
Statisti
s 581, Midterm Exam Solution

Wellner; 11/8/2000

1. (24 points) De�ne any three of the following terms. In ea
h 
ase, provide an

appropriate 
ontext for your de�nition.

(a) A probability measure P on a measurable spa
e (
;A).

(b) The total variation distan
e between two probability measures P and Q.

(
) Absolute 
ontinuity of a measure � with respe
t to a measure � on a measure

spa
e (
;A).

(d) Almost sure 
onvergen
e (of a sequen
e of random variables).

(e) Convergen
e in distribution (of a sequen
e of random variables).

(f) The de�nition of a non-
entral 
hi-square random variable with n degrees of

freedom and non
entrality parameter Æ (in terms of 
entral 
hi-square random

variables and a random variable with a Poisson distribution).

Solution: See Chapters 0,1, 2.

2. (24 points) State any three of the following results, providing the appropriate


ontext for your statement:

(a) The fundamental event identity for the inverse transformation.

(b) The dominated 
onvergen
e theorem.

(
) A (joint) 
entral limit theorem (asymptoti
 normality result) for the distribution

of k di�erent sample quantile (F

�1

n

(t

1

); : : : ; F

�1

n

(t

k

)) where 0 < t

1

< : : : < t

k

< 1.

(d) The Cram�er - Wold devi
e.

(e) The Lindeberg-Feller 
entral limit theorem.

(f) The Mann-Wald or 
ontinuous mapping theorem.

Solution: See Chapters 0,1, 2.

Do either problems 3 or problem 4.

3. (30 points) (a) State the Glivenko-Cantelli theorem. Then prove that it holds if

it holds for the 
ase of i.i.d. Uniform(0; 1) random variables.

(b) Prove the Glivenko-Cantelli theorem for i.i.d. Uniform(0; 1) random variables:

if �

1

; : : : ; �

n

; : : : are i.i.d. Uniform(0; 1) with empiri
al distribution fun
tion

G

n

(t) =

1

n

n

X

i=1

1

[0;t℄

(�

i

) ; then sup

0�t�1

jG

n

(t)� tj !

a:s:

0 :

Solution: See Chapter 2, se
tion x.

4. (30 points) Suppose that X;X

1

; : : : ; X

n

are i.i.d. with distribution fun
tion F given

by P (X > x) = 1� F (x) = 1=x

6

, x � 1, F (x) = 0, x � 1.

(a) For what values of r > 0 is EjXj

r

<1? If they are �nite, 
ompute � = E(X)

and �

2

= V ar(X).

(b) Whi
h of the following statements are true? (Brie
y indi
ate why or why not.)
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(i)

P

n

i=1

X

i

= O

p

(n

1=2

).

(ii) n

1=3

(X

n

� �) = o

p

(1).

(iii) n

2=3

(X

n

� �) = O

p

(1).

(iv) tan(�

p

n(X

n

� �)) = O

p

(1).

(v) g(n

1=3

(X

n

� �)) = O

p

(1) with g(x) = 1=(1 + e

�x

).

Solution: (a) Now sin
e F is the distribution fun
tion of a non-negative random

variable, for r � 1,

EjXj

r

= E(X

r

) =

Z

1

0

rx

r�1

(1� F (x)) dx

=

Z

1

0

rt

r�1

dt+

Z

1

1

rx

r�1

x

�6

dx = 1 +

Z

1

1

rx

r�7

dx

= 1 +

r

r � 6

x

r�6

�

�

�

1

x=1

=

�

6

6�r

if r < 6

1 if r � 6 :

Thus we have E(X) = 6=5, and E(X

2

) = 6=4 = 3=2, so V ar(X) = E(X

2

) �

(E(X))

2

= 3=2� (6=5)

2

= 3=50.

(b) (i) False. By the WLLN,

P

n

i=1

X

i

= O

p

(n).

(ii) True. n

1=3

(X

n

� �) = n

�1=6

n

1=2

(X

n

� �) = o(1)O

p

(1) = o

p

(1).

