
Statisti
s 581, Problem Set 9 Solutions

Wellner; 11/29/2000

1. (a) Lehmann and Casella, problem 6.3.1, page 501: Let X have the binomial

distribution Bin(n; p), 0 � p � 1. Determine the MLE of p:

(i) by the usual 
al
ulus method determining the maximum of a fun
tion.

(ii) by showing that p

x

q

n�x

� (x=n)

x

[(n� x)=n℄

n�x

.

(b) Lehmann and Casella, problem 6.3.2, page 501: In the pre
eding problem, show

that the MLE does not exist when p is restri
ted to 0 < p < 1 and when X = 0 or

X = 1.

(
) Lehmann and Casella, problem 6.3.5, page 501: Here is a (slight) rephrasing

of the problem: Let X � Bernoulli(p): P (X = 0) = 1 � p = q, P (X = 1) = p.

Suppose that it is known that 1=3 � p � 2=3.

(i) Find the MLE;

(ii) Show that the expe
ted squared error of the MLE is uniformly larger than that

of Æ(X) = 1=2.

Solution: (a)(i) Sin
e logP

p

(X = x) = x log p+(n�x) log(1�p), we have l(pjX) =

X log p+ (n�X) log(1� p); di�erentiating this with respe
t to p yields

_

l(pjX) =

X

p

�

n�X

1� p

=

X(1� p)� (n�X)p

p(1� p)

and this equals 0 if p = p̂ � X=n. Sin
e the se
ond derivative is

�

l(pjX) = �

X

p

2

�

n�X

(1� p)

2

< 0

it follows that p̂ = X=n is the MLE of p 2 [0; 1℄.

(a)(ii) Sin
e (

Q

n

i=1

y

i

)

1=n

� n

�1

(y

1

+ � � � + y

n

) for any numbers y

i

� 0, it follows,

with y

i

� np=X for i = 1; : : : ; X, and y

i

� nq=(n�X), i = X + 1; : : : ; n, that

(

�

np

X

�

X

�

nq

n�X

�

n�X

)

1=n

� n

�1

�

X

np

X

+ (n�X)

nq

n�X

�

= 1 ;

or, equivalently,

p

X

(1� p)

n�X

�

�

X

n

�

X

�

n�X

n

�

n�X

;

with equality if and only if p = X=n � p̂. Thus p̂ = X=n is the MLE of p 2 [0; 1℄.

(b) When the 
losed interval [0; 1℄ is repla
ed by the open interval (0; 1), then the

MLE exists if 0 < X < n and is p̂ = X=n 2 (0; 1) in this 
ase. If X = 0, then the

log-likelihood equals n log(1 � p), so sup

p2(0;1)

l(p) = 0, but this supremum is not

a
hieved (in the set (0; 1)). Thus the MLE does not exist in this 
ase. Similarly, if

X = n, the the log-likelihood equals n log p, so sup

p2(0;1)

l(p) = 0, but this supremum

is not a
hieved (in the set (0; 1)).
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(
)(i) For the more general 
ase in whi
h X � Binomial(n; p) From (a), the MLE p̂

of p 2 [1=3; 2=3℄ is

p̂ =

8

<

:

X=n; if X=n 2 [1=3; 2=3℄;

1=3; if X=n < 1=3;

2=3; if X=n > 2=3 :

For n = 1, this implies that the MLE is 1=3 if X = 0 and 2=3 if X = 1.

(ii) Now the estimator Æ(X) = 1=2 has expe
ted squared error

R

1

(p) � E

p

(Æ(X)� p)

2

= (1=2� p)

2

; 1=3 � p � 2=3 :

On the other hand the MLE p̂ has expe
ted squared error

R

2

(p) � E

p

(p̂� p)

2

= p(2=3� p)

2

+ q(1=3� p)

2

> (1=2� p)

2

= R

1

(p)

by noting that R

2

(1=3) = 1=3

3

> 1=6

2

= R

1

(1=3), and R

2

(1=2) = (1=2)(1=6)

2

+

(1=2)(1=6)

2

= 1=6

2

> 0 = R

1

(1=2). See the following Figure 1 for a 
omparison of

these two mean-square errors.
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Figure 1: Mean-Square Errors.

2. Suppose that (Y jZ) � Poisson(�e


Z

), and Z � Bernoulli(�), and � = (�; 
; �). Let

X = (Y; Z), and suppose that we observe X

1

; : : : ; X

n

i.i.d. as X.

(a) Find the s
ore equations for estimation of �.

(b) Give 
onditions on the data X

1

; : : : ; X

n

= (Y

1

; Z

1

); : : : ; (Y

n

; Z

n

) guaranteeing

that the s
ore equations have a unique solution whi
h maximizes the likelihood.

