
Statisti
s 581, Midterm Exam

Wellner; 11/05/2001

1. (24 points) De�ne any three of the following terms. In ea
h 
ase, provide an

appropriate 
ontext for your de�nition.

(a) A ���eld A of subsets of a set 
.

(b) The event [A

n

i:o:℄.

(a) A measurable fun
tion X.

(d) Convergen
e in probability.

(e) Convergen
e in distribution (of a sequen
e of random variables).

(f) The inverse or quantile fun
tion F

�1

of a distribution fun
tion F .

2. (24 points) State any three of the following results:

(a) The monotone 
onvergen
e theorem.

(b) The dominated 
onvergen
e theorem.

(
) Fatou's lemma.

(d) The Mann-Wald theorem.

(e) S
he��e's theorem.

(f) The Liapunov 
entral limit theorem.

3. (30 points) A sequen
e of random variablesX

n

is \bounded in probability", whi
h

we express in symbols as X

n

= O

p

(1), if for every � > 0 there exist M and n

0

su
h that P (jX

n

j > M) < � for all n > n

0

; i.e. if

lim

M!1

lim sup

n!1

P (jX

n

j > M) = 0 :

We write X

n

= O

p

(b

n

) for a sequen
e of positive real numbers b

n

if X

n

=b

n

=

O

p

(1).

(a) Show that if X

n

!

d

X, then X

n

= O

p

(1).

Now suppose that X

1

; X

2

; X

3

; : : : are i.i.d. with mean � and varian
e �

2

(so

E(X

2

) <1. Let S

n

= X

1

+ : : :+X

n

and X

n

= S

n

=n.

(b) Is it true that:

(i) S

n

= O

p

(1)? (ii) S

n

= O

p

(n

1=2

)? (iii) X

n

= O

p

(n

�1=2

)?

(iv) n

1=2

(X

n

� �) = O

p

(1)?

(v) sin(S

n

) = O

p

(1)?

4. (30 points) Let (
;A; P ) be a probability spa
e. Let fA

n

g be a sequen
e of events,

A

n

� 
, A

n

2 A for n = 1; 2; : : :, and let X

n

= 1

A

n

be the indi
ator fun
tions of

the events A

n

. Suppose that

P

1

n=1

P (A

n

) <1. Show that X

n

!

a:s:

0.

1



Do either problems 5 or problem 6.

5. (30 points) Suppose that X;X

1

; X

2

; : : : are i.i.d. exponential(�) random vari-

ables: hen
e the distribution fun
tion of all the X

i

's is F (x) = 1� exp(��x) for

x � 0. Let M

n

= maxfX

1

; : : :X

n

g.

(a) Find P (�

�1

< X � (5=2)�

�1

).

(b) Find the inverse distribution fun
tion (or quantile fun
tion) F

�1


orrespond-

ing to F .

(
) Find the distribution fun
tion of M

n

.

(d) Compute the distribution fun
tion of Y

n

= M

n

� F

�1

(1 � 1=n), show that

Y

n

!

d

Y for some random variable Y , and �nd the limiting distribution.

(e) Compute the density fun
tion f

n

of Y

n

and show that f

n

(t)! f(t) for ea
h

t 2 R where f is the density of the random variable Y .

(f) What 
an you 
on
lude from (e) and one of the results from 
hapter 0?

6. (30 points) Suppose that X;X

1

; X

2

; : : : ; X

n

are independent Poisson(�) random

variables:

P (X = k) = e

��

�

k

k!

; k = 0; 1; 2; : : : :

(a) Use the weak law of large numbers to show that the random ve
tor

Y

n

�

1

n

n

X

i=1

(X

i

; 1

[X

i

=0℄

; 1

[X

i

=1℄

)

0


onverges in probability to some ve
tor (a; b; 
)

0

� y where (a; b; 
) depends on �.

Give (a; b; 
) expli
itly in terms of �.

(b) Use the multivariate CLT to show that

p

n(Y

n

� y)!

d

W � N

3

(0;�)

for some 
ovarian
e matrix �; 
ompute � expli
itly in terms of �.

(
) The usual estimator of � is

b

�

n

= X

n

. A friend suggests the following

alternative estimator of �:

~

�

n

=

P

n

i=1

1

[X

i

=1℄

P

n

i=1

1

[X

i

=0℄

=

Y

3;n

Y

2;n

:

Is

~

�

n

a 
onsistent estimator of �? If the answer is yes, �nd the asymptoti


varian
e of this estimator of �.
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