Statistics 581, Problem Set 3 - Revised
Wellner; 10/11/2006

Reading: Lehmann & Casella, TPE, pages 54-61 and pages 75-78.
Ferguson, ACILST, pages 1 - 60.
Due: Wednesday, October 18, 2006.

1. Ferguson, ACILST, page 34, problem 1(b), modified slightly.
Suppose that Xy,..., X, is a sample from the Poisson distribution with parameter
A>0: P(X; =k)=exp(=NA/k!, k=0,1,.... Let Z, = (1/n) > i, Lixiz1).
(a) What is the joint asymptotic distribution of

\/ﬁ((ym Zn)/ - ()‘a )‘eiAy)?

(b) Let p1(A) = P\(X; = 1). What is the asymptotic distribution of f1 = p1(\,)
where 5\n =X,?

(¢) What is the joint asymptotic distribution of (Z,,p;) (after centering and
rescaling)?

(d) Compute the ratio of the asymptotic variances of the two estimators Z,, and
p1 of pi(A\). Which estimator would you prefer if the Poisson model (assumption)
holds? Which estimator would you prefer if the Poisson model (assumption) fails?

2. (From Ferguson, A Course in Large Sample Theory, page 65, modified.) In a
multinomial experiment with sample size n = 100 and 3 cells with null hypothesis
Hy : p, = (.2,.6,.2), what is the approximate power at the alternative p =
(.25,.5,.25) when the level of significance is o = .057 « = .017 How large a
sample size is need to achieve power 0.8 at this alternative when o = .057 o = .017

3. Suppose that X, X,, ... are i.i.d._(u,aQ) with py < co. Let X, = n7 1Y " | X,
and S2 = (n — 1)7' Y7 (Xi; — X,,)? be the sample mean and sample variance

respectively.
(a) Show that

where

o’ 3
ps py—ot )’

(b) Suppose p1 # 0. Use (a) to find the limiting distribution of the sample coefficient
of variation C,, = S,,/X,; i.e. show that /n(C, —¢) —4 N(0,V?) with ¢ = o/p
and find V2.

4. Suppose that X is a random variable with finite fourth moment; F|X|* < co. Then
py = E(X — p)* is the fourth central moment of X. The ratio us/0? = k is the
kurtosis of X (or of the distribution function F' of X), and vy, = /0 — 3 is
called the excess of kurtosis; note that for any N(u,c?) random variable, v, = 0.
Investigate the value of v, for various classical distributions (¢,, uniform, bernoulli,
Poission(\), ... ). How big can 75 be? How small can -y, be?



5. Ferguson, ACILST, problem 7, page 34.

6. Suppose the same set-up as in the chi-square testing situation considered in lecture
in class on 10/8/93 and in the above problem, but now, for testing Hy : p = P,
versus Ko : p # Py instead of the chi-square statistic @),,, consider the test statlstlc
given by -

k
H? =4n Z(\/ﬁj —/Poj)’
i=1

The statistic H? is 8n times the square of the Hellinger distance between p and p.
(a) Find the limiting distribution of H? under the null hypothesis Hy. -
(b) Find the limit of n~'H; under fixed alternatives p # p in Ko, and use this to
show that the test based on H? is consistent against K.

(¢) Find the limiting distribution of H, under local alternatives p = p +c/v/n,
with ¢’1 = 0, and use this to approximate the power of this test. Compare the (local
asymptotic) power of this test to the chi-square test.

7. Optional bonus problem: Ferguson, ACILST, problem 5, page 18:
Let X,1,...,Xn, be independent, X,, ~ Bernoulli(p,x), and let Y, ~
Poisson(d_;_, pnk). Let P, be the distribution of Y ;_, X,;x and let @), be the
distribution of Y,,. Show that

dry (P, Qn) = sup [P(S, € A) = P(Y, € A)| <> 2.

AeB k=1

Note that when p,; = p, — 0 for all k and np, — A, then Y, p2, = np? =
(npn)?/n = O(n~").

[Hint: construct S, and Y,, on a common probability space as follows: let T, ~
Poisson(p,k), k = 1,...,n be independent, and let Z,,; ~ Bernoulli(1—(1—pp)ePr*),
k =1,...,n be independent and independent of the 7,,.’s. Define

X = 1r21) + Lt=0y 17,1

Set S, = > 4 Xok, Y = >0y Tk Check that X, ~ Bernoulli(p,;), Y, ~
Poisson(>_} pux), and

P(Tnk = 07 Xnk: = 1) = e Pk — (]- - pnk)
P(T > 1, X =0) = 0
PTw>2) = 1—e Pk —pre Prk,

Show that

3

dTV(Pm Qn) < P(Sn 7é Yn) < P(Xnk 7£ Tnk) < Zp?zk]

=1 k=1



