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Statistics 581, Problem Set 1 Solutions
Wellner; 10/05/2005

Let X and Y be i.i.d. Uniform(0,1) random variables Define U =
X+Y, V=mnX,Y)=XAY.
(i) What is the range of (U, V)?

(ii) Find the joint density function fyy(u,v) of the pair (U, V). Are
U and V independent?

Solution: (i) The range of (X,Y) is
A={(z,y):0< 2z <1, 0<y<1}. The range of (U,V) is

B = {(u,v):0<v<1,2v<u<1+u}
= {(u,v): 0<u<1, 0<v<u/2}
U{(u,v): 1<u<2, u—1<v<wv/2}.
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Figure 1: Range of U,V .

(i) First solution - via Jacobians: The transformation (X,Y) — (U, V)
is 1-1 and onto from A to B. On the set z < y, its inverse is given
by X =V, Y = U —V; on the set x > y, its inverse is given by
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X =U -V, Y = V. These mappings are continuously differentiable
on B* =B\ {(u,v): v=u/2} = B\ anull set. On B* the Jacobian
of the transformations are

0 1 . 1 -1 :
det(1 _1)——1 if x <y, det(o 1 )—1 ifz>y.

(1)
Thus by the usual transformation of densities formula, the joint density
of (U, V) is obtained from fxy(z,y) = 1p1(x)1,1(y) as follows:

O(z,y)
fU,V(U, U) = fX7y(I(U, U)u y(uv U))| det m|1[0<x(u,v)<y(u,v)<l}
O(z,y)

d t 1 r(u,v u,v
+ fX,Y(x(u7U>7y(uav))‘ € 8(u,v)‘ 1>z (u,v)>y(u,v)>0]

(1[0,1] (U)l[o,l} (U - U)1[0<v<u7v<1] + 1[0,1] (U - U)l[o,l] (U)1[1>u7v>v>0])
= 2-1p(u,v).

Thus the joint density of (U, V') is uniform on B* (or uniform on B).
The random variables U and V are clearly not independent since the
range of (U, V) is not a product set in R?; moreover, the joint density
of (U, V') does not factor into the product of its marginal densities. The
marginal densities are given by

14+u
fv(v) /fU,V(u,v) u /2u 2du =2(1—wu), uel0,1]
and

fou/22dv:u 0<u<l1
[“Podp=2—u 1<u<?2.

u—1

fo(u) = /fU,v(U,v)du = {

Second solution by direction calculation of the joint distribution func-
tion: Note that we can write

P(U <u,V >v)

= PX+Y <u, XAY>0)=PX+Y <u,X>vY >0)
B {%(u—Qv)Q, if 2v<u<1+uw,
N (1-v)?=3(2—u)? if u>1l+v.



(This is easy by pictures!) Since
Fyy(u,v)=P(U <u,V<v)=PU<u)—PU<u,V >0v)

computing (9*/0udv)P(U < u,V > v) on each of these pieces sepa-
rately again yields fy v (u,v) = 2-1p(u,v). Also note that the marginal
distribution functions of U and V are given by Fyy(u) = (1/2)u*1j91)(u)+
{1-32—-w*pg(u) on 0 < u < 2and Fy(v) =1—(1—0)? for
0<v<1.

. Ferguson, ACILST, #2, page 6.
Solution: If X,, ~ Uniformly on {1/n,2/n,...,1} then

_ #of j/n <t |nt]
)= n oon
Note that |F,(t) — t| < 1/n for each fixed 0 < ¢ < 1. Then F,(t) —
F(t) =t for all 0 < ¢t < 1. That is, X,, —4 X ~ Uniform(0, 1).
These X,,’s do not necessarily converge in probability to X because the
random variables X, are not necessarily defined on the same probability
space.

F,(t) = P(X,<t

. (Continuation of the previous problem). Now suppose that U ~ Uniform(0, 1)
and for each n > 1 define Vi, = 377, (/7)) 1(j—-1)/nj/n (V).

(a) Show that V,, £ X, where X, is as in problem 2.

(b) Show that V,, —, U.

Solution: (a) Note that P(V,, = j/n) = P(U € ((j —1)/n,j/n]) =
1/n = P(X, =j/n). Thus V, £ X,,.

(b) To see that V,, —, U, note that

n(l/n—e)=1—ne, ifl/n>e¢

0, if 1/n<e.

Hence it follows that V,, —, U.

PV, -0l > 0 =

. Ferguson, ACILST, #6, page 7. (This is known as the Polya-Cantelli
lemma; see Chapter 2, Propostion 2.11, page 10.) If F' is continuous,
then F,, —4 F means that F,(zr) — F(x) for all x € R. Show that in
this case sup, |Fy,(z) — F(z)| — 0.

Solution. See Ferguson, ACILST page 173.
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5. Suppose that F' is the distribution function of random variables X, Y
with X ~ Uniform(0, 1) marginally and Y ~ Uniform(0, 1) marginally.
Thus F(z,y) = P(X < x,Y < y) satisfies

F(z,1)=2z, 0<z<1, and F(l,y)=vy, 0<y<1.

(a) Show that
forall0 <z <1,0<y<1 HerezAy=cxifr <y, yify <z
(b) Show that

Flz,y) > (x+y—1)" = Fr(z,y)

forall 0 <2 <1,0<y <1 Herez" = z1jp)(2).

(c) Show that Fy is the distribution function of (X, X) where X ~
Uniform(0, 1). Show that F7, is the distribution function of (X,1 — X)
where X ~ Uniform(0, 1).

