
Statisti
s 581, Final Exam Solution

Wellner; 12/11/2000

1. (32) points)De�ne ea
h of the following terms. In ea
h 
ase, provide an appropriate


ontext for your de�nition.

(a) The information matrix for � in a regular parametri
 model

P = fP

�

: � 2 � � R

d

g.

(b) The Hellinger distan
e between two probability measures P and Q.

(
) The Kullba
k-Leibler information number K(P;Q) between a probability h�ll

measure P and a (sub-)probability measure Q.

(d) The eÆ
ient in
uen
e fun
tion

~

l

�

for a di�erentiable parameter q(�) = �(P

�

) in

a regular parametri
 model P.

Solution: See the Notes, Chapters 1-4.

2. (40) State ea
h of the following results, providing the appropriate (brief) 
ontext

for your statement:

(a) A basi
 result 
on
erning the Kullba
k-Leibler \distan
e" K(P;Q).

(b) The dominated 
onvergen
e theorem.

(
) An identity whi
h gives two ways of 
al
ulating the information matrix; spe
ify

the regularity 
onditions whi
h are needed for the identity to hold.

(d) The Lindeberg-Feller 
entral limit theorem.

(e) The Mann-Wald or 
ontinuous mapping theorem.

Solution: See the Notes, Chapters 1-4.

3. (30 points)

(a) State the Glivenko-Cantelli theorem. Then prove that it holds if it holds for

the 
ase of i.i.d. Uniform(0; 1) random variables.

(b) Prove the Glivenko-Cantelli theorem for i.i.d. Uniform(0; 1) random variables:

if �

1

; : : : ; �

n

; : : : are i.i.d. Uniform(0; 1) with empiri
al distribution fun
tion

G

n

(t) =

1

n

n

X

i=1

1

[0;t℄

(�

i

) ; then sup

0�t�1

jG

n

(t)� tj !

a:s:

0 :

Solution: See the proof of Theorem 4.1 in Chapter 2 of the notes.
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4. Suppose that N � Mult

k

(n; p); thus the probability distribution of N is given by

P

p

(N = m) =

n!

m

1

! � � �m

k

!

k

Y

j=1

p

m

j

j

;

and the likelihood is

L

n

(pjN) =

n!

N

1

! � � �N

k

!

k

Y

j=1

p

N

j

j

:

Show, without using any 
al
ulus, that the MLE of p is bp = N=n.

Solution: Note that n

�1

times the log-likelihood is

n

�1

l

n

(p) =

k

X

j=1

(N

j

=n) log p

j

=

k

X

j=1

bp

j

log p

j

:

Thus we have, by Jensen's inequality,

k

X

j=1

bp

j

log

�

p

j

bp

j

�

� log

 

k

X

j=1

p

j

!

= log 1 = 0

sin
e

P

k

1

p

j

= 1. Note that equality holds if and only if all the p

j

=bp

j

= 1, or

equivalently p

j

= bp

j

, j = 1; : : : ; k. This implies that

n

�1

l

n

(p) =

k

X

j=1

(N

j

=n) log p

j

=

k

X

j=1

bp

j

log p

j

�

k

X

j=1

bp

j

log bp

j

= n

�1

l

n

(bp)

with equality if and only if p = bp. Thus the MLE of p is bp = N=n.
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5. (54 points) Suppose that N

n

= (N

11

; N

12

; N

21

; N

22

) � Mult

4

(n; p) where p =

(p

11

; p

12

; p

21

; p

22

) where

P

2

i=1

P

2

j=1

p

ij

= 1. (Thus N

n

is the sum of n independent

Mult

4

(1; p) random ve
tors fY

i

g

n

i=1

.) Sin
e there are really just three independently

varying parameters for this problem, it is often useful to re-express the 
ell

probabilities in terms of two marginal probabilities, say p

1�

= p

11

+ p

12

and

p

�1

= p

11

+ p

21

, and  , the log of the odds-ratio, de�ned by

 � log

p

21

=p

22

p

11

=p

12

= log

p

12

p

21

p

11

p

22

: (0.1)

You may use the fa
t that  = 0 if and only if independen
e holds for the 2 � 2

table (i.e. p

ij

= p

i�

p

�j

for i; j = 1; 2).

