1.

Statistics 581, Midterm Exam Solutions
Wellner; 11/15/2006

24 points) Define any three of the following five terms.
) A uniformly integrable sequence of random variables.
) Convergence in rth mean of a sequence of random variables.
) A normal random vector Y = (Y1,...,Y,).
d) The inverse or quantile function F~! of a distribution function F.
e) The total variation distance between two probability measures P and () on
a measurable space (X, .A).

Solution: See notes, Chapters 1 and 2.

Do either problem 2 or problem 3.

(40 points).

(a) State the ordinary (univariate) central limit theorem.
(b) State the Cramér-Wold device.

(c) State the multivariate central limit theorem.

(d) Use the ordinary (univariate) central limit theorem (a) and the Cramér-Wold
device (b) to prove the multivariate central limit theorem (c).

Solution: (a) If X, X;,...,X,,,... are i.i.d. with mean p = FE(X) and finite
second moment F(X?) < oo, then with 0% = Var(X) = E(X — u)?,
\/ﬁ(yn - M) —d N(07 02)'

(b) A random vector Z,, satisfies Z, —4 Z in R? if and only if a'Z, —4a'Z in R
for all ¢ € R%.

() fX,,...,X,,...areiid. random vectors in R? with mean vector y = E(X)
and finite second moment E(X'X) = E|X|? < oo, then with ¥ = F{(X —u)(X —

'}
Z,=Vn(X, — p) —a Z~ Na(0,%).
(d) By the Cramér - Wold device and (c) it suffices to show that
dZ, —qd'Z~ N(0,a"Xa) (0.1)
in R. But

n

aZ, = n'?Yy d(X, - p)

i=1
n
— n—1/2 E }/Z
i=1
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where Y; = a/(X; — p) are ii.d. real-valued random variables with E(Y;) = 0
and finite second moment E(Y?) = Var(Y;) = @’Sa. Thus (0.1) holds by the
ordinary univariate CLT (a).

. (40 points). State and prove the Glivenko-Cantelli theorem.
Solution: See Chapter 2 notes.

. (36 points). Let Xy,..., X, beii.d. with exponential density pg(x) = 6 exp(—0x)1|g )(z).
(a) Find a constant ¢ so that cF,'(p) —, 671

(b) For the ¢ = ¢, you found in (a), show that \/n(cF,*(p) — 67') —4 N(0,0?)

and find 02 = o%(p).

(c) Show that the asymptotic variance o(p) is minimized by p satisfying 2p =

—log(1 —p).

Solution: (a) Now F(z) = 1 — exp(—0x), so F7(t) = —0711log(1 — t) for
0<t<1,and F'(p) =6 {—log(l — p)}. Thus F, (p) — cF1(p) =6"if
we take ¢ = 1/{—log(1 —p)} = 1/log(1/(1 — p)).

(b) Recall that
Vi(E (p) = F'(p)) —4 Q' (p)V(p) ~ N(0,p(1 - p)Q'(p)?)

where Q(p) = F~'(p) = —07'log(1 — p) and hence Q'(p) = 67'/(1 — p). Thus
the asymptotic variance in the last display is 6=2p/(1 — p). From this it follows
easily that

Vi(e,FH(p) =07 = epVn(F, (p) — F7H(p))
—a4 Q' (p)V(p) ~ N(0,07%cp/(1 —p)) = N(0,0%v(p))

(¢) The asymptotic variance in (b) is minimized when the derivative of v(p) =
cﬁp /(1 — p) equals zero, or equivalently when

d d
0= P logv(p) = & {logp —log(1 — p) — 2log{—1log(1 —p)}}
1 1 1 1
p— —_ + —
p l—p ~——log(l—p)l—p

B 1{1+ 2 }
1—plp log(l—p)J’

and this equality holds when 2p = —log(1—p). Thus the optimal p for estimation
of 071 is p = pp=0.796812....



5. (36 points)
Suppose that X, X, ..., X, are i.i.d. Exponential(f) random variables so that
Py(X > x) = exp(—0z) = 1 — Fy(x) for x > 0.
(a) Fix zg > 0 and let F(z) = n '3 7 lixvi<a) = 07 D0 (oo, (Xi) denote
the empirical distribution function. Show that

(o oty ) =Y =20

and find X.
(b) Let g(0) = Fy(xg) = 1 — exp(—bzy), and consider the two estimators of
F = Fy given by Ty,1 = g(0,) and T,,» = F,,(x0) where 6,, = 1/X,,. Show that

Tn,l - Fa(fo) ¥
Vi ( T2 — Fy(xo) ¥
and find the distribution of Y.

