arei.i.d. random vectors with values in R* with F(X;) = u
and E(X] X)) < co so that ¥ = F(X; — u)(X; — u)T is well-defined. Thus

Zn =Vn(Xn — ) —a Z ~ Ni(0,%).

Suppose that g : R¥ — R is a function, and suppose that Vg = § exists at j. Then
the delta-method (or ¢’ theorem) tells us that

(1) V(g(Xn) — g(n) —a V()" Z ~ N(0,Vg(n)"SVg(p)) .

(a) Show that we can strengthen (1) as follows: Suppose that Vg = g is continuous
at p. Then /n(g(X,) — g(u)) is asymptotically linear at

Vi(g(Xn) —g(p) = V()" vVn(X, —p) + op(1)
1 n

= % Z¢(XZ) + Op(l)
where
(2) P(x) = Vg (z — )

which is called the influence function of g(X,) as an estimator of g(u), has mean
E(X,) = 0 and Var(y(X,)) = Va(u) SV ()

(b) Does the result of (a) apply to the situation considered in problem 2(a) of
problem set #47 If not, formulate another result of the same type as in (a) which
does apply, and use it to find the influence function of S2/X,,.

Solution: (a) By Taylor’s theorem, for some Y* satisfying |V*—u| < [X,,—pu| —, 0
it follows that
V(g(Xa) —g(w)) = Va(¥7)vn(Xn - p)
V() V(X — 1)
+{Vy(Y;) = Va(u)}vn(X, — p)
= Vg(u)vn(X, — p) +oy(1)

since Vg(Y;*) —, Vg(u) by continuity of Vg at p and since v/n(X,, — ) = O,(1).
Now note that

ValuVA(K — ) = 2= 3 Vo) (X~ ) = <= 3 U(X)

with ¢ as in (2).



As pointed out by Arseni, the hypothesis of continuity of Vg can be dropped:
consider a new function h(x) = g(z) — Vg(u)z. Then Vh(u) = Vg(r) — Vg(p) =0,

and we can write

V(g(Xn) —g(p) = Vg(u)(Xn — ) = Vn(h(Xy) — h(p))
(3) g VR(WZ=0-Z=0

by the delta-method applied to the function h. Since convergence in distribution
to a constant implies convergence in probability to the same constant, we conclude
from (3) that the left side of (3) converges in probability to 0. But this is just the
claimed asymptotic linearity with ¥ (z) = Vg(u)(z — p).

(b) The result in (a) does not quite apply since

Zn = (X, —p, S2— o2

is not exactly an average of i.i.d. random vectors. But the key features of the proof
n (a) do carry through since n=%/2Z7,, —, 0 and Z, = n=/23"" Y. + 0,(1) where
Y. = (X;—p, (X;—p)?—0?) are ii.d. with mean 0 and finite second moment under
the assumptions of problem 2(a) of problem set #4. Thus the conclusion continues
to hold. Thus with g(u,v) =v/u

Vi (252 = Vol oA - ) + 0,01

X, M
= %(—02//1, Dvn(Y, — HY) + 0p(1)

_ %il{gﬁmtat%ﬂxi—m}+op<1>

where

o o2
Var((X;)) = — {2 + 72— RS + = } %6
7 pooop?

as in the solution of problem 4.2(a).

. (a) Write out a proof of (10) on page 16 of the Chapter 2 notes.
(b) Write out a proof of the corresponding fact concerning the general empirical
process G,: G,, —7q4 G where G,, and G are as defined on page 21 of the chapter 2

notes; i.e. for any f1,..., fx € La(P), (G, (f1),---,Gn(fx)) —a (G(f1),---, G(fr)).
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Solution: (a) U, —4 U. To see this, let 0 < t; <ty < --- <t < 1. Then define
random vectors Y, by

Y= 1p4)(&) —t1, -, Lo (&) — te),

for i =1,...,n. Note that £'Y; =0 and

t(l—ty) by —tity - b —tly

ty—tity  to(l —ty) -ty — oty
EYY| =

ty — ity by —toty - tp(1— 1)

k _
= (tint;—tity)},_ =3
Thus it follows from the multivariate central limit theorem that

([Un(tl), e ,Un(tk)), = ﬁzn —d Nk(O, Z)

But for a Brownian bridge process U, (U(t1),...,U(tx))" ~ Ng(0,%), so we have
shown that (U, (t1),...,Un(tx)) —a (U(t1),...,U(tx))’. But since this holds for
every k and every choice of ¢y, ..., %, it follows that U, —4 U.
(b) G,, —ra G. To see this, let fi,..., fx € Ly(P). Then define random vectors
Y, by

Y, =(((Xi)) = Pfi..o, fi(Xi) = Pfi)

fort=1,...,n. Note that £Y, = 0 and

P(ff) = (P(f1)*  P(fife) = PfiPfo - P(fifs) = PHiPfi
P(fif) =PfiPfa  P(f5) = (Pf)* -+ P(fafs) = Pf2Pfi

EZ1Z/1 =
P(fifs) = PhPfe P(fafi) = PaPfe - P(f2) = (Pfi)?
= (P(fify) = PfPf); o = %

Thus it follows from the multivariate central limit theorem that

(Gn(f1)7 SRR Gn(fk)), = \/ﬁzn —d Nk(o, Z)-

But for a P—Brownian bridge process Gp, (G(f1),...,G(fx)) ~ Ni(0,%), so we
have shown that (G, (f1),...,Gn(fx)) —a (G(f1),...,G(fx)). But since this holds
for every k and every choice of fi,..., fi € Lo(P), it follows that G,, — 4 G.