(iii) False. n

2=3

(X

n

� �) = n

1=6

p

n(X

n

� �) = n

1=6

O

p

(1) = O

p

(n

1=6

).

(iv) True. Y

n

=

p

n(X

n

� �) !

d

Y � N(0; �

2

) and g(x) = tan(�x) is 
ontinuous

ex
ept at x = �k=2, k odd, and this (
ountable) set has P

Y

-measure 0. Thus by

the 
ontinuous mapping theorem g(Y

n

)!

d

g(Y ), and this implies g(Y

n

) = O

p

(1).

(v) True. This follows easily sin
e g is uniformly bounded between 0 and 1. In fa
t,

sin
e n

1=3

(X

n

��)!

p

0 from (ii), g(n

1=3

(X

n

��))!

p

g(0) = 1=2 by the 
ontinuous

mapping theorem.

Do any two of problems 5, 6, and 7.

5. (30 points) Let (
;A; P ) be a probability spa
e. Let fA

n

g be a sequen
e of events,

A

n

� 
, A

n

2 A for n = 1; 2; : : :, and let X

n

= 1

A

n

be the indi
ator fun
tions of

the events A

n

.

(a) De�ne the sets lim supA

n

= [A

n

i:o:℄ and lim infA

n

= [A

n

a:a:℄ in terms of the


olle
tion fA

n

g.

(b) What does Fatou's lemma say about E(lim infX

n

)? Translate this into a

statement relating P (lim infA

n

) to P (A

n

).

(
) Based on your answer to (b), is the inequality P (lim supA




n

) � lim supP (A




n

)

true or false? If it is true, explain why. If false, give a 
ounterexample.

Solution: (a)

lim supA

n

= [A

n

i:o:℄ = \

1

n=1

[

1

k=n

; A

k

; lim infA

n

= [A

n

a:a:℄ = [

1

n=1

\

1

k=n

; A

k

:

(b) Fatou's lemma says that

E(lim infX

n

) � lim infE(X

n

) :
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But E(X

n

) = E(1

A

n

) = P (A

n

) while E(lim infX

n

) = E(lim inf 1

A

n

) =

E(1

liminf A

n

) = P (lim infA

n

). Hen
e Fatou's inequality implies that

P (lim infA

n

) � lim inf P (A

n

) :

(
) False. By taking 
omplements in the 
on
lusion of (b),

P (lim supA




n

) � lim supP (A




n

) :

A 
ounterexample is provided by the \dan
ing fun
tions" as follows: For integers

m � 1 and j = 1; : : : ; 2

m

, set Y

mj

= 1

((j�1)=2

m

;j=2

m

℄

(U) where U � Uniform(0; 1),

and de�ne Z

1

= Y

1;1

, Z

2

= Y

1;2

, Z

3

= Y

2;1

, Z

4

= Y

2;2

, Z

5

= Y

2;3

, Z

6

= Y

2;4

, : : :.

Then, with A

n

= [Z

n

� 1=2℄, A




n

= [Z

n

> 1=2℄, and we have P (A




n

)! 0 as n!1,

but P (A




n

i:o:) = P (lim supA

n

) = 1.

6. (30 points) Suppose that N = (N

1

; : : : ; N

k

) � Mult

k

(n; p) where p = (p

1

; : : : ; p

k

).

In 
lass and homework problems we have dis
ussed the 
hi-square statisti
 Q

n

and

the Hellinger distan
e statisti
 4nH

2

n

as test statisti
s for testing H : p = p

0

versus

K : p 6= p

0

. An alternative statisti
 for testing H versus K is the likelihood ratio

statisti
 2 log�

n

where

�

n

�

sup

p

L

n

(p)

L

n

(p

0

)

=

Q

k

j=1

bp

N

j

j

Q

k

j=1

p

N

j

0j

=

k

Y

j=1

�

bp

j

p

0j

�

N

j

:

(a) Show that

2 log�

n

= 2n

k

X

j=1

bp

j

log

�

bp

j

p

0j

�

:

(b) If the alternative hypothesis K is true, so p 6= p

0

, show that

n

�1

2 log�

n

= g(bp)!

p

g(p) ;

and identify g(p) as a fun
tion of p and p

0

.

