Statistics 581, Problem Set 4 Solutions
Wellner; 11/2/2001

1. Suppose that N, ~ Multg(n,p) and p = N, /n. Suppose that g : RF — RF is
of the form g(z) = (¢1(x1), ..., gk(xx)) where each g; is differentiable. Then the
“transformed chi-square statistic” C),(g) is defined by

Clg) = Z g] p] pg)) '

= Pidi p])

(a) Show that C,(g) —a X3_;-

(b) Specialize this to the case g;(z;) = xl/ ? and show that the resulting statistic
is related to the Hellinger distance between p and p.

(c) Suppose that the “true pis p = po +n “2¢. Thus N,, = Y% | M, where
M,,,...,M,, areii.d. Mult(1, P, )

Show that Cy(g,p,) —d X:_,(0) where § = Zj L & /o
[Hint: See Ferguson pages 59 and 66.]
Solution: (a) We know that

nl/Z@n —p) —a Ni(0, A)

where A = diag(p) — pp’. Hence, by the delta-method,

1/2@@ ) —9(p)) —a gNK(0, A) = N, (0, gAg')

where ¢ = diag(g). Hence

Z,(g9) = ¢~ "diag(1/,/p)n"*(9(B,) — 9(p)) —a Z ~ Ni(0,%)
where ¥ =1 — \/E\/z__)’ Since
Culg,p) = 1Z,(9)II%,
it follows from the continuous mapping theorem that
Cn(gug) —d ||Z”2

just as in the untransformed case treated in class, and the distribution of the random
variable on the right side is just x2_;.

(b) When g;(x;) = azjl-/Z for j=1,... k, then ¢;(p;) = (1/2)p;1/2, and hence

¢ 'diag( (1/\/p)n 1/2 p) —g(p) —2n1/2\/7 V/P)



and
Cn(g) = 4n Z(\/pi —/p;)? = 4ndy (P, p)

where dy(p, ) is the Hellinger distance between p and gq.
(c) We argued in class that when the truep=p =p + cn~Y/2 then

(0.1) Z, = diag(1//p)n'*(p—p) = Z+d ~ N(d, %)

where d = diag(1/,/p;)c and ¥ = I — /- /P, If we accept (0.1), then it follows
from the delta method that

n'2(g(B,) — glp,)) —a ddiag(\/By) (Z + d)

where now g = g(]go). This implies that

Z,(9) = g 'diag(1//p)n'*(9(D,) — 9(p,) —a Z +d,

and hence by the continuous mapping theorem that
Cn(Q?BO) —d ||Z _|—C_Z||2

just as in the untransformed case. From the discussion in class we know that
the distribution of the random variable on the right side is just xi_ ,(d) with

k

0= Zj:l C?/pOj-

To prove that (0.1) holds, we can use the Cramér-Wold device and the Liapunov
CLT. Fix @ € R*. Then we want to show that

a’ (@, —p ) —a N(0,a" (diag(p,) — p,p,)a) -

But since N,, = >°", V,,; where V,,; ~ Multy(1,p ) are ii.d. for each n, we can
write

d" V@, —p) = Y a;(Vaiy—pu)/Vn

T —n
i=1 j=1

I
™
e

where the X,,;’s have p,; = F(X,;) =0,
an; = Var(Xy:) = o (diag(p, ) —p,p. )a/n
and

k k 3
i = E|Xnl’ = n~3/? Z { aj (1 = pnjr) + Z a; (0 = puj)| ¢ Puj »

J'=1 J#3"i=1




so that

= Z oy, =a’ (diag(p,) —p,p")a — a"Sa
1
while
1
i 3
n~t? Z { Z — Pnj) + Z a;j(0 = prj) }pnj’
J=1 J=L3#5’
— 0-M (@, py) =0
where

hence it follows that -,/ oa/? - 0, and

o Vilp, ~p,) Y X

On On

This implies
a"Vn(@ —p ) —aN(0,a" Sa),
and by Cramér - Wold, this implies

\/ﬁ(én o Bn) —d Nk<0’ E) .