Call the resulting estimators

b

�

n

= (

b

�

n

; b


n

; b�

n

).

(
) What does theorem 4.1.5 (Chapter 4, page 4), say about the asymptoti


distribution of

p

n(

b

� � �

0

) when the distribution of the data is given by P

�

0

.

(d) Suppose that �

1

6= �

0

is the \true" value of the parameter �, and we


onsider the likelihood ratio L

n

(�

1

)=L

n

(�

0

) where L

n

(�) �

Q

n

i=1

p

�

(X

i

). Show that
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n

�1

log(L

n

(�

1

)=L

n

(�

0

) !

p

some 
onstant, and identify the 
onstant expli
itly in

terms of �

1

, �

0

.

Solution: (a) From the solution of problem 1, problem set #8,

_

l

�

(y; z) =

y

�

� e


z

=

1

�

(y � �e


z

) ;

_

l




(y; z) = yz � �e


z

z = z(y � �e


z

) ;

_

l

�

(y; z) =

z

�

�

1� z

1� �

:

Thus the s
ore equations for � = (�; 
; �) are

0 =

n

X

i=1

_

l

�

(Y

i

; Z

i

) =

1

�

n

X

i=1

(Y

i

� �e


Z

i

) ;

0 =

n

X

i=1

_

l




(Y

i

; Z

i

) =

n

X

i=1

Z

i

(Y

i

� �e


Z

i

) ;

0 =

n

X

i=1

_

l

�

(Y

i

; Z

i

) =

n

X

i=1

�

Z

i

�

�

1� Z

i

1� �

�

= (�(1� �))

�1

n

X

i=1

(Z

i

� �) :

The third equation always has the unique solution �̂ = Z

n

. For the �rst and se
ond

equations, we 
ompute

�

l

n;��

= �

1

�

2

n

X

i=1

Y

i

;

�

l

n;�


= �

n

X

i=1

Z

i

e


Z

i

=

�

l

n;
�

;

�

l

n;



= ��

n

X

i=1

Z

2

i

e


Z

i

:

Thus the matrix of se
ond partial derivatives (the Hessian) fails to be is negative

de�nite if and only if

 

�

n

X

i=1

Z

2

i

e


Z

i

! 

�

�2

n

X

i=1

Y

i

!

=

 

n

X

i=1

Z

i

e


Z

i

!

2

:

This o

urs if:

A. Z

1

= : : : = Z

n

= 0 (in whi
h 
ase both sides are 0, the s
ore equation for �

has the solution

^

� = Y

n

, and the s
ore equation for 
 is identi
ally 0 so we 
an't

estimate 
); or,

B. Z

1

= : : : = Z

n

= 1, in whi
h 
ase equality holds if

�

�1

ne




nY

n

= n

2

e

2


;

or, equivalently, if Y

n

= �e




. (Note that in this latter 
ase the s
ore equations for

� and 
 are identi
al, and indeed both have the solution Y

n

= �e




in this 
ase: all
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we 
an estimate is the produ
t �e




.

Thus the likelihood equations have a unique solution if Z

i

6= Z

j

for some i 6= j.

(b) Theorem 4.1.5 says that

p

n(

^

�

n

� �

0

)!

d

N

3

(0; I(�

0

)

�1

)

where

I(�) =

0

�

�

�1

E(e


Z

) E(Ze


Z

) 0

E(Ze


Z

) �E(Z

2

e


Z

) 0

0 0 (�(1� �))

�1

1

A

:

When �

1

is true,

n

�1

log

L

n

(�

1

)

L

n

(�

0

)

= n

�1

n

X

i=1

log

p

�

1

p

�

0

(X

i

)

!

p

E

�

1

log

p

�

1

p

�

0

(X

1

)

= K(P

�

1

; P

�

0

) :

Here

log

p

�

1

p

�

0

(x) = y log

�

�

1

e




1

z

�

0

e




0

z

�

� �

1

e




1

z

+ �

0

e




0

z

+ z log

�

1

�

0

+ (1� z) log

1� �

1

1� �

0

;

so

K(P

�

1

; P

�

0

) = E

�

1

log

p

�

1

p

�

0

(X

1

)

= E

�

1

�

Y log

�

1

e




1

Z

�

0

e




0

Z

�

+ �

1

(�

0

e




0

� �

1

e




1

) + (1� �

1

)(�

0

� �

1

)

+ �

1

log

�

1

�

0

+ (1� �

1

) log

1� �

1

1� �

0

= E

�

1

�

�

1

e




1

Z

log

�

�

1

e




1

Z

�

0

e




0

Z

��

+ �

1

(�

0

e




0

� �

1

e




1

) + (1� �

1

)(�

0

� �

1

)

+ �

1

log

�

1

�

0

+ (1� �

1

) log

1� �

1

1� �

0

:

