Statistics 581

Problem Set 5 Solutions
Wellner; 11/09/2001

1. Suppose that N, = (Ni1, N1z, Na1, Nag) ~ Multy(n,p) where p =
(P11, P12, Pa1, P22) Where 307 E?lelj = 1. (Thus N,, is the sum of
n independent Multy(1,p) random vectors {Y,;}7_,.) Since there are
really just three independently varying parameters for this problem,
it is often useful to re-express the cell probabilities in terms of two
marginal probabilities, say p;. = p11 + p12 and p.; = p11 + po1, and Y,
the log of the odds-ratio, defined by

P21/D22 P12P21

(0.1) P = log = log .
pll/p12 P11P22

You may use the fact that ¢» = 0 if and only if independence holds for
the 2 x 2 table (i.e. p;; = pi.p.; for i,57 =1,2).

(a) Suggest an estimator of 1, say .

(b) Show that the estimator you proposed in (a) is asymptotically nor-
mal and compute the asymptotic variance of your estimator.
Solution: Solution: (a) An obvious estimator of ¢ is

{P\ _ log 1212%7\21
P11D22

where p = N/n.
(b) Now b = g(p) where g(p) is given in (0.1) and is differentiable
with derivative

Vg(;g) = (—1/p11,1/p12, 1/par, —1/pa2)
and, by the multivariate CLT,
\/ﬁ@— p) —a Z ~ N4(0,%)

where 3 = diag(p) —pp”. Thus the delta method (or ¢’-theorem) yields

Vi —¢) = a(g®) - g(p))

—q Vg(p)Z ~ N(0,Vg"EVg) = N(0,V?(p))
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where

1 1 1 1
Vip)=—+—+—+—.
- P11 P12 P21 P22

. Suppose that Y; = a+60'(z;—T)+¢;, 1 = 1,...,n, where ¢; ~ (0, 0?) are
i.i.d. and the z;’s are known vectors in R¥. Equivalently, Y = X B+e

where
T _ 1 1 1
1 —T To—XT +++ Typ—T

so that X is an n x (k+ 1) matrix. Let @ be the least squares estimator
of 3= (a,0);ie. B =(XTX)LXTY. Suppose that n~*(XTX) — D
where D is positive definite.

(a) What additional condition(s) do you need to impose to prove that

V(B = B) —a Nk (0, “something”) ?

(b) Find “something” in part (a).
Solution: (a) Let a € IR*"!. Now

~

= (XTX)'XTy
= (X"X)T'XT(XB+e)
= B+ (XTX) X7,

SO
V(B —3) = vn(XTX)"'XTe = Bye
where B, = /n(XTX)1X7T is a (k+ 1) x n matrix. Thus

a'(Vn(B—pB) = a'Bpe=0ble
= Z bni€; = Z KXni
i=1 i=1

where bI = a’ B, is an 1 x n vector. Now we compute

Hng = E(Xm) = bm ' 07 UTQLi = VCL?"(Xm> = b721i02 )



and hence, using the hypothesized convergence of n=* X7 X — D in the
last line,

ol = o Z b2, = o*blb,
i=1
= 0%’ B,BYa =no?a” (XTX) M XTX)(XTX)ta
= 2" (n ' XTX) a — o%a" D ra=V?(a) > 0

since D is nonsingular. To establish asymptotic normality of a (1/n (B —
B3))/on, it remains to verify the Lindeberg condition: namely

1 n
(0.2) - Z E {1 X1 x,i/5600 } — 0

"oi=1
for every 6 > 0. But, as we have seen before, this holds if

(0.3) max |b,;] =0 as n—o0:
1<i<n

the left side of (0.2) is bounded as follows:
Ly pien
o2 Z ni {61 [\61|>50n/|bml]}
n =1

1
< ;E {6%1”61|>50n/maX1§i§n |bm\]}
1
by (0.3), E(€?) < oo, and the dominated convergence theorem. Thus
it follows from the Lindeberg-Feller CLT that

o' (Va(B — B))/on —a N(0,1),
and since 02 — o2a’ D~'a, this implies that
al(Vn(B — B)) —a N(0,a" (6> D™ )a),
which in turn, via the Cramér-Wold device, implies

V(B = B) —a Njw1(0,0°D7H).



3. Suppose that X, ..., X, areiid. FonR. Let F,(z) = n~ ' 300 1 ooqy(X;)
be the empirical d.f. of the sample. Let o € (0,1). The goal of the
following problem is to find a number ¢ so that

(0.4) Pr{cF,(z) < F(z) forallco <z <0} =1-a,
i.e. so that c[F,(x) is a lower 1 — « confidence bound for F. Let
Au(e, F) ={F,(z) < F(x)/c forall —oo <z < oo} .

(a) Show that Pp(A,(c, F)) = P(B,(c)) where, for G,, the empirical
distribution function of Uy, ..., U, ii.d. Uniform(0,1) random vari-

ables,
B,(c) ={G,(z) <z/c forall 0 <z <1} .

(b) Re-express the event B,(c) in terms of the order statistics 0 <
Ugy < ... < Up <1 of the Uniform(0,1) sample. [Hint: draw a
picture first!]