. Ferguson, ACILST, problem 1, page 65: (a) In a multinomial experiment with
sample size 100 and 3 cells with null hypothesis Hy : p1 = 1/4,p = 1/2,p3 = 1/4,
what is the approximate power at the alternative p; = 0.2, ps = 0.6, p3 = 0.2 when
the level of significance is a = 0.057 « = 0.01?7 (b) How large a sample size is
needed to achieve power 0.9 at this alternative when o = 0.057 a = 0.017
Solution: Now

n'2(p —p,) =10((.2,.6,.2) — (.25,.5,.25)) = 10(~.05,.10, —.05) = (5,1, .5),
so the non-centrality parameter is

52 12 52
d=—+—+-"—==1+2+1=4.
25+5+25 tet



Thus the approximate power via x3(d) is

P(x3(4) > x2.05) = P(x5(4) > 5.991) = .415, when o = .05,
and

P(x3(4) > x2.01) = P(x3(4) > 9.210) = 204  when «a = .01,
(b) Now we want to find n so that

P(x2(5,) > 5.991) = .90

052 12 052
5, = ) = odn.
”( 25 T 5 T .25) "

In this case we find that §, = .04n = 12.6539, so that n = 12.6539/(.04) ~ 317.
When a = .01 we find that §,, = .04n = 17.4267 so that n = 17.4267/(.04) = 436.

where

. Ferguson, ACILST, problem 3, page 42: consider the autoregressive scheme X, =

BX, 1+ €n, for n = 1,2,..., where €, €,... are i.i.d., E(e, = p, Var(e,) = o2,

—1< B <1,and X, =0. Show that X,, is asymptotically normal:
VX, = p/(1=p)) —=a N(0,0%/(1-8)%), if —1<p<l1,
VX, = p/2) —a N(0,0%/2), if  F=-1,

Proof. Note that

X1+X2:€1+6€1+62:(1+6)61+€2,
X1+ X0+ X = (14 0)er + 2+ FPer + Bes + €3,
Xi4 . A+ X =048+ .+ Na+1+8+...+0"Deg+ ... +e3

n n
= E An i€ = E Yn,i
i1 i=1
where
n—u
Api = E ¢, i=1,...,n.
j=0

Now fi,; = E(Yy:) = aniE(€;) = anip so that

n n—i

,unEE(yn) = _Zanz: MZZﬁJ
=1 7=0

= szlb‘gn—z‘]ﬁjzﬁzn—J
et =0
SR SLED S B SRS
=0 =0

=1
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=1 i=1 §=0
2 n n n
= U— . o, i+
n Z Z Z 1[JSn—m Sn—z]ﬁ
j=0 j/=0 i=1
2 N n
g . ) o,
= = D (=)A=
§=0 j/'=0
= YD —i/m) A m)
j=0 j'=0
— 0> > FY" by the DCT
j=0 j'=0

= o <j20@3> :7(1_5)2.

To apply the Lindeberg-Feller CLT, we first write
\/ﬁ(yn - E(yn)) = Z bn,igi
i=1

where & = ¢; — p are i.i.d. with mean zero and variance 0%, and bni = ani/\/n.
Thus the random variables of the Lindeberg-Feller CLT are X,,; = b, 6. The
Lindeberg-condition becomes

1 n
; Z E{Xiil“Xn,ibean] }

n =1

1 & i
=~ 2 BB e/}
n =1

IN

1 n
2 ~2
; Z bnviE{Ei 1[|€i‘>50n/maxlﬁi§n |bn,zH}
n =1

n
11

— =
oin
1

_ 24

- ;E{El1[|61|>ean/max1§i§n |bn7i”}

IN

2 ~2
a’n,iE{ei 1[|€i\>60n/max1§i§n |bn71”}
i=1

— 0 for every €
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since 62 — 02/(1 — 3)? as calculated above, and the DCT in view of the fact that

1 |
J
f??f‘b"’K\/ﬁzw -0

Thus the Lindeberg-Feller CLT implies that

if # € (—1,1). Also note that
VilB(R) - ) = = = 3 0,

so we conclude that

When (§ =

-1, n:(€1—|—€3—|— tey/n,nodd, X, = (2 + e+ ...+ ¢€,)/n, n
even, so E(X,)

((n+1)/(2n))u, n odd, E(X,) = (1/2)u, n even. Thus we have

I ><|

(n+1)/2(X0 = 1/2) —a N(0,0%)
as n — oo throughn=2m+1, m=1,2,3,..., and
n/2(Xn — p1/2) —4 N(0,0?)
as n — oo through n =2m, m =1,2,3,.... Hence it follows that
Vn(X, — p/2) —4 N(0,20%).
[Note the slight wobble in Ferguson’s solution here!]

