
Statisti
s 581, Problem Set 1

Wellner; 10/03/01

Reading: Lehmann & Casella, TPE, pages 1 - 32; all of Chapter 0 handout;

start reading Chapter 1 handout.

Due: Wednesday, O
tober 10, 2001.

1. Let X and Y be i.i.d. Uniform(0; 1) random variables De�ne U =

X + Y , V = max(X; Y ) = X _ Y .

(i) What is the range of (U; V )?

(ii) Find the joint density fun
tion f

U;V

(u; v) of the pair (U; V ). Are

U and V independent?

2. Prove part (ii) of Proposition 1.1: There exists a minimal �eld, ���eld,

and monotone 
lass generated by any 
lass of subsets of 
.

3. (a) Suppose that fA

n

g is an in
reasing sequen
e of �elds, i.e. A

n

�

A

n+1

for all n � 1. Show that [

1

n=1

A

n

is a �eld. (b) Suppose that the

A

n

of (a) are �� �elds. Show by 
onstru
ting a 
ounterexample that

[

1

n=1

A

n

need not be a ���eld.

4. Let � and � be Lebesgue-Stieltjes measures on (R;B) with 
orrespond-

ing generalized d.f.'s F and G. Show that:

(a)

R

(a;b℄

(F (y)� F (a))dG(y) = (�� �)(f(x; y) : a < x � y � bg).

(b)

R

(a;b℄

F (y)dG(y)+

R

(a;b℄

G(y)dF (y) = F (b)G(b)�F (a)G(a)+

P

x2(a;b℄

�(fxg)�(fxg).

To see that the se
ond term is needed, let F (x) = G(x) = 1

[0;1)

(x) and

a < 0 < b.

(
) If F = G is 
ontinuous, then

R

(a;b℄

F (y)dF (y) = (F

2

(b)�F

2

(a))=2.

[Hint: use Fubini's theorem.℄

5. Let X = (0; 1), Y = (0; 1), both equipped with the Borel sets and

Lebesgue measure. Let

g(x; y) =

x

2

� y

2

(x

2

+ y

2

)

2

for (x; y) 2 (0; 1)� (0; 1) :

1



Show that:

(a)

R

1

0

(

R

1

0

g(x; y)dy)dx = �=4.

(b)

R

1

0

(

R

1

0

g(x; y)dx)dy = ��=4.

(
) Why does Fubini's theorem fail here?

6. Lehmann and Casella, TPE, problem 1.4, page 62.

7. Lehmann and Casella, TPE, problem 1.10, page 62.
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