(
) If the alternative hypothesis K is true, so p 6= p

0

, show that

p

n(2n

�1

log�

n

� g(p)) =

p

n(g(bp)� g(p))!

d

N(0; V

2

(p)) ;

and 
ompute V

2

(p). Could you use this to approximate the power of the likelihood-

ratio test? How?

Solution: (a) We 
ompute

2 log�

n

= 2 log

k

Y

j=1

�

bp

j

p

0j

�

N

j

= 2

k

X

j=1

log

(

�

bp

j

p

0j

�

N

j

)

= 2

k

X

j=1

N

j

log

�

bp

j

p

0j

�

= 2n

k

X

j=1

bp

j

log

�

bp

j

p

0j

�
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where the last line follows from bp

j

= N

j

=n.

(b) From (a) we dedu
e that

n

�1

2 log�

n

= 2

k

X

j=1

bp

j

log

�

bp

j

p

0j

�

= g(bp)!

p

g(p)

by the 
ontinuous mapping theorem sin
e

g(x) = 2

k

X

j=1

x

j

log

�

x

j

p

0j

�

is 
ontinuous and bp!

p

p.

(
) From (b) we have

p

n(2n

�1

log�

n

� g(p)) =

p

n(g(bp)� g(p))

where, with � = diag(p)� pp

T

,

p

n(bp� p)!

d

Z � N

k

(0;�) ;

and g is di�erentiable at p with gradient (ve
tor of partial derivatives) rg(p) � d

given by

d

j

=

�

�x

j

g(x) = 2

�

log

�

x

j

p

0j

�

+

x

j

x

j

�

�

�

�

x

j

=p

j

= 2

�

1 + log

�

p

j

p

0j

��

:

Hen
e by the delta method,

p

n(g(bp)� g(p))!

d

rg(p)

T

Z � N(0; d

T

�d) :

Sin
e both 1

0

bp = 1 and 1

0

p = 1, we have 1

0

Z = 0, and hen
e we 
an add or subtra
t


1 from rg(p) (for any 
onstant 
) without 
hanging the distribution:

rg(p)

T

Z = (rg(p)

0

� 
1

0

)Z = (d

0

� 
1

0

)Z :

A ni
e 
hoi
e of 
 is k

�1

P

k

j=1

d

j

. Then d� d1 � 
 where




j

=2 = log

�

p

j

p

0j

�

�

1

k

k

X

j

0

=1

log

�

p

j

0

p

0j

0

�

= log

�

p

j

p

0j

�

� log

(

k

Y

j

0

=1

p

j

0

p

0j

0

)

1=k

= log

0

B

�

p

j

=p

0j

n

Q

k

j

0

=1

(p

j

0

=p

0j

0

)

o

1=k

1

C

A

:

Note that at least one 
omponent 


j

of 
 is non-zero under the alternative K; if all

the 


j

's are zero, then

p

j

p

0j

=

(

k

Y

j

0

=1

(p

j

0

=p

0j

0

)

)

1=k

for j = 1; : : : ; k ;

4



whi
h implies p

j

= p

0j

for all j. Finally, we 
an use this limiting distribution to

approximate the power of the likelihood ratio test of H versus K. Sin
e 2 log�

n

!

d

�

2

k�1

under H, the power of the test \reje
t H if 2 log�

n

> �

2

k�1;�

" is given by

P

p

(2 log�

n

> �

2

k�1;�

) = P

p

�

p

n(2n

�1

log�

n

� g(p)) >

p

n(n

�1

�

2

k�1;�

� g(p)

�

:

= P (N(0; 


T

�
) >

p

n(n

�1

�

2

k�1;�

� g(p))) :

7. (30 points) Suppose that X

1

; : : : ; X

m

are i.i.d. F and Y

1

; : : : ; Y

n

are i.i.d. G and

independent of the X's. Consider testing H : F = G (with F = G 
ontinuous)

versus K : F 6= G. Let F

m

denote the empiri
al distribution fun
tion of the X

i

's,

and let G

n

denote the empiri
al distribution fun
tion of the Y

j

's, and set N � m+n.