When 3 =1, a,; =n —i+ 1, and hence nX,, = Y1 (n —i+ 1) =4 Z?leej.
Thus

. . n(n+1) n+1
=Y ifn=p——p— =y ,
i=1

and




Now the Lindeberg condition becomes

1 ¢ 22
o2 Z E{i € l[i\€¢|>ean}}
n =1

1 <= 0

no;—1

1
o2
1 & 2 (<2
— > PE{& L scon/ maxicicail)

n =1

IN

Z 2 E{& e > con/ maxicicn il

=1

IN

1o pgs
= ; Z Z2E{6%1[|€1\>eo’n/maxlgign z]}
n =1

— 0.
Hence it follows that
n V(X — (n+ 1)u/2) —4 N(0,0%/3).

Another nice way to view this is as follows: when 8 =1, X; = ¢ + ... + ¢,
i=1,...,n. Since the X,’s have mean p and variance o2,

where € have mean 0 and variance 2. Thus

n VX, — (n+ Dpj2) = 0oV (” €j> =nt) %S

i=1

where
[nt]

Sa(t) = %Z@/g

is the partial sum process of the €;/0’s. Now, as discussed in section 2.5, S,, = S
where S is a standard Brownian motion process; i.e. a mean zero Gaussian process
with mean 0 and covariance function

Cov(S(s),S(t)) =sAt.
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Thus fo t)dt is a linear combination of normal random variables, hence normal

e p {/01 S(o)ir} - [, o= [on=o
and

Var(/olS(t)dt) _ E{/IS( )ds/l } {/ / dsdt}
_ //E{S (t)dsdt = //s/\tdsdt
— /0 (/0 sds)dt /Dt2dt:1/3.

a/lgn(t)dt —>d0/18(t)dt~N(O,02/3).

Thus

. Suppose that X, Xy, ... are i.id. (u,0?%) with gy < co. Let X,, = n 'Y " | X;
and S2 = (n —1)7'>" (X; — X,)? be the sample mean and sample variance
respectively.

(a) Show that

where

(e wot)
ps py—ot )’

(b) Suppose o > 0. Use (a) to find the limiting distribution of the sample signal-
noise ratio D,, = X,/S,; i.e. show that \/n(D,, —d) —4 N(0,V?) with d = p/o
and find V2.

Solution: (a) Since S2 =n"1>"" (X; — u)? + 0,(1/y/n), we have

A(58) - S5 (w5t )
—q Z ~ Ny(0,%)

by the multivariate CLT where X is as given above.

(b) The function g(u,v) = wu/y/v is differentiable at points (u,v) with v # 0,
and the derivative is Vg(u,v) = (1/y/v,u(—=1/2)v=*/?) so that Vg(u,o?) =
(1/0,(=1/2)uc™3) = (1/0)(1, —(1/2)p/0?)). Hence it follows from the delta method
(¢’ theorem) that

V(D, —d) = n(9(X,,S2) — g(p, %))
—q Vg-Z~ N(0,Vg"EVy)
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and it is easy to calculate that

1 1
Vg'iVy = — { b= g 4 G (pa = 04)}

1
= 1- d’)/l + Zd2(2 + 72)

where v, = p3/0® and v, = ps/o* — 3. Note that when the X;’s are normal (so
1 = Y2 = 0), this reduces to 1 4+ d?/2. Thus under normality we have

Vn(g(Dn) = g(d)) —a N(0,1)
if g(x) = v/2arcsinh(z/v/2).

. Ferguson, ACILST, problem 5, page 50. (The Poisson dispersion test). A standard
test of the hypothesis Hy that a distribution is Poisson(\) for some A is to reject Hy
if the ratio of the sample variance to the sample mean, S2/X,,, is too large. This
test is good against alternatives whose variance is greater than the mean, such as
the negative binomial distribution or any other mixture of Poisson distributions.
(a) Find the asymptotic distribution of S2/X,, for general distributions.

(b) Find the asymptotic distribution of S2/X, under Hy and show that it is
independent of \.

Solution: (a) We can use the result of part (a) of the previous problem. We just
need to proceed as in (b) of the previous problem with g(u,v) = v/u. Thus we find
that Vg(u,v) = (—v/u®,1/u) = (—v/u,1)/u. Hence Vg(u,o0?) = (—c?/p, 1)/,
and the limiting variance is

O'4 0'2

pr\p? pot o
O'4 0'2 g

P2\ p I

(b) When X ~ Poisson(\), E(X) = A, Var(X) = A, 1 = 1/VA, and v = 1/\.
Thus we find that the asymptotic variance above is

A NN T2 1
AN AR SANILANRNT I Q) §
2 {v o et )\}
Thus it follows that under X ~ Poisson(\) we have



