Statistics 581, Problem Set 10 Solutions
Wellner; 12/13/2001

1. Ferguson, ACLST, page 139, problem 3. Let Xi, ..., X, be a sample from a mixture
of gamma distributions:

f(@0) = {(1—0)e ™ + bze "} 1(g,00)(2) -

for 0 < # < 1. What is the estimate of 6 given by the memthod of moments? What
is its asymptotic distribution? Show how to improve this estimate by one iteration
of Newton’s method applied to the likelihood equation.

Solution: First,
EpX = (1—0)+9/ e dr=(1-0)+00(3)=1—-0+20=1+0.
0
Thus the method of moments estimator of 6 is given by X,, — 1. Now

Ey(X?) = (1 —6’)/ x2e_’”dx+9/ e dx
0 0
= (1-0)I'(3)+0r(4)
= (1-0)22+63=(1—-0)+60
= 2+40.

Thus
Varg(X)=2+40 — (1+6)*>=1+20 —0*.

Hence it follows by the CLT that
Vi, —0) = Vn(X, =1 — (Eg(X) — 1)) =4 N(0,1+260 — 6°).

Now
[(0]1X) =log f(X|0) =log[(1 — §)e™™ 4 Oxe™™],
and hence
. re ¥ —e " z—1
lo(@) = (1—-0)e=*+ Oxe® T 1y O(x — 1)
Furthermore

(z—1)
M+60(z—1]2"
Hence a one-step Newton approximation to a root of the likelihood equation is given
by

[99 (JJ) = —

_ T (X;—1)
=05+ 1,(05)7' = -

i=1

>

where

sl (X —1)?
0= 2 g%, TP

1



Note that

(X —1)
[14+6(X —1))?
increases from 1 at 6 = 0 to oo at § = 1, so 1/1(0) decreases from 1 at § = 0 to
0 at & = 1, while the variance of the method of moments estimator, 1 + 20 — 62,
increases from 1 to 2 as 6 increases from 0 to 1. Hence the gain in efficiency by use
of the efficient one-step estimator is quite large for 6 near 1. See the plot of 1/1(0)
and 1+ 20 — 62 below.
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Figure 1: 1/I(f) and 1+ 20 — 0% 0 <6 < 1

. Ferguson, ACLST, page 118, problem 3. [Also see Lehmann and Casella, Example
7.9, page 482.] Suppose we have a sample of size d from each of n normal populations
with common unknown variance but possibly different unknonwn means

Xij ~ N(pi, o), i=1,...,n, j=1,....d,

where all the X;; are independent.

(a) Find the maximum-likelihood estimate of 0.

(b) Show that for d fixed, the MLE of o2 is not consistent as n — oo. Why doesn’t
Theorem 17 apply?

(c) Find a consistent estimate of 2.

Solution: (a) The log-likelihood is given by

, 1 1 o )
o sy hg) = log<m ( THZZ(X”_M)>>

= log(0?) ~ s > (X = u)? — (nd/2)log(2r) .

This is maximized by



and
n d

5 1

i=1 j=1
(b) Note that
d d
P22 Xy = 3 (X

are independent and 1dent1cally distributed as x3_, random variables, and hence
2\ _ 2
E(S;)=(d—-1)o

It follows easily that

1 n
EZS’LZ —p (d— 1)o?,
i=1

2 d—1 ,
n p d
Theorem 17 doesn’t apply because that theorem applies to a model with parameter
space © which is fixed (compact), and not changing with n.

(c) An obvious consistent estimator is given by

and hence

o

n d

d
&sz_l& ZZ ij ,ul
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. Ferguson, ACLST, page 149, problem 2 modified as follows:

(a) Find the LR test statistic of the null hypothesis Hy : u = ¢f for any fixed
number ¢ > 0, and find the asymptotic distribution of the LR statistic under H,.
(b) Does the theory of our chapter 4 (or Ferguson’s chapter 22 apply directly?

(¢) Does the local asymptotic power of your test depend on ¢?

Solution: (b) First, allow me to slightly re-name the parameters: I will assume
that Xy,..., X, areii.d. exp(\) and Y,...,Y, are i.i.d. exp(u), so that 6 = (A, p).
Furthermore, we can recast the problem into the context of chapter 4 by considering
the pairs of observations (X;,Y;), i = 1,...,n as i.i.d. with density

Po(2,y) = Doy (T, y) = A& L (g 00y (@) e 1 (0 00) (Y) -

Now we are testing Hy : = ¢\ versus Hy : u # cA. By a reparametrizaton, we can
put this exactly in the setting of Section 4.2: if the original parameter is 6 = (A, u),
then the new parameters 7 = (7y1,72) where 73 = A\, 72 = p — ¢\. Then the null
hypothesis Hy becomes Hy : 7, = 0,7, = anything.

(a) The MLE 0 of 6 = (A, p) under Hy is 0= (A, i) where N = 1/X and i =1/Y.
The MLE 6° under H, is ()\0 c)\o) where

N =2/(X +Y).



(0) = 1,(A, ) =Y _{log A — AX; +log it — i} = nlog A+ nlog pp—nXA—nYp.

