Statistics 581, Problem Set 9 Solutions
Wellner; 11/29/2000

1. (a) Lehmann and Casella, problem 6.3.1, page 501: Let X have the binomial
distribution Bin(n,p), 0 < p < 1. Determine the MLE of p:
(i) by the usual calculus method determining the maximum of a function.
(ii) by showing that p*¢"* < (x/n)*[(n — x)/n]""*.

(b) Lehmann and Casella, problem 6.3.2, page 501: In the preceding problem, show
that the MLE does not exist when p is restricted to 0 < p < 1 and when X =0 or
X=1.

(c) Lehmann and Casella, problem 6.3.5, page 501: Here is a (slight) rephrasing
of the problem: Let X ~ Bernoulli(p): P(X =0)=1—-—p=¢q, P(X =1) = p.
Suppose that it is known that 1/3 < p < 2/3.

(i) Find the MLE;

(ii) Show that the expected squared error of the MLE is uniformly larger than that
of 6(X) =1/2.

Solution: (a)(i) Since log Py(X = z) = zlogp+(n—=)log(1—p), we have I(p|X) =
Xlogp+ (n— X)log(1l — p); differentiating this with respect to p yields

- X n-X X(1-p)—-(n—-X)p
)= 1, = p(1-p)

and this equals 0 if p = p = X/n. Since the second derivative is

- X n—X

(pX)=-= - 2"=_ <¢

PlX) =2 (1-p)?
it follows that p = X/n is the MLE of p € [0, 1].
(a)(ii) Since ([Tr, :)Y™ < n~Yy1 + -+ + y,) for any numbers y; > 0, it follows,
with y; =np/X fori=1,..., X, and y; =ng/(n — X),i=X +1,...,n, that
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or, equivalently,
B X\ (n—-x\""
- () (M)
n n

with equality if and only if p = X/n = p. Thus p = X/n is the MLE of p € [0, 1].
(b) When the closed interval [0, 1] is replaced by the open interval (0,1), then the
MLE exists if 0 < X < n and is p = X/n € (0,1) in this case. If X = 0, then the
log-likelihood equals nlog(1 — p), so sup,c1y!(p) = 0, but this supremum is not
achieved (in the set (0,1)). Thus the MLE does not exist in this case. Similarly, if
X = n, the the log-likelihood equals n log p, s0 sup,¢(g,1y [(p) = 0, but this supremum
is not achieved (in the set (0, 1)).




(c)(i) For the more general case in which X ~ Binomial(n, p) From (a), the MLE p
of pe[1/3,2/3] is
X/n, if X/ne€][1/3,2/3],
p=4{ 1/3, ifX/n<1/3,
2/3, if X/n>2/3.
For n = 1, this implies that the MLE is 1/3 if X = 0 and 2/3 if X = 1.
(ii) Now the estimator 6(X) = 1/2 has expected squared error

Ri(p) = E,(6(X) —p)*=(1/2-p)*, 1/3<p<2/3.
On the other hand the MLE p has expected squared error

Ry(p) = E,(p—p)* = p(2/3-p)*+4q(1/3 - p)’
> (1/2—-p)* = Ri(p)
by noting that Ry(1/3) = 1/3% > 1/62 = R;(1/3), and Ry(1/2) = (1/2)(1/6)% +
(1/2)(1/6)? = 1/6% > 0 = Ry(1/2). See the following Figure 1 for a comparison of
these two mean-square errors.

Figure 1: Mean-Square Errors.

2. Suppose that (Y|Z) ~ Poisson(Ae??), and Z ~ Bernoulli(n), and 0 = (\,~,n). Let
X = (Y, Z), and suppose that we observe Xy,..., X, i.i.d. as X.
(a) Find the score equations for estimation of 6.
(b) Give conditions on the data Xi,..., X, = (Y1,7Z1),...,(Ya, Z,) guaranteeing
that the score equations have a unique solution which maximizes the likelihood.
Call the resulting estimators 6,, = (An, Y, 7n)-
(¢) What does theorem 4.1.5 (Chapter 4, page 4), say about the asymptotic
distribution of \/ﬁ(é\— 0p) when the distribution of the data is given by Py,.
(d) Suppose that 6; # 6y is the “true” value of the parameter 6, and we
consider the likelihood ratio L, (61)/Ly(6y) where L,(8) = [];_, po(X;). Show that
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n 'log(L,(01)/Ln(6p) —, some constant, and identify the constant explicitly in
terms of 0, 6.

