Statistics 581, Problem Set 3 Solutions, corrected
Wellner; 10/25/2006

1. Ferguson, ACILST, page 34, problem 1(b), modified slightly.
Suppose that Xy,..., X, is a sample from the Poisson distribution with parameter
A>0: P(Xy =k)=exp(=MNA/k!, k=0,1,.... Let Z, = (1/n) > 1, 1ixiz1).
(a) What is the joint asymptotic distribution of

\/ﬁ((ym Zn), - (/\7 )‘e_k)/)?

(b) Let pi(\) = P\(X; = 1). What is the asymptotic distribution of p; = py(\,)
where 5\n =X,?

(¢) What is the joint asymptotic distribution of (Z,,p;) (after centering and
rescaling)?

(d) Compute the ratio of the asymptotic variances of the two estimators Z,, and
p1 of p1(A). Which estimator would you prefer if the Poisson model (assumption)
holds? Which estimator would you prefer if the Poisson model (assumption) fails?
Solution: (a). Let W; = (X;,Y;) = (X, 1;x,=11). Then the W;’s are i.i.d. with
mean FE(W;) = (A, \e™)’ and covariance matrix

- A Ae ™ —Ne™r A A1 = N)e™?
T\l e =A% de M1 =2e™) ) T U0 = Ne™ e ML= AeN) )
(1)
Hence the multivariate CLT implies that
V(W — E(Wh)) = Vin((Xn, Za)' — (A Ae™)) —a T ~ No(0,3) (2)

where ¥ is given in (1).

(b).  Now p; = g(X,) where g(v) = ve™. Hence ¢'(v) = (1 —v)e™, ¢g'(A) =
(1 —Ne ™, and v/n(X,, — \) —4 N(0,)\) by the CLT (or the first component of
the convergence in distribution in part (a)). Hence it follows from the delta-method
that

Vi = pi(N) = Va(g(Xa) = g(N) —a g AN, 1) = N(0,A(1 — A)?e™).

(c). At this point it is a bit easier to study (p1, Z,) = 9(X,., Z,) where g(u,v) =
(ue™,v). Then in view of (2) and

Vg(Ae™) = ( 1 _g)e_A (1) ) ,

it follows from the delta-method that
\/ﬁ((ﬁla ZTL)/ - )‘ei)\(L 1)/) —d VQ()\, 67)\>T ~ NQ(Oa ng(vg>/)
where

f_ (ML= AP A1 02
VgZ(Vg) = ( /\(1 _ /\)267% ,\e*A(l — /\e*A) ) .
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This is a situation in which we have two estimators of Py(X; = 1) = p;()), namely
the MLE p; = pi(\) and the empirical (or “plug-in” estimator Z, = #{i < n :
X; = 0}/n. Note that the ratio of the asymptotic variance of p; to the asymptotic

variance of Z,, is

A1 =X (1—A)2e?

= 1
M re ) (A—de?) O

ARE(py, Z,) =

for all A > 0. See the figure below. If the observations really have the assumed
Poisson distribution, then the MLE based on the Poisson assumption is preferable
because of its smaller asymptotic variance. If the Poisson assumption fails, then the
empirical estimator Z,, might be preferable since it always estimates the probability
correctly.

2 4 6 8 10

Figure 1: ARE of MLE relative to Plug-In

2. (From Ferguson, A Course in Large Sample Theory, page 65, modified.) In a
multinomial experiment with sample size n = 100 and 3 cells with null hypothesis
Hy p, = (.2,.6,.2), what is the approximate power at the alternative p =
(.25,.5,.25) when the level of significance is o = .057 « = .017 How large a
sample size is need to achieve power 0.8 at this alternative when o = .057 o = .017

Solution: Now

n'?(p—p,) = 10((1/4,1/2,1/4) = (1/5,3/5,1/5))
= 10(1/20,—2/20,—1/20) = (1/2,—-1,1/2),

so the non-centrality parameter is

/2?2 (12?2 . (1.1 1) 2
=975 Tt s _5'{_+_+_}

4 3 4
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Thus the approximate power via x3(d) is
P(x3(25/6) > x2.05) = P(x3(25/6) > 5.991) = 431,  when «a = .05,
and
P(x3(25/6) > x2.01) = P(x5(25/6) > 9.210) = .215 when o = .01,
(b) Now we want to find n so that
P(x3(6,) > 5.991) = .80

where

_[(1/2002 (2/20)*  (1/20)*
5"_”{ 1/5 3/5 1/5 )_”/24'

In this case we find that 0,, = n/24 = 9.635, so that n = 24 - 9.635 ~ 231. When
a = .01 we find that 6, = n/24 = 13.881 so that n = 24 - 13.881 =~ 333.