3. Ferguson, ACILST, problem 4, page 93 (modified slightly): suppose that X;,..., X,
are i.i.d. F with continuous and positive density f in neighborhoods of F'~1(1/4),
F~Y(1/2), and F~1(3/4).

(a) Find the asymptotic distribution of the mid-quartile range R, = (X(3,/1) +
X(n/1))/2; i.e. find the asymptotic distribution of /n(R, —r) where r = (F~(3/4)+
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F~Y(1/4))/2.

(b) Find the asymptotic distributions of the median.

(¢c) For a general distribution function F', the mid-quartile range and median
estimate different parameters, the population mid-quartile range and the population
median respectively, but in the case of a distribution function F' that is symmetric
about some point p (so 1 — F(x + p) = F(z — p)), they both estimate the point of
symmetry, p. Compute the asymptotic relative efficiency of the mid-quartile range
relative to the median when: (i) F' is Cauchy(u,o); (ii) F' is Uniform(0, 2u).

Solution: (a) Now

_ F;l(1/4) — F-1(1/4) Q(1/4)V(1/4)
W= vn ( F,'(3/4) — F-1(3/4) ) o ( QB/49V(3/4) )

so, with R, = (1/2)(F,'(1/4) + F,*(3/4)), r = (1/2)(F~'(1/4) + F~'(3/4)), it
follows that

ViR, 1) = (/217 W, =g (1/2)17W
= (/D@ /AV(/4) + Q(3/V(3/4)
N, QAP + QB +2Q(1/4Q (B3/4)5))

= V(0,5 {3Q1/47 +20/(1/9Q(3/4) + 3 (3/4)7}).

When F is symmetric, f(F~'(1/4)) = f(F~'(3/4), so Q'(1/4) = @Q'(3/4) and the
asymptotic variance of \/n(R, — r becomes Q’'(1/4)?/8.
(b) For the median we have

Vn(F, (1/2) = F71(1/2)) =4 N(0, (1/4)Q'(1/2)*).

(c) It follows from (a) and (b) that the asymptotic efficiency of R, relative to the
median is given by

w,

Q2 /
W ARE ) = g ae ~ P

When F' is Cauchy(p, o) we have

fo=2n(21). re-m(*)

o o o
where L L
fo(l’) = ;m, F()(I) = 5 + ; arctan(x).

Thus F;'(t) = tan(m(t — 1/2)), F7'(t) = p + oF;(t), and it follows that
f(F7Y(t) = fo(Fy(t))/o. Therefore we compute Fy '(1/4) = tan(—m/4) = —1,
FyH(1/2) = tan(0) = 0, and fo(Fy *(1/4) = 1/(27), fo(F; ' (1/2)) = 1/7. Thus the
ARE computed in (4) above becomes

=

(L) 1
ARER, area(Cauchy) = 2-222 = 5

(3)°

Q=



At the Cauchy distribution, the asymptotic variance of the median is 1/2 of the
asymptotic variance of the mid-quartile range.

When F' is Uniform(0, 2u), f(z) = (2p) o2 (x) = (20) 7 fo(x/21) where fo(x) =
1p1y(z). Therefore f(F~1(t)) = fo(Fy '(t))/(21) = 1/(2u) for all ¢. Thus the ARE
computed in (4) above becomes

(2p)?
2p) 72

(How does this change if we consider the mid-¢-th quantile range defined by R,,(t) =
(F 1 (¢t) + F, ' (1 —t))/2 with 0 < ¢ < 1/2 instead of the mid-quartile range R,,?)

ARER, mea(Uniform) =2 = 2.

—~

. Suppose that Xi,..., X, are i.i.d. with continuous distribution function F. Let Fj
be a fixed, specified distribution function. Suppose we want to test H : F = Fj
versus K : F # Fy. Consider the Cramér - von Mises statistic given by

o2 = /_ T (Fo(2) — Fola))2dF(x).
(a) Show that )
C2=1 [ n(@alt) - b7t

where G,, is the empirical d.f. of n i.i.d. Uniform(0,1) rv’s.
(b) Show that when the null hypothesis is true,

1
c? —>d/ U(t)*dt
0

where U is a standard Brownian bridge process.

[Hint: Use the fact that U, = U in (D[0,1],] - ||«) and the continuous mapping
theorem.|

(c) Suppose that the null hypothesis fails. Thus F' # Fy. Show that in this case

n1C% —, /_OO (F(z) — Fy(z))*dFy(x) >0,

(e 9]

and hence the test based on C? is consistent for all F' # Fy.

Solution: (a) Now /n(F, — F) L U, (F) is always true (for any df F'), so under
the null hypothesis F' = Fj

2= /_ T (Fo() — Fo(w)2dFo(x) & /_ UL (Fo)2dFy

holds. By the change of variable ¢t = Fy(z), the variable ¢ takes on all values in
(0,1) when Fj is continuous, and

| warpar = | w0 p

—00

>



Thus the stated concluswn holds
(b) Now U,, = U and g(x fo t)]?dt is a continuous function from (DI0, 1], |||
to R (since

960) = 9000 = | |20 ) < I = ol + yl

Thus by the continuous mapping theorem

C? < g(U,) —4 9(U) = /0 U(t)dt.

(c) When F # Fy, ||F, — Flleo —as 0 by Glivenko-Cantelli, so we define ¢* =
A(F, FRy) = [7 (F(x) — Fy(x))?dFy(x). Then

]n_lC2 —c

Fo(x))* = (F(z) — Fo(2))*}dFy ()

IN

/ |[(Fo(2) = Fo(x) = (F(2) = Fo(2))(Fu(2) = Fo(x) + F(2) — Fo(x))|dFo(x)

/IM—FWM=M+W—RWR

< 2||F, — Fllo —as. 0.

IN

Thus we conclude that n™'C? —, . 2.