=1

Thus the LR statistic for testing H, versus H; is given by

2(1,(8) — 1,(@)) :::m{2bg(yzéy)—ng>—mgéa}
—a X

under H,.
(¢) To compute the local asymptotic power of the LR test, we can reparametrize
the problem by v = (v1,72) where 73 = A, 72 = u — c¢A. Then the null hypothesis
Hy becomes Hy : 75 = 0,7 = anything. Then the problem fits in the context
of Theorem 4.2.7: under P, with 7, = 7o + tn~/2 for 79 = (710,0) in the null
hypothesis, we have

21og An —a X} (6)

where the non-centrality parameter § is given by t3l55.1(7), and it remains only
to compute I5.1. By straightforward computation the information matrix for v is

given by
1 2 c
I(v) = ( 73 T (‘é’Yl‘i"YQ)Q (0’71'11‘72)2 ) .
(

cy1+72)? (ey1472)?

Thus, under the null hypothesis Hy : 75 = 0 we find that

1/2
Loo1(70) = Ina(0) — T21(0) 111 (0) T2 (70) = 62—/72
1

which does depend on ¢: the noncentrality power of the limiting distribution

decreases as 6_2 as c increases.

. (Right censoring — again.) Consider nonparametric maximum likelihood estimation
of F' in the censored data problem considered in class, but extend the argument to
include ties as follows:

A. When there are ties, let the distinct Z’s be denoted by 77 < ... < Ty. Let
ma,...,my and ny, ..., ng be defined by m; = # of Z;0; = T}, n; = # of Z;(1—06,) =
Tj, and let p; = AF(T;) = F(T;) — F(T;—), = 1,...,k, ppt1 = 1 — F(T},). Show
that the likelihood (for F') is

k+1

L(F\|Z,9) Hp Z )"

j=it1
B. By defining a; = pl/z i p] for i = 1,...,k and ary; = 1, and rewriting the

likelihood in terms of the a;’s, show that the likelihood is maximized by

s = mi/ S (my + ;) = nAHY(T) /n(1 — H,(T,-)),

j=i



and hence that the nonparametric MLE of F'is (again) the Kaplan - Meier estimator

L=F,(t) = J] (1 — AAu(s)).

0<s<t

C. Compute 1 — F,, for the following data (length of time until complete remission
in weeks for the “maintained group”) from a study of the efficacy of chemotherapy
for acute Myelogenous leukemia (AML):

9,13, 13+, 18,23, 28+, 31, 31, 34, 45+, 48, 161+;
here “+” indicates censoring (§ = 0).
Solution: A. Suppose that the distinct values of the Z’s are denoted by 17 < Ty <
. < T}, and let

n; = #{ZZ:,_TW(;Z:O}, ]:1,,]{3

We set

p; = F({T3}) = F(T;) - F(T;=) = AF(T))
g, = GHT3}) = G(1)) = G(T;=) = AG(T;).

In order to accomodate the possibility of mass at oo we let pyy1 =1 — F(T}). Now
a reasonable “nonparametric likelihood” is given by

k k i k+1 i
Ln(p.q) = Hp?“ (Z %‘) q;" (Z pj)
i=1 J=i

j=i+1
k k+1 L k k msg
_ H(z) e (z)
i=1 j=it1 i=1 j=i
= Ax B

where A is a function of p and B is a function of q.

B. Now set a; = p;/ Z?;l pj. We want to rewrite the A part of the likelihood in
terms of the a;’s. Now

i m; k+1 LS| mitni
Di D it pj) ( >
A = — i § :p-
k1 k1 j
g (Zj:i pj) ( > Py j=i

— Ha?“(l —a;)"™ (1:[(1 — aj)>

Jj=1
k
k
— H &an(l _ ai)Zj:i+l(mj+nj)+ni
=1

k
= L= a)=i=tmstn-m (0.1)
=1
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where the next to last equality holds because

.H (1:[(1 B aj)) = TI1] wzi-u@ = ay)mt

i=1 \j=l1 j=1i=1
k
— H(l _ aj)2§=j+1(mi+"i)
7j=1
k
— H(l _ ai>2?=i+1(mj+nj) .
=1

Now (0.1) is a product of binomial terms, each of which is easily maximized:

- _ m; _ nAHRAT))
T Sty A0 - BT

This yields
i—1

B =[]0 -,

j=1
and
k+1 i
om=]]a-3).
j=it1 j=1

Thus we find that the Nonparametric MLE of F is given by
1—F,(t) = JJ(1 - AR (s))
s<t

where

t
~ 1
A, (t :/ —————dH(s) .
0= | R
The estimator @n of F' is the Kaplan-Meier estimator (first derived by Kaplan and
Meier (1958)); the estimator A,, of A is the Nelson - Aalen estimator of A.

C. For the given data the distinct times 7} are 6,7, 10, 13,16, 22,23. If we let r; =
n(l —H,(T;—)) = m; + n;, then we obtain the following table and calculated values
of the estimator:

Ti| ri|m; | 1— T_Z Hj<¢(1 - T_j)
911211 0.9167 | 0.9167
131111 0.9091 | 0.8333
18] 9|1 0.8889 | 0.7407
23| 8|1 0.8750 | 0.6481
28| 710 1.0000 | 0.6481
31| 612 0.6667 | 0.4321
34| 4|1 0.7500 | 0.3241
451 310 1.0000 | 0.3241
48 | 211 0.5000 | 0.1621
161 110 1.0000 | 0.1621
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Figure 2: Kaplan-Meier estimator, 1 — IF,,()



