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1. Suppose that (Y jZ) � Poisson(�e


Z

), and Z � G

�

on R with density g

�

with respe
t

to some dominating measure �. You may assume that

a(z) � (�=��) log g

�

(z)

exists and Efa

2

(Z)g < 1. Thus Z is a \
ovariate" or \predi
tor variable", 
 is

a \regression parameter" whi
h a�e
ts the intensity of the (
onditionally) Poisson

variable Y , and � = (�; 
; �).

(a) Find the information matrix for �. What does the stru
ture of this matrix say

about the e�e
t of � being known or unknown about the estimation of � and 
?

(b) Find the information and information bound for 
 if the parameter � is known.

(
) Find the eÆ
ient s
ore fun
tion and the eÆ
ient in
uen
e fun
tion for estimation

of 
 when � is known.

(d) Find the information and information bound for 
 if the parameter � is

unknown, I



��

.

(e) Find the eÆ
ient s
ore fun
tion and the eÆ
ient in
uen
e fun
tion for estimation

of 
 when � is unknown.

(f) In the 
ase when Z � Bernoulli(�), 
ompute the ratio of the information when

� is unknown, to the information when � is known as a fun
tion of 
 and of �.

Solution: (a) The density of X = (Y; Z) is

p

�

(y; z) = f

�;


(yjz)g

�

(z) = e

��e


z

(�e


z

)

y

y!

g

�

(z) ;

and hen
e

log p

�

(y; z) = y log(�e


z

)� �e


z

� log y! + log g

�

(z) :

From this we 
al
ulate the s
ores

_

l

�

,

_

l




, and

_

l

�

:

_

l

�

(y; z) =

y

�

� e


z

=

1

�

(y � �e


z

) ;

_

l




(y; z) = yz � �e


z

z = z(y � �e


z

) ;

_

l

�

(y; z) = a(z) :

This leads to 
al
ulating the entries of the information matrix as follows:

I

�;�

= E

�

(

_

l

�

(X)

2

) = �

�2

E[(Y � �e


Z

)

2

℄

= �

�2

E[E[(Y � �e


Z

)

2

jZ℄℄

= �

�2

E[�e


Z

℄ = E[e


Z

℄=� ;

I


;


= E

�

(

_

l




(X)

2

) = E[Z

2

(Y � �e


Z

)

2

℄

= E[E[Z

2

(Y � �e


Z

)

2

jZ℄℄

= E[Z

2

�e


Z

℄ = �E[Z

2

e


Z

℄ ;

I

�;�

= E

�

a

2

(Z) ;

1



I

�;


= E

�

(

_

l

�

_

l




(X)) = �

�1

E

�

(Z(Y � �e


Z

)

2

)

= �

�1

E[E[Z(Y � �e


Z

)

2

jZ℄℄

= �

�1

E[Z�e


Z

℄ ;

I

�;�

= E

�

(

_

l

�

(X)

_

l

�

(X)) = �

�1

E[(Y � �e


Z

)a(Z)℄

= E[E[a(Z)(Y � �e


Z

)jZ℄℄

= E[a(Z) � 0℄ = 0 ;

I


;�

= E

�

(

_

l




(X)

_

l

�

(X)) = E[Z(Y � �e


Z

)a(Z)℄

= E[E[a(Z)Z(Y � �e


Z

)jZ℄℄

= E[Za(Z) � 0℄ = 0 :

Thus the information matrix I(�) = I(�; 
; �) is given by:

I(�) =

0

�

�

�1

E(e


Z

) E(Ze


Z

) 0

E(Ze


Z

) �E(Z

2

e


Z

) 0

0 0 E

�

a

2

(Z)

1

A

:

(b) If � is known, the information for 
 is I


;


= �E(Z

2

e


Z

), and the information

bound is 1=I


;


= 1=f�E(Z

2

e


Z

)g.

(
) When � is known, the eÆ
ient s
ore fun
tion for 
 is just the s
ore fun
tion

_

l




,

and the eÆ
ient in
uen
e fun
tion is

~

l




=

_

l




=I


;


.