(c) What is the advantage of T,, 5 = F,(z¢) as an estimator even though it is
inefficient when the exponential model holds?

Solution: (a) Note that

\/ﬁ( mfﬁ _ %f(xo) ) -y ( L0 (*)’((Z)__MF b(@o0) )

i=1
= Yy,
i=1
where Y, are i.i.d. with E(Y;) =0 and

. Varg(X) Eo(X — 1) 1j0,00)(X)
EYY') = (EG(X—ue)l[o,xo](X) fgg(xo)(l—Fo(l"o)) )

B 972 _l.()ef@:to _ E
- _1.06799:0 67910(1 o 67910) — -
Thus the multivariate CLT yields

X, —1/6

v ( F.(20) — Fiao) ) =Y~ N2(0,%)

where X is as given in the last display.
(b) Note that

T, = g(én) =1- exp(—énxo) =1—exp(—z0/X,) = h(X,)
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where h(u) = 1 — exp(—xo/u) has h'(u) = —u~2z¢exp(—xo/u). Thus we can use
the delta-method to proceed as follows:

n Ty — Fo(wo) _ n h(yn) — h(1/6)
Vi ( T2 — Fy(xo) ) N \/_( Fr(z0) — Fy(z0) )
= ( w8 9 )xwvg(o,i)
where
5 ( h'(1/60)%6~2 —h'(1/6)xzq exp(—0xp) )
—I'(1/60)zo exp(—bzo) exp(—bzo)(1 — exp(—bzo))

B 0?22 exp(—26x,) 0?0 exp(—0xg)xo exp(—0zo)

— \ Prgexp(—0zo)zo exp(—0zo)  exp(—0zo)(1 — exp(—0xo)) )
(¢) The advantage of T,,5 = F,,(x0) is that it is a consistent estimator of F'(zo) =
P(X < zg) even when the exponential model fails.

. (36 points).

Suppose that X, X;,..., X, are i.i.d. with distribution function F' given by
P(X>z)=1-F(z)=1/2°,2>1, F(z) =0,z < 1.

(a) For what values of r > 0 is E|X|" < co? If they are finite compute p = E(X)
and 02 = Var(X).

(b) Compute F~1(t) = Q(t), the quantile function corresponding to F.

(¢) Which of the following are true? (Briefly indicate why or why not.)

(i) 3 Xi=0p(n'?).

(i) n'?(X, = p) = 0,(1).

(i) n** (X, — ) = Op(1).

(iv) g(n'3(X, — p)) —, 1/2 where g(z) = 1/(1 + e72).

(v) h(n'*(X, - M)) = Op(1) with h(l“) log |].

(vi) vn(F,'(1/2) = F~(1/2)) —a N(0,(1/4)/[5(1/2)°7%).

Solution:

(a) Since X has density f(z) =527% E|X|" =5 ["a" Sdz =5/(5—r) < oo if

r < 5. Another way to compute this is to note that since X > 0 with probability
1 we have

0 1 e’}
EX" = / 7":1:7"’1(1 — F(z))dzx = 7"/ " tdx + 7“/ " Sdx
0 0 1

T o r
= 1+——2"" =1
+7“ 5:15 1 +5—r
5

5—1r

if <5




(b) Since F(z) = 1— 275 for x > 1, the quantile function is obtained by solving
t=F(x)=1—27°toobtain x = F~'(t) = (1 —t)"Y5 for 0 < ¢t < 1.

(c) (i) is false since E(X) =5/4 > 0 from (a). Thus > " , X; = Opy(n) but not
O, (n'/?).

(ii) is true since E(X?) = 5/3 < oo implies that n'/?(X,, — u) = O,(1) by the
CLT.

(iii) is false for the same reason as in (ii).

(iv) is true by (ii) and continuous mapping since ¢g(0) = 1/2.

(v) is true by the continuous mapping theorem since n'/?(X, — pu) —q Z ~
N(0,V?) with V? = 5/3 — (5/4)? and h(z) = log|z| is continuous a.s. with
respect to the distribution of Z since it has just one discontinuity (at 0).

(vi) is true by the computation in (b): Q(t) = F~*(t) = (1 — )"/ so Q'(t) =
(1/5)(1 — ¢)~%5 and hence Q'(1/2) = (1/5)(1/2)7/>.