(a) Suggest an estimator of  , say

b

 .

(b) Show that the estimator you proposed in (b) is asymptoti
ally normal and


ompute the asymptoti
 varian
e of your estimator.

(
) One standard test of independen
e in the 2 � 2 table is the test based on a

Pearson-type 
hi-square statisti
. Write down the 
hi-square statisti
 Q

n

for this

problem, state its asymptoti
 distribution under the null hypothesis, and explain

brie
y why the 
laimed result holds.

(d) Another statisti
 for testing independen
e is the likelihood ratio statisti
 2 log�

n

for testing H : p 2 �

0

versus K : p =2 �

0

, or, equivalently, H :  = 0 versus

K :  6= 0. Find this statisti
 and state its asymptoti
 distribution under the null

hypothesis.

(e) Without doing any additional 
al
ulation, what is the asymptoti
 distribution

of the likelihood ratio statisti
 under lo
al alternatives of the form  

n

= tn

�1=2

?

(Hint: use the result of (b) to �nd an expression for the (eÆ
ient) information for

 in the presen
e of the nuisan
e parameters p

1�

, p

�1

.)

(f) Suppose that  6= 0; i.e. the alternative hypothesis holds. Show that for the

statisti
sQ

n

and 2 log�

n

from (d) and (e) we have n

�1

Q

n

!

p

q and n

�1

2 log�

n

!

p

J

for some positive 
onstants q and J respe
tively; you should 
ompute q and J as

expli
itly as possibly in terms of p and/or (p

1�

; p

�1

;  ).
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Solution: (a) An obvious estimator of  is

b

 = log

bp

12

bp

21

bp

11

bp

22

where bp = N=n.

(b) Now

b

 = g(bp) where g(p) is given in (0.1) and is di�erentiable with derivative

rg(p) = (�1=p

11

; 1=p

12

; 1=p

21

;�1=p

22

)

and, by the multivariate CLT,

p

n(bp� p)!

d

Z � N

4

(0;�)

where � = diag(p)� pp

T

. Thus the delta method (or g

0

-theorem) yields

p

n(

b

 �  ) =

p

n(g(bp)� g(p))

!

d

rg(p)Z � N(0;rg

T

�rg) = N(0; V

2

(p))

where

V

2

(p) =

1

p

11

+

1

p

12

+

1

p

21

+

1

p

22

:

(
) The Pearson 
hi-square statisti
 for testing independen
e is

Q

n

�

2

X

i;j=1

(N

ij

� n(N

i�

=n)(N

�j

=n))

2

n(N

i�

=n)(N

�j

=n)

where N

i�

= N

i1

+ N

i2

, i = 1; 2 and N

�j

= N

1j

+ N

2j

, j = 1; 2 are the 
olumn

and row sums respe
tively. Under the null hypothesis of independen
e, Q

n

!

d

�

2

1

where there is one degree of freedom be
ause there are three = 4� 1 basi
 degrees

of freedom in a Multinomial distribution with four 
ells, and we have estimated two

parameters (the marginal probabilities p

1�

and p

�1

.

(d) The log-likelihood ratio statisti
 for testing independen
e is 2 log�

n

where

�

n

=

sup

p

L

n

(p)

sup

p2�

0

L

n

(p)

:

Now

sup

p

L

n

(p) = L

n

(bp) =

n!

N

11

!N

12

!N

21

!N

22

!

2

Y

i;j=1

bp

N

ij

ij

;

and

sup

p2�

0

L

n

(p) = L

n

(

b

p

0

) =

n!

N

11

!N

12

!N

21

!N

22

!

