Statistics 581, Final Exam Solutions
Wellner; 12/14/2005

1. (40 points) Define the following terms. In each case, provide an appropriate
(brief) context for your definition.
(a) The Kullback - Leibler divergence (or information) between a probability
measure P and another (sub-)probability measure () on the same measurable
space (X, A).
(b) The Hellinger distance between two probability measures P and @ on a
measurable space (X, .A).
(c) The vector of score functions for a sample of size one in a regular parametric
model P = {P,: 6 € O} with © C R™
(d) The information matrix for a sample of size one in a regular parametric model
P={P: 00O} with © CR%
(e) An asymptotically linear estimator with influence function .
(f) The efficient influence function 1, for a differentiable parameter ¢() = v(FPp)
in a regular parametric model P.

Solution: See chapters 1-4 of the course notes.

2. (24 points) State the following results:
(a) The multiparameter Cramér - Rao inequality (for an unbiased estimator)
T = T(X) of a real-valued parameter ().
(b) LAN (Local Asymptotic Normality) of the local - log likelihood ratios for
a regular parametric model satisfying the Cramér hypotheses (continuous third
derivatives with integrable bounds).
(¢) The asymptotic behavior of the likelihood ratio statistic 2log A, for testing
a simple null hypothesis 8 = 6, versus 6 # 6, under a fixed alternative P, with
0 # 6.
(d) A limiting distribution result for /n(F, ' (t;)—F~1(ty), ..., F 1 (ty) = F 1 (1))
for fixed numbers 0 < t; < ... <t < 1.

Solution: See chapters 1-4 of the course notes.

3. (40 points) Suppose that Xi,..., X, are i.id. Py, € P where P = {P: 0 =
(a, B) € (0,00) x (0,00)} is the Weibull family: thus

pe() = (B/a)(x/a)’ " exp(—(z/a)")1 (000 (@)

for « > 0, > 0. Suppose that we are interested in estimating v(Fp) = 6; = «,
and that T,, is an asymptotically linear estimator of v(P) with influence function
¢ (that is, T,, could be a method of moments or quantile based estimator of
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91 = Q.

A. What is the efficient influence function L for estimation of ¢; (in terms of
the scores and information quantities)? What is the efficient score 1} function for
estimation of 6,7

B. Draw a picture showing the relationship of the influence function ¢) of T, to
1, and the tangent space P = [1] of P (at 6;).

C. The picture you drew in B shows that

(1) -1, LP  in Ly(Py,).
Show that (1) is equivalent to the pair of equations

(2) Eo(yl) =1,  Ey(yly) = 0.

(That is, (1) implies both of the equalities in (2), while (2) implies (1).)

D. Draw a picture relating the score function 1; = 1, to the efficient score function
I¥ and the “nuisance parameter” score function 1, = 1g.

E. Relate the information bound I}, to the efficient influence function I; and
the efficient socre function 1 in parts B and D.

Solution:
A. The efficient influence function for 6, is 1; = Il where 1% is the efficient
score function given by . _

I =1 — Iol5'h
and Ii1.o = Ity — I1o155 Iy . _
B. For T, with an influence function v not in the tangent space P = [lg] of the
model (which is the usual case for an ad-hoc estimator), 1) — 1; is orthogonal to

[ly] = P; in our present case with d = 2 and scores 1; and 1, this means that

(3) E{(¢y -1} =0 for j=1,2.

C. Suppose that 1) —1; L [Ig] so that the two equalities in (3) hold. Thus, with
j =1 it follows that

0 = E{(¥-1L)L} =Bl - I[LE{}
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= E{¢11} — ]ﬂgE{lT(ll — 112]2_2112)} since IT 1 12
= B{gh} - L E{1?
= E{YL} - Ihlne = E{YL} - 1.

Thus E{yl;} = 1. Similarly,

0 = B{(¥ -} = E{YL, — [}, E{ljl,}
= E{yl}— I, -0 since 1t L 1
- E{MQ}-

Thus the two claimed relations hold. Reversing the argument gives the orthogo-
nality relationships (3).