Solution: (a) From the solution of problem 1, problem set #8,

1
Iy, z) = % -’ = X(y — Ae™?),
L (2) = o - ATz =2y — A),
. z 11—z
l(y,z) = —— .
2) = 2o

Thus the score equations for § = (\,v,n) are

0 = iix(n,zi)%i(n—ke%)a

=1

0 = le:l'y(xa ZZ) - zj;ZZ(Y; - )\efYZi) ’

- {Zi 1-7 -

0= Y hvz) =) b= -m -,

i1 1 L=mn i=1

The third equation always has the unique solution 7 = Z,,. For the first and second
equations, we compute

. 1 <&
iy = — 4 E Y;
, B i
A i=1
n
. P
ln,)\'y = - E Zie’y - ln,'y/\ )
=1
n
7 — E 2.7Z;
=1

Thus the matrix of second partial derivatives (the Hessian) fails to be is negative
definite if and only if

n n n 2
<)\Z Zfe%) ()\2 > Y;) = (Z Zie%‘) .
=1 =1 =1

This occurs if:

A. Zy = ... = Z, = 0 (in which case both sides are 0, the score equation for A
has the solution \ = Y., and the score equation for v is identically 0 so we can’t
estimate 7); or,

B. Z,=...=Z, =1, in which case equality holds if

A tne'nY, = n%e?,

or, equivalently, if Y,, = \e”. (Note that in this latter case the score equations for
A and v are identical, and indeed both have the solution Y, = Ae” in this case: all
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we can estimate is the product \e”.
Thus the likelihood equations have a unique solution if Z; # Z; for some i # j.

(b) Theorem 4.1.5 says that

V(0 — 0g) —a N3(0, I(65)7")

where
AN'E(e?)  E(Ze?) 0
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0 0 (n(1—n))~"
When 6, is true,
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1 gp—eo(x) = ylog ()\0670z> — Ae"? 4+ Aoe™
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. For the same set-up as in problem 2, consider taking a “profile likelihood” approach
to the estimation of v as follows:

(a) Let 1,(0) = l,(y, A\, n): consider first maximizing this as a function of A and 7
for each fixed value of v to find

(%), 7(7)) = argmaxy ,ln (A, 7, 1) -



Compute the maximizer (A(v),7(7)) as explicitly as possible, and then form the
“profile log-likelihood” [Pr°/#¢(~) defined by

[rofite () = 1,(X(7), 7, (7)) -

(b) Now maximize [P"°/%¢(~) with respect to . Find the resulting “profile likelihood”
score equation for +.

(c) Does the equation you derived in (b) follow from the original score equations?
(d) Does the “profile score function” which appears in (b) correspond to or relate
to the efficient score for v in any way?

Solution: (a) The value of v doesn’t influence the maximization with respect to n
and we find () = n = Z,, for all 4. Solving the score equation for A for a fixed =
yields

AN $() — 21 Vi
ZY; —)\267 , or A(y) = S %
1 1

Substitution of these into the log-likelihood yield the profile log-likelihood
Breftey) = LA, 71)

= >~ {¥ilog(A)er”) — Am)er” — log(vil) }

+nZlogZ + (n—nZ)log(l — 2)

n

= nY logA(y +*yZYZ — Ay )Ze”ZiﬂLconstant in 7.

=1 =1

(b) Differentiating the profile log-likelihood with respect to 7 yields

jprofi d AT - > 1 Zier %
rofile v - B 1
) = - log AT + ;‘ YiZ = Z Viti—n¥ S
since .
ilog)\( )=— 21267
dry dorerr

Thus the profile score equation for v becomes: 4Pr°/ile = 4 satisfies

2 YiZi YA Zie”
Z?Y; Zl eV

(c) If we solve the original score equation for A for fixed -y, then we obtain
24 Y
e

as in (a). Substitution of this into the score equation for v yields

0 = ZZY Ay ZZe"Z
= ZZY 21672 ZZe"’Z

(0.1)

A7) =




and this implies that (0.1) holds.

(d) To see the connection between the profile score function for v and the efficient

score function for v, note that

o o d ) A
irrofie(y) = lya(a(y),, ) g 800 + g (8(7),7,1)

and, since 0 = l.n,a(d(’y), v,7), by differentiating with respect to v we have

. R R d R . R R
0 = lnaa(@(7),7, n)@a(v) + o (6(7),7, 1),
and hence
d . L Nl R
00 = (ln,aa(a(v), 7 n)) Ina(@(7),7,7) -

Substitution of (0.3) into (0.2) yields

l':zrofile(,y) - ln’a(d(’y),% 77)

(0.2)

(0.3)



