
Statisti
s 581, Problem Set 7 Solutions

Wellner; 11/17/2000

1. Compute and plot the s
ore for lo
ation, �(f

0

=f)(x) when:

A. f(x) = �(x) = (2�)

�1=2

exp(�x

2

=2), (normal or Gaussian);

B. f(x) = exp(�x)=(1 + exp(�x))

2

, (logisti
);

C. f(x) =

1

2

exp(�jxj), (double exponential);

D. f = t

k

, the t�distribution with k degrees of freedom;

E. f(x) = exp(�x) exp(� exp(�x)), Gumbel or extreme value.

Solution: A. For f(x) = (2�)

�1=2

exp(�x

2

=2), it follows that log f(x) = �x

2

=2 +


onstant so that (�f

0

=f)(x) = x, �1� x(f

0

=f)(x) = x

2

� 1.

B. For f(x) = e

�x

=(1 + e

�x

)

2

, log f(x) = �x� 2 log(1 + e

�x

) and

�

f

0

f

(x) =

1� e

�x

1 + e

�x

;

while

�1� x

f

0

f

(x) = x

1� e

�x

1 + e

�x

� 1 � jxj � 1 as jxj ! 1:

C. For f(x) = 2

�1

exp(�jxj),

log f(x) = �jxj+ 
onstant;

and

�

f

0

f

(x) =

8

<

:

�1 x < 0

unde�ned x = 0

+1 x > 0

;

while

�1� x

f

0

f

(x) = jxj � 1; for x 6= 0:

D. For the t

k

distribution, f(x) =

�(

1

2

(k+1))

�(

1

2

k)

1

p

�k

(1 +

x

2

k

)

�(k+1)=2

,

log f(x) = �

k + 1

2

log(1 +

x

2

k

);

and

�

f

0

f

(x) =

k + 1

k

x

1 +

x

2

k

;

while

�1� x

f

0

f

(x) = k

x

2

� 1

x

2

+ k

:

E. For f(x) = exp(�x) exp(� exp(�x)),

log f(x) = �x� exp(�x);
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and

�

f

0

f

(x) = 1� exp(�x);

while

�1� x

f

0

f

(x) = �1 + x(1� exp(�x)):

See the plots on the last page.

2. Compute I

f

=

R

(f

0

(x)=f(x))

2

f(x)dx, the information for lo
ation, for ea
h of the

densities in problem 1.

Solution: A. In this 
ase I

f

=

R

x

2

�(x)dx = V ar(Z) = 1 where Z � N(0; 1).

B. For the logisti
 density the information for lo
ation is

I

f

=

Z

1

�1

(

1� e

�x

1 + e

�x

)

2

dF (x)

=

Z

1

�1

(2F (x)� 1)

2

dF (x)

=

Z

1

0

(2u� 1)

2

du = 4V ar(U)

= 4

1

12

=

1

3

:

C. For the double-exponential density, [(�f

0

=f)(x)℄

2

= 1, so I

f

= 1.

D. For the t � distribution with k degrees of freedom, by using a 
hange of

variables and letting T

r

denote a random variable with the t � distribution with

r degrees of freedom,

I

f

=

Z

1

�1

(

k + 1

k

)

2

x

2

(1 + x

2

=k)

2

�(k +

1

2

)

�(

k

2

)

p

�k

1

(1 + x

2

=k)

(k+1)=2

dx

=

(k + 1)(k + 2)

(k + 4)(k + 3)

V ar(T

k+4

)

=

(k + 1)(k + 2)

(k + 4)(k + 3)

k + 4

k + 2

=

k + 1

k + 3

sin
e V ar(T

r

) = r=(r � 2) for r > 2.

E. For the extreme value distribution F (x) = exp(� exp(�x)) and therefore if

X � F , the random variable Y � exp(�X) � exponential(1):

P (Y � y) = P (exp(�X) � y) = P (X � � log(y))

= exp(� exp(log(y))) = exp(�y):

Sin
e �(f

0

=f)(x) = �1 + e

�x

, it is easy to see that

I

f

= E[�

f

0

f

(X)℄

2

= E[exp(�X)� 1℄

2

= E[Y � 1℄

2

= V ar(Y ) = 1:
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3. Lehmann and Casella, TPE, Problem 6.5, part (a), page 142.

Solution: 1. If X � N(�; �

2

) where � = (�; �), then p

�

(x) = �

�1

�((x � �)=�)

where �(z) = (2�)

�1=2

exp(�z

2

=2) is the standard normal density. Hen
e

log p

�

(x) = � log� + log�(

x� �

�

);

so that

_

l

�

(x) = �

�

0

�

(

x� �

�

)

1

�

=

x� �

�

�

1

�

;

and

_

l

�

(x) = �

1

�

�

�

0

�

(

x� �

�

)(

x� �

�

)

1

�

=

1

�

�

�1 + (

x� �

�

)

2

�

where (X � �)=� � N(0; 1). Hen
e

E

�

_

l

�

2

(X) =

1

�

2

E(Z

2

) =

1

�

2

;

E

�

_

l

2

�

(X) =

1

�

2

E(Z

2

� 1)

2

=

2

�

2

;

and

E

�

_

l

�

(X)

_

l

�

(X) =

1

�

2

EfZ(Z

2

� 1)g =

1

�

2

fE(Z

3

)� E(Z)g = 0:

Thus the information matrix is as 
laimed, and the inverse information matrix

is diagonal with diagonal entries �

2

and �

2

=2. Note that the information for �

2

(as opposed to �) is 1=(2�

4

), in agreement with our earlier result showing that

p

n(S

2

n

� �

2

)!

d

N(0; 2�

4

) when X

i

� N(�; �

2

).