D. The efficient score function 1j is the projection of 1, onto the orthogonal com-
plement of the nuisance parameter tangent space [,]: that is, It = II(14|[lp]*) =
1, — I1o15' 1y where T1515,M = TI(1|[Lo)).

E. The information bound Iy, = E{1?} where (as in A), I, = I;;51% and
=1L — 11212}112 is the efficient score function for 6#; = «.

. (40 points). This is a continuation of problem 3 above; all the questions below
concern the Weibull model with 6 = (a, 3) as in problem 3.

A. Consider testing H : 0 = 6, versus K : 6 # 6. Describe the test statistics
we have available for testing H versus K and give their asymptotic distributions
under the null hypothesis H.

B. Describe the limiting distributions of the test statistics in A under local al-
ternatives of the form 6y + tn=/2.

C. Describe the limiting behavior of the test statistics in A under a fixed alter-
native 6 £ 6,.

D. Now consider testing H : 3 = 1 versus K : 3 # 1. Discuss the test statistics
we have available for testing H versus K and give their asymptotic distributions
under the null hypothesis H.

E. What is the limiting behavior of the test statistics in D under local alterna-
tives of the form 6,, = 6 + tn~/? with 6y = (a, ) = (o, 1) € H?

F. Write out the test statistics in part D as explicitly as possible for the given
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Weibull model. Recall that the information matrix for the Weibull model is given

» oy Bled aa
o= i)

a/o

where a = —(1 — ) and b* = 72/6 + (1 — v)? where

—logm}

e

v = 577216... = lim {>
k=1

m—0o0

is Fuler’s constant.

Solution:
A. For testing the simple null hypothesis H versus the alternative K we can use
the likelihood ratio, Wald, or Rao (score) statistics given by

La(6,)
Ln(eo) ’

W = V(0 — 00)1(0,) /(B — 00),

Ry = Z,(00)"1(00) " Z,(6y)

2log A = 2{1,(6,,) — 1 (6)} = 2log

where Z,(60) = n=2 327 1(6p]X;). All three statistics converge in distribution
under the null hypothesis H to DTI(6y)D ~ x3.

B. Under local alternatives of the form 6, = 6 + tn~'/? all three of the test
statistics in A converge in distribution to (D + t)T1(6y)(D + t) ~ x3(5) (non-
central chi-square with 2 degrees of freedom) and noncentrality parameter § =
tTI(6)t.

C. Under a fixed alternative 6 # 6, (and assuming Fy|ly(6y|X;)| < oo for the Rao
statistic) we have (under the regularity hypotheses A0 - A4 of section 4.2),

n=12 log A\, =, 2K (Py, Py,),
N W, = (6 — 00)"1(60) (B — 60) —p (0 — 60)71(6)(6 — 6y),
n" R, — {Epl (06| X))} 1(0) H{ Epl(6y]X1)}.

D. For testing H : § =1 versus K : 3 # 1 we can use the likelihood ratio, Wald,
or Rao (score) statistics given by




where now @\2 is the MLE of # under H. All three of these statistics converge in
distribution to x? under the null hypothesis.

E. Under local alternatives of the form 6, = 6, + tn~"/2, the three statistics
in D converge in distribution to (Dg + t2)I22.1(09)(Da + t2) ~ x3(d) where § =
t2159.1(0p) = t3m2/6.

F. The log-likelihood for all the data is given by

1,(6) = nlog(3/a) + i{(ﬁ — 1) log(Xy/a) — (X:/a)’).
and the scores for 6, = o and 6y ;ﬁ (for one observation at ) are
o) =/ {(2) -1},
lo(a) = 51~ loge/a)((a/a)" = D},

Thus, USng [22.1(9) = 7T2/(6B2) and &2 = 7,

2log Ay = 2{l,(6,) — L.()}

= 2 {nlog %% + Z{(Bn - 1) IOg(Xi/an) - (Xz/an)/é;} + Z(XZ/ag)}} )

i=1 =1
Y 2
Wn = n(ﬁn_l)QTr’\/fia
B2
R, = Z(@)20
n n2( n) ﬁ

Zlﬁ 0 1)]X;) = Z{l—log (X:/X) (X:/X)—1)}.