(d) When � is unknown, the (eÆ
ient) information for 
 is

I



��

= I


;


� I


;�

I

�1

�;�

I

�;


= �E(Z

2

e


Z

)�

[E(Ze


Z

)℄

2

E(e


Z

)=�

= �

(

E(Z

2

e


Z

)�

�

E(Ze


Z

)

E(e


Z

)

�

2

E(e


Z

)

)

= �E(e


Z

)V ar

G




(Z) ;

where G




is the 
�tilted distribution 
orresponding to G given by

G




(A) =

R

A

e


z

dG(z)

R

e


z

dG(z)

:

(e) When � is unknown, the eÆ
ient s
ore fun
tion for 
 is

_

l

�




(x) =

_

l




(x)� I


�

I

�1

��

_

l

�

(x)

= z(y � �e

�z

)�

�E(Ze


Z

)

E(e


Z

)

�

�1

(y � �e


z

)

=

�

z �

E(Ze


Z

)

E(e


Z

)

�

(y � �e


z

) :

Note that E[l

�




(X)

2

℄ = I


;
��

whi
h we 
omputed in (d). Thus the eÆ
ient in
uen
e

fun
tion for 
 is

~

l




(x) = l

�




(x)=I



��

.

2



(f) When Z � Bernoulli(�), the ratio of the information when � is unknown to the

information when � is known is

I


;
��

I


;


=

�V ar

G




(Z)

�E(Z

2

e


Z

)

=

�e




�

�

�e




�e




+(1��)

�

2

�e




=

1� �

1� � + �e




:

See Figure 1 for a plot of this as a fun
tion of � for various values of 
.
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Figure 1: Ratio of Information for 
 with � known and unknown.
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2. For the same set-up as in problem 1, but with the distribution G of Z assumed to

be known (so � is known), 
onsider the two parameters q

1

(�) = E

�

(Y ) = �

1

(P

�

) and

q

2

(�) = P

�

(Y � y

0

) = �

2

(P

�

) for a �xed integer y

0

.

(a) Find the information bounds for estimation of q

1

(�) and q

2

(�).

(b) Find the eÆ
ient in
uen
e fun
tions

~

l

�

1

and

~

l

�

2

for estimation of q

1

and q

2

.

(
) If (Y

1

; Z

1

); : : : ; (Y

n

; Z

n

) are i.i.d. as (Y; Z), �nd the in
uen
e fun
tions  

1

and  

2

and the asymptoti
 varian
es V

2

1

(�) and V

2

2

(�) of the natural empiri
al estimators

of q

1

and q

2

respe
tively.

(d) Show that �( 

i

j

_

P) =

~

l

�

i

for i = 1; 2.

Solution: My solution to this problem was in
omplete at best { misleading at

worst, espe
ially sin
e the 
omplete solution for q

1

(�) is quite pretty. The following

solution is due to Fadoua Balabdaoui and Saonli Basu:

We �rst give the solution for q

1

(�) = �

1

(P

�

):

(a:1) First, with � = (�; 
),

q

1

(�) = E

�

(Y ) = �

1

(P

�

)

= E

�

[E[Y jZ℄℄ = E

�

[�e

�Z

℄ = �E[e


Z

℄ :

Thus it follows that

_q

1

(�) =

�

E[e


Z

℄

�E[Ze


Z

℄

�

:

To 
ompute the information bound for estimation of q

1

(�), we �rst 
ompute I

�1

(�):

I

�1

(�) =

1

D

�

�E(Z

2

e


Z

) �E(Ze


Z

)

�E(Ze


Z

) �

�1

E(e


Z

)

�

where D � det(I(�)) = E(Z

2

e


Z

)E(e


Z

)� [E(Ze


Z

)℄

2

. Hen
e it follows that

I

�1

(�) _q(�) =

1

D

�

�E(Z

2

e


Z

) �E(Ze


Z

)

�E(Ze


Z

) �

�1

E(e


Z

)

��

E(e


Z

)

�E(Ze


Z

)

�

=

1

D

�

�E(Z

2

e


Z

)E(e


Z

)� �[E(Ze


Z

)℄

2

�E(Ze


Z

)E(e


Z

) + E(e


Z

)E(Ze


Z

)

�

=

1

D

�

�D

0

�

=

�

�

0

�

; (0.1)

so

_q

T

1

(�)I

�1

(�) _q

1

(�) = (E(e


Z

); �E(Ze


Z

))

�

�

0

�

= �E(e


Z

) : (0.2)

(b:1) By using (0.1), the eÆ
ient in
uen
e fun
tion for estimation of q

1

is

~

l

�

1

(x) = _q

1

(�)

T

I(�)

�1

_

l

�

(x)

= (�; 0)

�

_

l

�

(x)

_

l




(x)

�

= �

_

l

�

(x) = y � �e


z

:

Note that

E

�

(

~

l

�

1

(X)

2

) = E

�

fV ar

�

(Y jZ)g = �E(e


Z

) = _q

T

1

(�)I

�1

(�) _q

1

(�)

4



from (a:1).