2

Y

i=1

bp

N

i�

i�

2

Y

j=1

bp

N

�j

�j

where p

1�

+ p

2�

= 1, p

�1

+ p

�2

= 1, and N

1�

+ N

2�

= n, N

�1

+ N

�2

= n. Thus the

log-likelihood ratio statisti
 is

2 log�

n

= 2

(

2

X

i;j=1

N

ij

log bp

ij

�

2

X

i=1

N

i�

log bp

i�

�

2

X

j=1

N

�j

log bp

�j

)

:
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Under the hull hypothesis, 2 log�

n

!

d

�

2

1

.

(e) Under lo
al alternatives of the form  

n

= tn

�1=2

we know that 2 log�

n

!

d

�

2

1

(Æ)

where Æ = t

2

I

11�2

where � = (�

1

; �

2

), �

1

�  and �

2

= (p

1�

; p

�1

). Now the asymptoti


varian
e of

b

 in (b) must be the re
ipro
al of the eÆ
ient information I

11�2

for  in

the presen
e of the nuisan
e parameters �

2

= (p

1�

; p

�1

). Hen
e we dedu
e that

I

11�2

=

�

1

p

11

+

1

p

12

+

1

p

21

+

1

p

22

�

�1

= the harmoni
 mean of the p

ij

's

Under the null hypothesis we have

p

11

= p

1�

p

�1

;

p

12

= p

1�

p

�2

= p

1�

(1� p

�1

) ;

p

21

= p

2�

p

�1

= (1� p

1�

)p

�1

;

p

22

= p

2�

p

�1

= (1� p

1�

)(1� p

�1

) :

Figure 1 shows a plot of I

11�2

as a fun
tion of p

1�

and p

�1

.
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Figure 1: Information I

11�2

for  with p

1�

and p

�1

unknown.

(f) Now under the alternative hypothesis  6= 0, we have

bp!

p

p

while

bp

i�

= n

�1

(N

i1

+N

i2

)!

p

p

i1

+ p

i2

= p

i�

and

bp

�j

= n

�1

(N

1j

+N

2j

)!

p

p

1j

+ p

2j

= p

�j

:
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Hen
e it follows that

n

�1

Q

n

=

2

X

i;j=1

(N

ij

=n� (N

i�

=n)(N

�j

=n))

2

(N

i�

=n)(N

�j

=n)

=

2

X

i;j=1

(bp

ij

� bp

i�

bp

�j

)

2

bp

i�

bp

�j

!

p

2

X

i;j=1

(p

ij

� p

i�

p

�j

)

2

p

i�

p

�j

� q :

On the other hand,

2n

�1

log�

n

= 2

(

2

X

i;j=1

bp

ij

log bp

ij

�

2

X

i=1

bp

i�

log bp

i�

�

2

X

j=1

bp

�j

log bp

�j

)

!

p

2

(

2

X

i;j=1

p

ij

log p

ij

�

2

X

i=1

p

i�

log p

i�

�

2

X

j=1

p

�j

log p

�j

)

� J :

6. (54 points) (A parametri
 version of the Cox model). Suppose that (Y jZ) �

Exponential(�e


Z

) where Z � Bernoulli(�). Thus the density of X = (Y; Z) is

given by

p

�

(y; z) = �e


z

exp(��e


z

y)1

[0;1)

(y)�

z

(1� �)

1�z

where � = (
; �; �). Suppose that X

1

= (Y

1

; Z

1

); : : : ; X

n

= (Y

n

; Z

n

) are i.i.d. as X.

(a) Find the s
ores for � = (
; �; �) based on one observation.

(b) Find the information matrix for �.

(
) Compute the information for 
 when � is known (I

11

) and unknown (I

11�2

), and

explain the di�eren
e based on the geometry of the s
ores.

(d) Write down the s
ore equations for � and brie
y dis
uss the existen
e and

uniqueness of solutions of these equations.

(e) What does our theory from 
hapter 4 say about the limiting distribution of

p

n(

b

� � �

0

) and of

p

n(b
 � 


0

)?