The alternative approximation to power that we derived in class is

Pp(Qn > XZ—l,a) = b (\/ﬁ(n_lQn - Q) > \/ﬁ(n_IXZ—l,a - q))
= P(N(0,d"Ad) > Va(n'x}_1, — 9))
= 1-0(/n(n "Xi_14 — q)/VdT Ad)

where d = 2diag(1/po)(p — po), A = diag(p) — pp”, and ¢ = 3\, (p; — pjo)?/pjo- In
the present case I calculate ¢ = 1/24, d = (1,—6,1)7 /10, and

1 3 -2 -1
A = diag(p) — pp” = 16 -2 4 =2
-1 -2 3

so that d? Ad = 1/8. Thus the approximation becomes

Po(Qn > X50) = 1= ®(Vn(n™'x5, — 1/24)/1/1/8).

When I calculate I get

Py(@n = X%,.05) =1- (I)(\/ﬁ(ning .05 1/24)/\/W)i0-303
Pp(Qn > X%,.05) =1- q’(\/ﬁ(ning .01 1/24)/\/%)i0‘0777

which are both somewhat lower than suggested by the non-central chi-square
approximation. A Monte-Carlo study not shown here shows that the non-central
chi-square approximation is quite accurate in this case. I suspect that the fixed
alternative limit theorem and resulting normal approximation to power will do better
for more extreme alternatives with a larger number of cells, but I have not carried
out a thorough study.

. Suppose that X, X, ... are iid. (u,0%) with g4 < co. Let X, =n1t>0 X,
and S2 = (n — 1)7'>°" (X; — X,,)? be the sample mean and sample variance



respectively.
(a) Show that

where

(o w0t)
ps pa—ot )’

(b) Suppose 1 # 0. Use (a) to find the limiting distribution of the sample coefficient
of variation C,, = S,,/X,; i.e. show that /n(C,, — ¢) —4 N(0,V?) with ¢ = o/u
and find V2.

Solution: (a) Since S2 =n"'>"" (X; — p)* + 0,(1/4/n), we have

X, — i I X;— 1
\/ﬁ( 2 2) = —Z( R 2)+0p(1)
Si—o Vn &= (Xi—p)y—o
—d Z ~ N2(07 Z)
by the multivariate CLT where X is as given above.

(b) Here we first study D, = 1/C,, = X,,/S,, and then use this to obtain the result
for C,, itself.

The function g(u,v) = wu/y/v is differentiable at points (u,v) with v # 0,
and the derivative is Vg(u,v) = (1/yv,u(—1/2)v3?) so that Vg(u,o?) =
(1/0,(=1/2)u/o73) = (1/o)(1,—(1/2)u/0?)). Hence it follows from the delta
method (¢’ theorem) that

Vn(Dn, —d) = /n(g(Xy, S2) — g, 0%))
—a Vg-Z~ N(0,Vg'EVy)

and it is easy to calculate that

1 1
Vg'iVy = — { b g G (pa — 04)}

1
= l—dn+ Zd2(2 +72)

where v, = ps3/0® and v, = py/o* — 3. Note that when the X,’s are normal (so
71 = 72 = 0), this reduces to 1 + d?/2. Thus under normality we have

Vn(g(Dn) = g(d)) —a N(0,1)

if g(x) = v/2arcsinh(z/v/2).
By taking h(z) = 27! we also get C,, = h(D,,), ¢ = h(d), and hence, for d # 0 we
find that

V(G —c) = n(h(Dy) = h(d)) =4 h'(d)N(0,Vg'£Vyg)
= —d?N(0,1 —dy; +27'd*(1 4+ 7/2))
= NO,c*(1—c 'y +27 21 +72/2)
= N(0,c* =y + 271 (1 4+ 12/2)).
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When the X;’s are normal,
Vn(C, —c) — N(0,c* +271¢?),

and the variance stabilizing transformation is given by

g(z) = V2log (ﬁ) .

That is, with ¢ as given in the last display, under normality we have

Vn(g(Cn) = g(c)) —a N(0,1).

. Suppose that X is a random variable with finite fourth moment; E|X|* < co. Then
ps = E(X — p)* is the fourth central moment of X. The ratio py/o? = k is the
kurtosis of X (or of the distribution function F' of X), and vy, = /0 — 3 is
called the excess of kurtosis; note that for any N(u,c?) random variable, vo = 0.
Investigate the value of v, for various classical distributions (¢,, uniform, bernoulli,
Poission(\), ... ). How big can 75 be? How small can -y, be?

Solution: Note that p}/* = {E(X — p)1}V/4 > {E(X — 1)?}¥/? = o by Liapunov’s
inequality. Thus py/c* > 1 always, or vo = pg/0* —3 > —2 with equality if X = &1
with probability 1/2 each: then =0, 0% =1, uy = 1, and 5 = —2.