(
:1) the natural empiri
al estimator of q

1

(�) = E

�

(Y ) is Y

n

with in
uen
e fun
tion

 

1

(x) =  

1

(y; z) = y � E

�

(Y ). Note that

 

1

(y; z) = y � E

�

(Y ) = y � �E(e


Z

)

= y � �e


z

+ �e


z

� �E(e


Z

)

=

~

l

�

1

(x) + E

�

(Y jZ = z)� E

�

(Y ) :

(d:1) In the previous display we have expressed  

1

as the sum of

~

l

�

1

2

_

P (sin
e

~

l

�

1

= �

_

l

�

) and E

�

(Y jZ) � E

�

(Y ) = �e


Z

� �E(e


Z

). Note that the se
ond part of

 

1

is orthonogal to

_

P :

Ef(E(Y jZ)� E(Y ))

_

l

�

(X)g = Ef(e


Z

� E(e


Z

))EfY � E(Y jZ)jZgg

= Ef(e


Z

� E(e


Z

)) � 0g = 0 ;

Ef(E(Y jZ)� E(Y ))

_

l




(X)g = �EfZ(e


Z

� E(e


Z

))EfY � E(Y jZ)jZgg

= �EfZ(e


Z

� E(e


Z

)) � 0g = 0 :

Thus it follows that

�( 

1

j

_

P) =

~

l

�

1

(X) = Y � �e


Z

= Y � E(Y jZ) ;

and

E 

2

1

(Y; Z) = V ar(Y ) = EfV ar(Y jZ)g+ V ar(E(Y jZ))

= Ef

~

l

�

1

(X)

2

g+ Ef�

2

(e


Z

� E(e


Z

))

2

g

> Ef

~

l

�

1

(X)

2

g = �E(e


Z

) ;

with stri
t inequality if the distribution of Z is not degenerate.

(a:2) Now for q

2

: we 
ompute

q

2

(�) = P

�

(Y � y

0

) = �

1

(P

�

) = E

�

[1

[0;y

0

℄

(Y )℄ :

Thus we 
ompute

_q

2

(�) =

�

E

�

(1

[0;y

0

℄

(Y )

_

l

�

(Y; Z))

E

�

(1

[0;y

0

℄

(Y )

_

l




(Y; Z))

�

= Ef 

2

(X)

_

l

�

(X)g :

Thus the information bound for estimation of q

2

(�) is

_q

2

(�)

T

I(�)

�1

_q

2

(�);

however this does not simplify as in the 
ase of q

1

.

(b:2) The eÆ
ient in
uen
e fun
tion for estimation of q

2

is

~

l

�

2

(x) = _q

2

(�)

T

I(�)

�1

_

l

�

(x) :

5



(
:2) The the natural empiri
al estimator of q

2

(�) = �

2

(P

�

) is �

2

(P

n

) = F

n

(y

0

) =

n

�1

P

n

i=1

1

[0;y

0

℄

(Y

i

), whi
h 
onsistently estimates P

�

(Y � y

0

) = q

2

(�), and is linear

with in
uen
e fun
tion

 

2

(x) = 1

[0;y

0

℄

(y)� P

�

(Y � y

0

) :

The asymptoti
 varian
e of �

2

(P

n

) = F

n

(y

0

) is

V

2

2

(�) = E

�

 

2

2

(X) = q

2

(�)(1� q

2

(�))

= E

�

f

~

l

�

2

(X)

2

g+ E

�

f 

2

(X)�

~

l

�

2

(X)g

2

> E

�

f

~

l

�

2

(X)

2

g = _q

2

(�)

T

I(�)

�1

_q

2

(�) :

(d:2) The in
uen
e fun
tion  

2

for the empiri
al estimator of q

2

(�) satis�es

 

2

=2

_

P . The fa
t that its proje
tion onto the tangent spa
e 
oin
ides with

~

l

�

2

� _q

2

(�)

T

I(�)

�1

_

l

�

follows from the same derivation we did in 
lass in the Weibull


ase.
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