(d) The distribution functions Fy; and F}, are called the Fréchet bounds.
Show that I}, and Fp are singular with respect to Lebesgue measure
Az on [0,1]?%; i.e. show that the corresponding probability measures Py,
and Py satisfy

P(X,Y)eA) =1, X(4)=0

and

P(X.Y) € A) =0, (A =1

for some set A (which will be different for P, and Py;). This implies that
F}, and Fy; do not have densities with respect to Lebesgue measure on
[0, 1]%. (See Chapter 0, Section 3, especially Definition 3.1 and Theorem
3.1.)

Solution: (a) By monotonicity of F' in each argument,
Flo,) < Fe,)) == and  Flz,y) < F(ly) =y
for 0 < z,y < 1. Hence it follows that

F(z,y) <min{z,y} = Fy(z,y), 0<az,y<l.



(b) Note that

and hence
F(x7y>2x+y_1a ng,ygl

Since F(x,y) = P(X < z,Y <y) > 0 trivially, it follows that
Flz,y) > (x+y—-1) V0= (z+y—1)" = Fi(z.y) O<zy<l.

(¢) If X ~ Uniform(0,1), the joint distribution function of the pair
(X, X) is given by

PX <z, X<y)=PX<zxzAy) =xAy

for 0 < z,y < 1. Thus Fy is the distribution function of (X, X).
Similarly, the joint distribution function of the pair (X, 1 — X) is given

by
PX<z,1-X<y) = PX<z,X>1-y)
B Pl—-y<X<z) ifzx>1-y
a 0 if e<1—y
B r—(1—-y) if 2>1-—y
B 0 if r<1l-—y
= (x+y-1*

Thus F7, is the distribution function of (X, 1 — X).

(d) It is clear from part (c) that if we take A = {(z,z) : 0 <z <
1} € [0,1)% then Py((X,Y) € A) = 1 and X\y(A) = 0. Similarly, if
B ={(z,1—2): 0<ax <1} C [0,1]% then P,((X,Y) € B) =
1 and Ay(B) = 0. Thus both Py and Pj, are singular with respect
to Lebesgue measure Ay on [0,1]% and the hypothesis of the Radon-
Nikodym theorem 0.3.1 is not satisfied. Hence neither Py nor P, have
densities with respect to Lebesgue measure A\y. Also note that

82
F =0 f A
axay U(x7y> 0 tor (x,y) §é 9
while
» F =0 f B
8x8y L(x7y> - or (x7y> §§ .



[Note that the arguments in (a) and (b) extend to an arbitrary distri-
bution function ' on R? with marginal d.f.’s Fy and Fy respectively:

F(z,y) < Fx () A Fy(y),

and
F(r,y) > (Fx(z) + Fy(y) = 1)" ]

. (a) Lehmann and Casella, TPE, problem 1.2, page 62.
(b) Lehmann and Casella, TPE, problem 1.3, page 62.

Solution: Solution: (i) First solution — via the Cauchy-Schwarz in-
equality: First recall the Cauchy-Schwarz inequality in R™: if u,v € R",
then (u'v)? < (v'u)(v'v) with equality iff u = cv for some real number
c. Now extend this as follows: if ¥ is positive definite and =,y € R",
then

(2'y)* = (S'22)(S72y) < (@'Sa)(y'S'y)
with equality iff £1/22 = ¢X1/2y; e iff 2 = X y.

Now consider X, a random vector in R", with E(X) = 16 and Cov(X, X) =
E(X - EX))(X —E(X))] =%, where1 =(1,...,1) € R". A linear
estimator /X = a1 X; +...+ @, X, is unbiased for 0 iff ) = F(o/X) =
AE(X) = (/1)0 for all §; i.e., iff @’1 = 1. The variance of /X is
Var(o/X) = o/Xa. To find the best such estimator, we must find

min{a'Sa : a'1 = 1}.
But by the Cauchy-Schwarz inequality, if o’1 = 1, then
oYa>1/(1'S711)

with equality iff & = ¢X711. The condition o/1 = 1 then implies that
c = 1/(1’S711), so the optimal « is ayp = X7'1/(1'27!1), and the
optimal linear unbiased estmator is oy X = (1'S71X)/(1'27!1) whose
variance is Var(apX) = 1/(1'S711).

The solutions to 1.2, 1.3(a), and 1.3(b) now follow:

1.2: In this case ¥ = oI, so g = 1(1/0%)/(1'11/0?) = 1(1/n).
1.3(a): The inverse of the matrix diag(1/c;) is just diag(c;). This

6



implies that af X = (327 @ X;)/ (3.7 @) and Var(apX) = o2/ e
1.3(b): The inverse of the matrix with 1 on the diagonal and p off the
diagonal is of the form a in the diagonal entries and b in the off-diagonal
entries for some a,b. Hence X711 = 072(a + (n — 1)b)1, which leads
to 'S ' X =0 2(a+(n—1)0)(X;1+...+X,), and 'S =0 2(a +
(n — 1)b)n. Hence we find that apX = > ] X;/n. But £1 = o*(1 +
(n—1)p)1, 501 =0?(1+(n—1)p)X "1 = (1+(n—1)p)(a+(n—1)b)1,
and hence [a + (n — 1)b] = [1 + (n — 1)p]~'. Therefore

Var(agX) = %[1 +(n—1)p] {

>o?/n if p>0
<o?/n if —1/(n—-1)<p<0

[Note that if p < —1/(n — 1), the matrix ¥ of this form is not a
covariance matrix!