(¢c) Compute P(B,(c)) using the re-expression of the event B, (c) you
found in (b) and the joint density of the uniform order statistics for
n=1n=2 and n=3.

(d) Extend the calculations in (b) to a general n.

(e) Find c explicitly as a function of a and give the resulting lower
confidence bound.

Solution: (a) Note that for F*, the empirical d.f. of X} = F~(&),
1=1,...,n, we have

Pr(A, (e, F)) = Pp{F,(x) < F(z)/c forall —oo <z < oo}
= P{F!(z) < F(x)/c forall —oo <z < oo}

= P{G,(F(z)) < F(x)/c forall —oo <z < o0}
= P{G,(t) <t/c forall 0<t<1}=P(B,(c))
where the next to last equality follows from Theorem 2.3.4, and the

last equality follows from continuity of F'.
(b) Tt is easily seen that

B,(c) = {Gu(x) <z/cforall) <z <1}
= {i/n=G,(Uy) <Uy/c forall i=1,...,n}
= {U(i)ZCi/n for allizl,...,n} )
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(¢) Forn =1 we find

P(By(c)) = /Cl du; =1—c.

For n = 2 the density of the order statisticsis 2! =2 on 0 < u; < uy <
1, and hence

P(By(c)) = / //2 2y — /2(u2—c/2)du2

= —cwpll=1—c— (- =1—c.

For n = 3 the density of the order statistics is 3! = 6 on 0 < uy < uy <
uz < 1, and hence

P(Bs(c)) = //26/3//3 3lduydusdusg = //26/33' us — ¢/3)dusdus
= [ 3G - /3y
_ / 13!(%u§—(0/3)u3)du;;

1 c
= 3! 211
3! (3| 3,“3
= 1l-c.
(d) Now the density of the order statistics Uy, .., Uy is n! on the

set 0 <wuy <...<wu, <1, and hence it follows, continuing the pattern
established for n = 1,2, 3 in part (b), that

P(B,(c)) = P(Uu >ci/n foralli=1,...,n)

TL

= n‘/ / 1[@'/” 1] (ul)dul Ce dun
0<ur <...<up<l ;4

= n!/ / : / / duy ..
¢ J(n—1)c/n 2¢/n Jce/n
1 tnfl )
— - =2\ gy
"/C{(n—n! n(n—2)---1 }




I
IR PTR

= l—-c.
(e) From (a) and (d) we have
Pp{cF,(x) < F(z) forall —co<ax<oo}=1-c

so choosing ¢ = « yields a 1 — « lower confidence bound of the form
alF,,.

. Suppose that Xi,..., X, are i.i.d. with continuous distribution func-
tion F'. Let Fy be a fixed, specified distribution function. Suppose we
want to test H : F' = Fy versus K : F # F,. Consider the Cramér -
von Mises statistic given by

C? = /OO n(F,(z) — Fy(x))2dFy(x) .

[e.e]

(a) Show that
1
C2=s [ n(@ut) - e,
0

where G, is the empirical d.f. of n i.i.d. Uniform(0,1) rv’s.
(b) Show that when the null hypothesis is true,

1
C? —>d/ U(t)2dt
0

where U is a standard Brownian bridge process.

[Hint: Use the fact that U, = U in (D[0,1], ]| - ||«) and the continuous
mapping theorem.|

(c) Suppose that the null hypothesis fails. Thus F' # Fy. Show that in
this case

w10 s, / T (F(x) — Fo()2dFo(x) > 0,

—00

and hence the test based on C? is consistent for all F' # Fj.



Soluton: (a) Since F,(z) =4 F!(x) = G, (Fy(z)) when F = Fy and Fy
is continuous, it follows that

€2 =1 [ nlE (o) - Fo(w)PdEy(o)
— [ (G (Fufa) - Fofe) *dFifa)
1
= / n(G,(t) —t)*dt
0
by using the change of variables t = Fy(x) in the last line.
(b) Note that if {x,} is a sequence of functions in D[0, 1] satisfying
0 — alloc = Py ey [ (£) — 2(t)] — O, then with gla) = [ 2*(t)dt,

g(z,) — g(x). It follows from (a) and the continuous mapping theorem
that, under the null hypothesis,

C? = /OI[IU,I(t)]2 dt —g /OI[IU(t)]?dt =02,

The distribution of C* is the same as that of Y 7* | Z7/(7%j%) where Z;
are i.i.d. N(0,1), and tables of the d.f. are available; see e.g. Shorack
and Wellner (1986), page 147.

(c) When the null hypothesis fails (so F' # Fp),

w0t = [Fu@) - R@PdRE)
~ / Go(F(2)) — Folw)dFo(z)
—— /[F(x) — Fy(2)?dFy(z) = ¢

since |G, — I]|oo —a.s. 0.
(d) (Not assigned!) If F' = F, satisfies \/n(F,, — Fy) — ¢, then

2 o= /w@mm—ﬂu»+ﬁmmm—%umw%m
- ﬂM@MWHWﬂ—MW%@
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[U(Fo(x)) + g(2)]*dFo (=)

—d

/
- [ WO+ aF P