The two-sample Kolmogorov statisti
 for testing H versus K is

D

m;n

�

r

mn

N

kF

m

� G

n

k

1

=

r

mn

N

sup

x

jF

m

(x)� G

n

(x)j :

(a) By introdu
ing two independent samples �

1

; : : : ; �

m

and �

1

; : : : ; �

n

of

Uniform(0; 1) random variables, with 
orresponding empiri
al distribution fun
tions

K

m

(u) � m

�1

m

X

i=1

1

[0;u℄

(�

i

); and L

n

(u) � n

�1

n

X

i=1

1

[0;u℄

(�

i

) ;

and uniform empiri
al pro
esses U

m

and V

n

de�ned by

U

m

(t) =

p

m(K

m

(t)� t); and V

n

(t) =

p

n(L

n

(t)� t) ;

show that under the null hypothesis H

D

m;n

=

d

k

p

1� �

N

U

m

�

p

�

N

V

n

k

1

= sup

0�t�1

j

p

1� �

N

U

m

(t)�

p

�

N

V

n

(t)j :

where �

N

� m=N , �

N

= 1� �

N

= n=N .

(b) Use the result of (a) to show that when m;n!1 with �

N

! � 2 [0; 1℄,

D

m;n

!

d

k

p

1� �U �

p

�Vk

1

=

d

sup

0�t�1

jU(t)j

where U and V denote two independent Brownian bridge pro
esses.

(
) When the alternative hypothesis holds, so that F 6= G, show that

D

m;n

=

p

mn=N !

a:s:

\something", and �nd \something".

(d) Based on our dis
ussions in 
lass and homework, 
an you suggest any other test

statisti
 for testing H versus K?

Solution: (a) & (b): By the inverse transformation,

F

m

=

d

K

m

(F ); and G

n

= L

n

(G) ;

and, furthermore,

p

m(F

m

� F ) =

d

U

m

(F ); and

p

n(G

n

�G) =

d

V

n

(G) :
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Sin
e F = G under the null hypothesis H, and F is 
ontinuous, we have

D

m;n

=

r

mn

N

kF

m

� G

n

k

1

=

d

r

mn

N

k(K

m

(F )� F )� (L

n

(F )� F )k

1

= sup

0�t�1

j

p

1� n=N

p

m(K

m

(t)� t)�

p

m=N

p

n(L

n

(t)� t)j

= sup

0�t�1

j

p

1� �

N

U

m

(t)�

p

�

N

V

n

(t)j

!

d

sup

0�t�1

j

p

1� �U(t) �

p

�V(t)j :

But the pro
ess Z(t) �

p

1� �U(t)�

p

�V(t) is a mean zero Gaussian pro
ess with

E[Z(s)Z(t)℄ = (1� �)(s ^ t� st) + �(s ^ t� st) = s ^ t� st :

Thus Z is a Brownian bridge pro
ess on [0; 1℄, and Z =

d

U. Hen
e we 
on
lude that

D

m;n

!

d

sup

0�t�1

jU(t)j :

(
) By the Glivenko-Cantelli theorem, under K we have

D

m;n

p

mn=N

= kF

m

� G

n

k

1

!

a:s:

kF �Gk

1

> 0 :

(d) Another natural test statisti
 is the two-sample Cram�er - von Mises statisti


C

2

m;n

=

Z

1

�1

�

r

mn

N

(F

m

(x)� G

n

(x))

�

2

dH

N

(x)

where H

N

= (m=N)F

n

+ (n=N)G

n

is the pooled empiri
al distribution fun
tion.
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