. (40 points) Suppose that P = {P,: 6§ € © C R?} is a regular parametric model
with densities py with respect to a dominating measure p. Suppose that 6y € ©
is fixed.

A. Express H?(Py, Py,) in terms of the densities pg, and pj.

B. If g(0) = H*(Py, Ps,), compute

0 0

(0) = g(6) = (55-9(6)..
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and the d x d matrix

500 = (3.55:90)).

and ¢(0y) and G(6p) (express the latter in terms of scores and information if
possible). You may assume that the necessary interchanges of integration and

differentiation are permissible.

C. Suppose that 6, is an estimator satisfying v/n (6, —68y) —q D ~ N4(0,17'(6y))
under P, and define h2 = 4ng(#,). Find the limiting distribution of h2 under
Py, .

D. Carry out the computations in A, B, and C explicitly when d = 1 and py(x) =
6 exp(—0x)1 ) (x) with 6 > 0.

Solution: A. The square of the Hellinger distance is given by

H(Py, Py) = (1/2) / (V/Fo — /By edp(x) = 1 — / Famdy = g(0).

B. Differentiation with respect to 6; yields

0 0
53790) = — [ Vg

1 apg

- "/\/p_%fae
= —= —1
2 / \/PoDo, 2, og pedjt

1 .
= —5/\/]992900 Lidp
SO
) 1 .
g(0) = —5/\/1991990 lo(0]x)dp,

and §(0y) = —(1/2)Ep,ly(6p| X) = 0. Furthermore, differentiating with respect to
0; as well yields

ae?aejg(@ = "/\/—{ a (9’33”\/_1”(9‘]:)}
= —Z/\/pe—peoizjjdﬂ_%\/pﬁpﬁoiij(9|x)dﬂ7
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so that

. 1/ . 1 (-
360 = —; [ W60l Gole)pn, (2)dn(z) ~ 5 [Taolola)oa, )dutz)
1 1 1
11 00) + 51 (60) = 7 1(6)-
From B it follows that
. 1 .
9(0) = g(6o) +g" (60)(0 — bo) + 5(9 —00)"9(07)(0 — 6o)
1 .
— (0 8)"3(67) (0~ b0)
1
— 00100~ 6)
for some 6% satisfying |0* — 6p| < |6 — 6]. Thus, with 0 satisfying |6, — 0| <
|Qn - 00| —p 0,

SnH?(Py,, Pén) = 8ng(9~n)
= n(én - QO)T](QNZ)(QNH —6o)
—a DTI(00)D ~ X2

D. When py(z) = 0e "1 o)(x) for § > 0 with p Lebesgue measure on R,

> V09
o(Py, Py.) :/0 VOB exp(—(0+ )2 = AT
H?*(Py, Py,) =1 —p(Py, Py,) =1 — % = g(0).

Thus we calculate

(1/2)0-120  2./08,

90) = - B+60)/2 " (0+6)2
and
9(90):_2—(190"‘%:0
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Before calculating the second derivative, we rewrite the first derivative as

. V00, 1 1

90) = (e+00)/2{0+00_%}

2400, (20— (0+ 6)

B 0+00{ 20(60 + o) }
11 (0/6—1)

0o /070 (0/00 + 1)°

I O A 1 (0760 —1) 1 1 2 (0/6y—1)
9(9) - 0_(2){_5(9/90) /(9/00+1)2+ /—9/00(0/90+1)2_ /0/90(9/90+1)3}7