3. For the same set-up as in problem 2, 
onsider taking a \pro�le likelihood" approa
h

to the estimation of 
 as follows:

(a) Let l

n

(�) = l

n

(
; �; �): 
onsider �rst maximizing this as a fun
tion of � and �

for ea
h �xed value of 
 to �nd

(

b

�(
); b�(
)) � argmax

(�;�)

l

n

(�; 
; �) :
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Compute the maximizer (

b

�(
); b�(
)) as expli
itly as possible, and then form the

\pro�le log-likelihood" l

profile

n

(
) de�ned by

l

profile

n

(
) � l

n

(

b

�(
); 
; b�(
)) :

(b) Now maximize l

profile

n

(
) with respe
t to 
. Find the resulting \pro�le likelihood"

s
ore equation for 
.

(
) Does the equation you derived in (b) follow from the original s
ore equations?

(d) Does the \pro�le s
ore fun
tion" whi
h appears in (b) 
orrespond to or relate

to the eÆ
ient s
ore for 
 in any way?

Solution: (a) The value of 
 doesn't in
uen
e the maximization with respe
t to �

and we �nd �̂(
) = �̂ = Z

n

for all 
. Solving the s
ore equation for � for a �xed 


yields

n

X

1

Y

i

= �

n

X

1

e


Z

i

; or

^

�(
) =

P

n

1

Y

i

P

n

1

e


Z

i

:

Substitution of these into the log-likelihood yield the pro�le log-likelihood

l

profile

n

(
) = l

n

(

^

�(
); 
; �̂)

=

n

X

i=1

n

Y

i

log(

^

�(
)e


Z

i

)�

^

�(
)e


Z

i

� log(Y

i

!)

o

+ nZ logZ + (n� nZ) log(1� Z)

= nY log

^

�(
) + 


n

X

i=1

Y

i

Z

i

�

^

�(
)

n

X

i=1

e


Z

i

+ 
onstant in 
 :

(b) Di�erentiating the pro�le log-likelihood with respe
t to 
 yields

_

l

profile

n;


(
) =

d

d


log

^

�(
)nY

n

+

n

X

i=1

Y

i

Z

i

=

n

X

i=1

Y

i

Z

i

� nY

P

n

1

Z

i

e


Z

i

P

n

1

e


Z

i

sin
e

d

d


log

^

�(
) = �

P

n

1

Z

i

e


Z

i

P

n

1

e


Z

i

:

Thus the pro�le s
ore equation for 
 be
omes: 
̂

profile

= 
̂ satis�es

P

n

1

Y

i

Z

i

P

n

1

Y

i

=

P

n

1

Z

i

e


̂Z

i

P

n

1

e


̂Z

i

: (0.1)

(
) If we solve the original s
ore equation for � for �xed 
, then we obtain

^

�(
) =

P

n

1

Y

i

P

n

1

e


Z

i

as in (a). Substitution of this into the s
ore equation for 
 yields

0 =

n

X

i=1

Z

i

Y

i

�

^

�(
)

n

X

i=1

Z

i

e


Z

i

=

n

X

i=1

Z

i

Y

i

�

P

n

1

Y

i

P

n

1

e


Z

i

n

X

i=1

Z

i

e


Z

i

;
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and this implies that (0.1) holds.

(d) To see the 
onne
tion between the pro�le s
ore fun
tion for 
 and the eÆ
ient

s
ore fun
tion for 
, note that

_

l

profile

n

(
) =

_

l

n;�

(�̂(
); 
; �̂)

d

d


�̂(
) +

_

l

n;


(�̂(
); 
; �̂) ; (0.2)

and, sin
e 0 =

_

l

n;�

(�̂(
); 
; �̂), by di�erentiating with respe
t to 
 we have

0 =

�

l

n;��

(�̂(
); 
; �̂)

d

d


�̂(
) +

�

l

n;
�

(�̂(
); 
; �̂) ;

and hen
e

d

d


�̂(
) = �

�

�

l

n;��

(�̂(
); 
; �̂)

�

�1

�

l

n;
�

(�̂(
); 
; �̂) : (0.3)

Substitution of (0.3) into (0.2) yields

_

l

profile

n

(
) =

_

l

n;�

(�̂(
); 
; �̂)

d

d


�̂(
) +

_

l

n;


(�̂(
); 
; �̂)

=

_

l

n;


(�̂(
); 
; �̂)�

�

l

n;
�

(�̂(
); 
; �̂)

�

�

l

n;��

(�̂(
); 
; �̂)

�

�1

_

l

n;�

(�̂(
); 
; �̂)

=

n

X

i=1

n

_

l




(X

i

)�

^

I

�


^

I

�1





_

l

�

(X

i

)

o

�

�

�

�=(�̂(
);
;�̂)

:
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