
Statistics 581, Problem Set 4

Wellner; 10/24/00

Reading: Lehmann & Casella, TPE, Chapter 5, pages 352 - 359. Chapter 2, sections 3
and 4; Ferguson, ACILST pages 44 - 66.
Due: Wednesday, October 31, 2000.

1. Suppose that Nn ∼ Multk(n, p) and p̂ = Nn/n. Suppose that g : Rk → Rk is
of the form g(x) = (g1(x1), . . . , gk(xk)) where each gj is differentiable. Then the
“transformed chi-square statistic” Cn(g) is defined by

Cn(g) ≡ Cn(g, p) = n

k∑
j=1

(gj(p̂j)− gj(pj))
2

pj ġj(pj)2
.

(a) Show that Cn(g)→d χ2
k−1.

(b) Specialize this to the case gj(xj) = x
1/2
j , and show that the resulting statistic

is related to the Hellinger distance between p̂ and p.

(c) Suppose that the “true p is p
n

= p0 + n−1/2c. Thus Nn =
∑n

i=1 Mni where
Mn1, . . . , Mn1 are i.i.d. Multk(1, pn).

Show that Cn(g, p
0
)→d χ2

k−1(δ) where δ =
∑k

j=1 c2
j/p0j.

[Hint: See Ferguson pages 59 and 66.]

2. Ferguson, ACILST, problem 1, page 65.

3. Ferguson, ACILST, problem 3, page 42.

4. Suppose that X1, X2, . . . are i.i.d. (µ, σ2) with µ4 < ∞. Let Xn = n−1
∑n

i=1 Xi

and S2
n = (n − 1)−1

∑n
i=1(Xi − Xn)

2 be the sample mean and sample variance
respectively.
(a) Show that

√
n

(
Xn − µ
S2
n − σ2

)
→d Z ∼ N2(0, Σ)

where (
σ2 µ3

µ3 µ4 − σ4

)
.

(b) Suppose σ > 0. Use (a) to find the limiting distribution of the sample signal-
noise ratio Dn ≡ Xn/Sn; i.e. show that

√
n(Dn − d) →d N(0, V 2) with d ≡ µ/σ

and find V 2.

5. Ferguson, ACILST, problem 5, page 50.

6. Optional bonus problem: (a) Show that if:
(i) X ∼ Nk(δ, Σ) where Σ is of rank r ≤ k,
(ii) Σ is a projection matrix (so Σ2 = Σ).
(iii) Σδ = δ,
then XTX ∼ χ2

r(δ
T δ).

7. Ferguson, ACILST, problem 6, page 50
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