1 1 111
§(0y) = — _ 2Ly,
§(00) eg{0+(1+1)2+0} 1~ 1%

. (40 points) A. Compute H?(Pi, Py), drv(Pi, Py), K(Pi, P), and K(Py, P)
when Py = Uniform[0, 8] with § > 0. [Hint: consider computing H?(P, Q) and
drv (P, Q) by way of the corresponding affinities

p(P, Q):/\/p_qdu, and n(P,Q):/p/\qdu-]

B. If P} denotes the probability measure (distribution) corresponding to X, ..., X,
i.i.d. as Py = Uniform[0, #] show that for §,, = 1+t/n with ¢ € R fixed, it follows
that H*(Pj , P{") — something and find “something”.

C. In Chapter 3, section 5, we established a “basic lower bound inequality” as
follows: for any estimator T,, of v(P)

max { En 1 [([T, — v(P)]), Enpl(|T, — v(P2)])}
1
2 U7 (Pr) = v(B){L — H?(Py, Py)}™".
Apply this basic lower bound in the context of B above with P; = Uniform|0, 1],

P, = Uniform[0, 6, with 6, = 1+ t/n, l[(z) = x, and v(Fy) = 0. Conclude that
for any estimators 7,, of 6 for 6y = 1 we have

liminf max {nE1|T,, — 1|, nEy,|T, — 0,|} > LB(t) >0

n—oo

and find LB(t) as a function of ¢.



Solution: A. H?*(Py, P) =1 — p(Py, Py) where

ON1 6/\1
pPts) = [ \froa@1/oeate)is = — [ o =200 =

Similarly, dpy (P, Pp) =1 —n(Py, Py) where

n(Py, Py) = /1[01( ) A (1/0)1p00(x >dx_/0 g\l/l

B 0, 0 <1
N 1/6, 6>1.

The Kullback-Leibler divergence K(Py, Py) is given by

K(P, P) = {

and, on the other hand,

K(Py, P) = {

B. When 6 =6, = 1+ n~', we have
H*(P, PP = 1—p(Bg, P =1—p(B,, P)"
B { 1—(L+t/n)"2  t<0 }_}{ 1—el?

1—(L+t/n)™2  t>0
= 1 —exp(—|t]).

C. The “basic lower bound proposition” gives

1t
max{Ey|T, — 1|, E,|T, — 6.} > | ’{1 H2(Py, Py,)} "

4 n 4 n

1—e 2,

fo log Odx + fe logoodr =00, 6H<1
fo log Odx = log 0, 0 >1.

5log(1/6)dx = log(1/0), 0 <1
fol slogOdx + [ 5log(oo) =00, 6> 1.

t<0
t>0

_ lﬂp(Pl,PenV" 1|t|{ 0 o

|

t<0
t>0.

Thus, multiplying across by n and taking the lim inf across the inequality yields

lim inf max{nFE:|T,, — 1|, nEs, |T, — 0.|}

1 n
> —|t| {1- H¥P, B}

(1+t/n)",
(1+t/n)™",

n—oo n—oo

1
= ]t\ liminf p(Py, Py, )*" \t] lim inf {

= lHexp(-It]) = LB().

t<0
t>0.



Note that this is maximized by the choice |t| = 1, so we can conclude that for
C > 1 we have
1

liminf sup nky, |T,, — 0, > -.
n—0oo |4<C 4

Similarly, repeating these calculations with 1 replaced by 6y and 6,, = 0y + t/n
yields

1
lim inf max{nFEy,|T,, — o||, nEy,|T, — 0n|} = Z’t‘ exp(—[t|/6o)

n—oo

which is maximized by [t| = 6y, so we can conclude that for C' > 6y we have

-1
liminf sup nky, |1, — 0,] > 6—90.
n—oo <o 4

(Recall that for 7, = max;<;<, X; = X(n) we have n(6p—71,) —4 Y ~ Exponential(1/6y)
under Py,, and furthermore Eg |n(6p — T,,)| — EY = 6y.)
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