(f) Consider testing H : 
 = 0 versus K : 
 6= 0. Suggest three test statisti
s, and

brie
y dis
uss the pro's and 
on's of ea
h. What is the asymptoti
 distribution of

these test statisti
s under the null hypothesis and lo
al alternatives.

Solution:

(a) Now

log p

�

(y; z) = log�+ 
z � �e


z

y + z log � + (1� z) log(1� �) ;

so it follows that the s
ores are given by

_

l




(y; z) = z � z�e


z

y = z(1� �e


z

y) ;

_

l

�

(y; z) = �

�1

� e


z

y = �

�1

(1� �e


z

y) ;

_

l

�

(y; z) =

z

�

�

1� z

1� �

:
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(b) Cal
ulating se
ond derivatives, we �nd:

�

l





(y; z) = ��z

2

e


z

y ;

�

l


�

(y; z) = �ze


z

y =

_

l

�


(y; z) ;

�

l


�

(y; z) =

�

l

��

(y; z) =

�

l

�


(y; z) =

�

l

��

(y; z) = 0 ;

�

l

��

(y; z) = ��

�2

;

�

l

��

(y; z) = �

z

�

2

�

1� z

(1� �)

2

:

Thus, 
omputing the expe
tations of these se
ond derivatives, and using the fa
t

that (�e


Z

Y jZ) � Exponential(1), we �nd that the information matrix for � is

given by

I(�) =

0

�

E(Z

2

) E(Z)=� 0

E(Z)=� 1=�

2

0

0 0 1=(�(1� �))

1

A

:

(
) Thus the information for 
 when � is known is I

11

= E(Z

2

). The information

for 
 when � is unknown is

I

11�2

= I

11

� I

12

I

�1

22

I

21

= E(Z

2

)� (�

�1

E(Z); 0)

�

�

2

0

0 �(1� �)

�

(�

�1

E(Z); 0)

T

= E(Z

2

)� (E(Z))

2

= V ar(Z) :

Geometri
ally, I

11

is the squared length of the (raw) s
ore

_

l




for 
 = �

1

in L

2

(P

�

),

while I

11�2

is the squared length of the eÆ
ient s
ore for 
 given by

_

l

�




=

_

l




� I

12

I

�1

22

_

l

2

= �(

_

l




j

_

P

?

2

) :

(d) The s
ore equations for � = (
; �; �) are given by

0 =

n

X

i=1

_

l




(Y

i

; Z

i

) =

n

X

i=1

Z

i

(1� �e


Z

i

Y

i

) ;

0 =

n

X

i=1

_

l

�

(Y

i

; Z

i

) =

n

X

i=1

�

�1

(1� �e


Z

i

Y

i

) ;

0 =

n

X

i=1

_

l

�

(Y

i

; Z

i

) =

n

X

i=1

�

Z

i

�

�

1� Z

i

1� �

�

=

1

�(1� �

n(Z � �) :

The third equation has the unique solution b� = Z. The se
ond equation 
an be

solved for

b

�(
) for ea
h �xed value of 
 to obtain

b

�(
) =

n

P

n

i=1

Y

i

e


Z

i

:

Substituting this into the �rst equation, we see that b
 satis�es

Z =

P

n

1

Z

i

Y

i

e


Z

i

P

n

1

Y

i

e


Z

i

;
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whi
h has a unique solution if not all Z's are either 0 or 1.

(e) From our theory in Chapter 4 we know that

p

n(

b

� � �)!

d

N

3

(0; I(�)

�1

)

where I(�) was 
omputed in (b), and

p

n(b
 � 
)!

d

N

1

(0; 1=I

11�2

(�)) = N

1

(0; 1=V ar(Z))

as was 
omputed in (
).