For X ~ N(0,1), 72 = 0 since EX* = 3.

For X ~t,,r>4,v%=6/(r—4) S oocasr \,4; 7 \,0asr / oo.

For X ~ Gamma(a, 3), 72 = 6/a /00 as a \ 0.

For X ~ Poisson(\), 72 = 1/A /0o as A\, 0.

For X ~ Bernoulli(p), 72 = (1 — p)?/p + p?/(1 — p) — 3 which = —2 when p = 1/2,
and " oo when p — 0, 1.

. Ferguson, ACILST, problem 7, page 34.

Solution: Now T,, = >}, X, where X, X»,..., X, are independent and X ~
Uniform on {0,1,...,k — 1} for k =1,...,n. Thus we compute

k—1

1 1(k-Dk k-1

BX)=2 ip=35 = 3
E(X?) = Zj% _ %(k — 1)k6(2k ~1) (k- 1)((3% -1
Var(Xy) = E(X}7) — [E(Xy)]* = (k — 1)éQk -1 (k; ; 1)
(k—1)(k+1)
- 12 '
This yields
o = E(T,) = ) B(Xy) _Z’f; _ (71—41)71’
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= ;Var(Xk) =13 {Zk —n}

n(n — 1)(27;—1- 5)
72 '

To verify the Lindeberg condition, note that X,,; = X; — (j — 1)/2 satisfies |X,,;| <
(1—1)/2<(n—1)/2 for 1 < j <n. Therefore, for any fixed € > 0,

"2 § :E{’XTL]’ 1[|Xng|>60n}} < = E E{’Xn]’ 1[(n 1 /2>60’n]}
"oj=1 noj=1
= lim-1)/25¢0n) =0

for all n > some N, since 02 ~ n3/36 and hence o, ~ n*2/6. Thus the
Lindeberg condition is satisfied and we conclude that (T, — p,)/0n —a N(0,1)
by the Lindeberg-Feller CLT.

. Suppose the same set-up as in the chi-square testing situation considered in lecture
in class on 10/8/93 and in the above problem, but now, for testing Hy : p = P,
versus Ky : p # Py instead of the chi-square statistic ),,, consider the test statistic
given by -

me

The statistic H? is 8n times the square of the Hellinger distance between p and p.
(a) Find the limiting distribution of H? under the null hypothesis Hy. -
(b) Find the limit of n~'H2 under fixed alternatives p # p in Ko, and use this to
show that the test based on H? is consistent against K.

(c) Find the limiting distribution of H,, under local alternatives p = p + c/v/n,
with ¢’1 = 0, and use this to approximate the power of this test. Compare the (local
asymptotic) power of this test to the chi-square test.

Solution: (a) Let Z, = /n(pn — po). Then Z, —q Z ~ Ni(0,%) where ¥ =
diag(po) — pop,- Thus, by the delta-method (or ¢’ theorem)

Zn = 2v/n(V/Dn — /Do)
—q diag(1/y/po)Z = Z ~ Ni(0,1 — \/Po/Dp)-
Hence, by the continuous mapping theorem,
H:=7'7,—47'Z.

It remains to answer the question: what is the distribution of Z'Z? This goes just
exactly as in the case of the limit for the x?— statistic @,. Let I' be an orthogonal
matrix with first row /pg. Then

(o3 )



which has first coordinate 0, and the remaining k — 1 coordinates are iid N(0,1).
Further, I'T” = I and hence

77 =7TT7Z=002)T2Z)~ xi_,.
Thus H? —4 Z'Z ~ X3.
(b) Under fixed p # po, Pn —a.s. p- Hence by continuous mapping

k
nTHY = 4> {\/P— o)
j=1

k
a.s. 42{\/17] - \/p_OJ}2
—1
- 8[2{2(13, Py) > 0.
Therefore, under p # py, H? —,.s. 00, and hence
Py(H. > Xp-1,0) — 1

i.e. the test based on H? is consistent.
(c) Under local alternatives p, = po + cn~'/? with 1’c = 0, using problem 1 and
the delta method yields

Zn = 2vn(VPn — /Pn) + 2v1(\/Pn — /Do)
—a Z +diag(1/y/po)c
= Z+p~ Nelp, I = /Dov/ph)-
Note that the first row of b = I'diag(1//po) is the (row) vector 1’ of all 1’s, and

hence the first entry in the vector p is 0 (since 1’c = 0). Thus I'(Z + p) has first
coordinate 0, and the remaining k — 1 coordinates are independent N (b;,1). Hence

(Z+p)(Z+p = (TZ+0b)(TZ+0b)

k2
G

~ Xifl(b/b) = Xzfl (E )
i—1 P0j

since b'b = p'u = Z =16 /poj Thus the local asymptotic power of the test based
on the Hellinger statistics H? is the same as that of the y?statistic Q.