(b) If X � Gamma (�; �), with Lehmann's parametrization given on page 27, then

p

�

(x) =

1

�

(�)�

�

x

��1

exp(�x=�)1

(0;1)

(x);

and

log p

�

(x) = (�� 1) logx�

x

�

� log �(�)� � log�;

and

_

l

�

(x) = logx� log� �  (�) = log(

x

�

)�  (�)

and

_

l

�

(x) =

x

�

2

�

�

�

=

1

�

(

x

�

� �)

where X=� � Gamma(�; 1). Hen
e

�

l

��

(x) = � 

0

(�);

�

l

��

(x) = �

2x

�

3

+

�

�

2

;
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�

l

��

= �

1

�

:

Sin
e E

�

X = ��, it follows that �E

�

�

l

��

(X) =  

0

(�), �E

�

�

l

��

(X) = �=�

2

,

�E

�

�

l

��

(X) = 1=�, and hen
e the information matrix is as 
laimed.

[Note that the determinant of the information matrix is �

�2

f� 

0

(�) � 1g; this is

always positive be
ause of fa
ts about  and  

0

: in parti
ular, from Abramowitz

and Stegun, 6.4.12, page 260,

� 

0

(�)� 1 �

1

2�

+

1

6�

2

+ � � � :

Also note that the above 
omputations imply that

E

�

logX = log(�) +  (�); and V ar

�

(logX) =  

0

(�):

(
) If X � Beta(�; �), then

log p

�

(x) = log�(� + �)� log �(�) + (�� 1) logx + (� � 1) log(1� x);

and

_

l

�

(x) = log x� ( (�)�  (� + �));

_

l

�

(x) = log(1� x)� ( (�)�  (� + �)):

Hen
e it follows that

�

l

��

(x) = � 

0

(�) +  

0

(� + �);

�

l

��

(x) = � 

0

(�) +  

0

(� + �);

�

l

��

(x) =  

0

(� + �);

whi
h are all 
onstant in x. Hen
e the information matrix is as 
laimed. Note that

the determinant equals

( 

0

(�) �  

0

(� + �))( 

0

(�)�  

0

(� + �))� f 

0

(� + �)g

2

=  

0

(�) 

0

(�)� ( 

0

(�) +  

0

(�)) 

0

(� + �))

> 0

sin
e  is stri
tly 
on
ave (with  

0

> 0 and  

00

< 0.

4. Suppose that P = fP

�

: � 2 �g, � � R

k

is a parametri
 model satisfying the

hypotheses of the multiparameter Cram�er - Rao inequality. Partition � as � = (�; �)

where � 2 R

m

and � 2 R

k�m

and 1 � m < k. Let

_

l =

_

l

�

= (

_

l

1

;

_

l

2

) be the


orresponding partition of the (ve
tor of) s
ores

_

l, and, with

e

l � I

�1

(�)

_

l, the eÆ
ient

in
uen
e fun
tion for �, let

e

l = (

e

l

1

;

e

l

2

) be the 
orresponding partition of

e

l. In both


ases,

_

l

1

,

e

l

1

are m�ve
tors of fun
tions, and

_

l

2

,

e

l

2

are k�m ve
tors. Partition I(�)

and I

�1

(�) 
orrespondingly as

I(�) =

�

I

11

I

12

I

21

I

22

�
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where I

11

is m�m, I

12

is m� (k�m), I

21

is (k�m)�m, I

22

is (k�m)� (k�m).

Also write

I

�1

(�) = [I

ij

℄

i;j=1;2

:

Verify that:

A. I

11

= I

�1

11�2

where I

11�2

� I

11

� I

12

I

�1

22

I

21

,

I

22

= I

�1

22�1

where I

22�1

� I

22

� I

21

I

�1

11

I

12

,

I

12

= �I

�1

11�2

I

12

I

�1

22

,

I

21

= �I

�1

22�1

I

21

I

�1

11

.

This amounts to formulas (3) and (4) of se
tion 3.2, page 14.

B. Verify that

e

l

1

= I

11

_

l

1

+ I

12

_

l

2

= I

�1

11�2

(

_

l

1

� I

12

I

�1

22

_

l

2

), and

e

l

2

= I

21

_

l

1

+ I

22

_

l

2

= I

�1

22�1

(

_

l

2

� I

21

I

�1

11

_

l

1

).

Solution: A. This is just blo
k inversion/multipli
ation of matri
es:

�

I

11

I

12

I

21

I

22

��

I

11

I

12

I

21

I

22

�

=

�

I

�1

11�

�I

�1

11�2

I

21

I

�1

22

�I

�1

22�1

I

21

I

�1

11

I

22�1

��

I

11

I

12

I

21

I

22

�

=

�

I

�1

11�2

(I

11

� I

12

I

�1

22

I

21

) I

�1

11�2

(I

12

� I

12

)

I

�1

22�1

(�I

21

+ I

21

) I

�1

22�1

(�I

21

I

11

I

12

+ I

22

)

�

=

�

Ident 0

0 Ident

�

= Identity:

by using the de�nition of I

11�2

and I

22�1

.

B. This follows immediately from the formulas for I

11

and I

12

by just plugging

into the formula

~

l

1

= I

11

_

l

1

+ I

12

_

l

2

for

~

l

1

:

~

l

1

= I

�1

11�2

_

l

1

� I

�1

11�2

I

12

I

�1

22

_

l

2

= I

�1

11�2

(

_

l

1

� I

12

I

�1

22

_

l

2

) = I

�1

11�2

l

�

1

:
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Figure 1: S
ores for lo
ation.
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Figure 2: S
ores for s
ale.
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