(f) Three possible statisti
s for testing H : 
 = 0 versus K : 
 6= 0 are the LR,

Wald, and Rao statisti
s given by

2 log�

n

= 2 log

�

sup

�2�

L

n

(�)

sup

�2�

0

L

n

(�)

�

W

n

= [n

1=2

(b
 � 0)℄

^

I

11�2

[n

1=2

(b
 � 0)℄ = nb


2

^

I

11�2

;

R

n

= [Z

n

(

b

�

0

n

)℄

T

^

I(

b

�

0

n

)

�1

[Z

n

(

b

�

0

n

)℄ :

All three of these test statisti
s 
onverge in distribution under the null hypothesis

to �

2

1

. The Rao statisti
 is the easiest to 
al
ulate, it simply entails 
al
ulation of

b

�

0

n

= (0;

b

�

0

; b�

0

), and this is easy be
ause the s
ore equation for � has the expli
it

solution

b

�

0

n

= 1=Y

n

while b�

0

= b� = Z.

7. (36 points) (A parametri
 version of the Cox model, 
ontinued). The following

problem is in the same 
ontext as that of problem 6 above:

Consider estimation of the parameter

q(�) = exp(��e




y

0

) = P

�

(Y � y

0

jZ = 1) � �(P

�

)

for a �xed number y

0

> 0.

(a) Suggest a natural empiri
al estimator b�

n

of this probability (taking 
are to note

that it is a 
onditional probability).

(b) Show that b�

n

is asymptoti
ally linear, and �nd its in
uen
e fun
tion,  .

(
) Find the eÆ
ient in
uen
e fun
tion

~

l

�

for estimation of q(�) and the related

information bound.

(d) Des
ribe the relationship between  and

~

l

�

geometri
ally.

Solution:

(a) First write

�(P

�

) = P

�

(Y � y

0

jZ = 1) =

P

�

(Y � y

0

; Z = 1)

P

�

(Z = 1)

:

Thus a natural nonparametri
 estimator of �(P

�

) is

b� � �(P

n

) =

P

n

(Y � y

0

; Z = 1)

P

n

(Z = 1)

=

n

�1

P

n

1

1fY

i

� y

0

; Z

i

= 1g

n

�1

P

n

1

1fZ

i

= 1g

:
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(b) To show that b� is asymptoti
ally linear, we write

p

n(b� � �(P

�

)) =

p

n

�

P

n

(Y � y

0

; Z = 1)� P (Y � y

0

; Z = 1)

P

n

(Z = 1)

+ P (Y � y

0

; Z = 1)

�

1

P

n

(Z = 1)

�

1

P (Z = 1)

��

=

1

P

n

(Z = 1)

p

n fP

n

(Y � y

0

; Z = 1)� P (Y � y

0

; Z = 1)

�

P (Y � y

0

; Z = 1)

P (Z = 1)

(P

n

(Z = 1)� P (Z = 1))

�

=

1

P (Z = 1)

p

n fP

n

(Y � y

0

; Z = 1)� P (Y � y

0

; Z = 1)

�

P (Y � y

0

; Z = 1)

P (Z = 1)

(P

n

(Z = 1)� P (Z = 1))

�

+ o

p

(1)

=

1

p

n

n

X

i=1

�

1

E(Z)

(1fY

i

� y

0

; Z

i

= 1g � �(P )1fZ

i

= 1g)

�

+ o

p

(1)

=

1

p

n

n

X

i=1

 (Y

i

; Z

i

) + o

p

(1)

where

 (y; z) =

1

E(Z)

(1fy � y

0

; z = 1g � �(P )1fz = 1g) :

(
) The eÆ
ient in
uen
e fun
tion for �(P

�

) = q(�) is

~

l

�

(y; z) = _q(�)

T

I(�)

�1

_

l

�

(y; z) ;

and the information bound for q(�) is given by

_q(�)

T

I(�)

�1

_q(�) :

(d) Geometri
ally,

~

l

�

2

_

P is the proje
tion of  onto

_

P :

~

l

�

= �( j

_

P).

Thus  �

~

l

�

?

_

P.
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