
Statisti
s 581, Solutions,Problem Set 6

Wellner; 11/9/2000

1. Consider the tests of H : p = p

0

versus K : p 6= p

0

based on Q

n

and 4nH

2

n

that we

dis
ussed in 
lass and in problem set 3. These tests 
an be used to form 
on�den
e

sets C

n

and D

n

for p as follows: de�ne Q

n

(p

0

) =

P

k

j=1

(N

j

� np

j0

)

2

=np

j0

and

H

2

n

(p

0

) � 4n

P

k

j=1

(

p

p̂

j

�

p

p

j0

)

2

, so that bothQ

n

(p

0

) andH

2

n

(p

0

) are asymptoti
ally

�

2

k�1

under the null hypothesis. Let

C

n

= fp

0

: Q

n

(p

0

) � �

2

k�1;�

g

and

D

n

= fp

0

: H

2

n

(p

0

) � �

2

k�1;�

g :

(a) Show that these both yield asymptoti
 1� � 
on�den
e sets: e.g.

P

p

0

(p

0

2 C

n

)! 1� � as n!1 :

(b) Can you use our \Theorem 2" about Q

n

(p

0

) and H

2

n

(p

0

) under p 6= p

0

to prove

some other property of these 
on�den
e sets?

Solutions: (a) Note that

P

p

0

(p

0

2 C

n

) = P

p

0

(Q

n

(p

0

) � �

2

k�1;�

)! P (�

2

k�1

� �

2

k�1;�

) = 1� � ;

and, 
orrespondingly,

P

p

0

(p

0

2 D

n

) = P

p

0

(H

2

n

(p

0

) � �

2

k�1;�

)! P (�

2

k�1

� �

2

k�1;�

) = 1� � :

Thus C

n

and D

n

are both asymptoti
 1� � 
on�den
e sets for p.

(b) When p

0

is true, and p 6= p

0

, then

P

p

0

(p 2 C

n

) = P

p

0

(Q

n

(p) � �

2

k�1;�

)! 0

sin
e n

�1

Q

n

(p) !

p;a:s:

P

k

j=1

(p

0j

� p

j

)

2

=p

j

> 0 when p

0

6= p is true, and hen
e

Q

n

(p)!

p

1. Similarly,

P

p

0

(p 2 D

n

) = P

p

0

(H

2

n

(p) � �

2

k�1;�

)! 0

sin
e n

�1

H

2

n

(p)!

p;a:s:

4H

2

(p

0

; p) > 0 when p

0

6= p is true, and hen
e H

2

n

(p)!

p

1.

(
) (Not assigned). When p

0

is true, and p = p

n

= p

0

+ 
n

�1=2

6= p

0

, with 1

0


 = 0,

then

P

p

0

(p

n

2 C

n

) = P

p

0

(Q

n

(p

n

) � �

2

k�1;�

)! P (�

2

k�1

(Æ) � �

2

k�1;�

) < 1� �

where the non-
entrality parameter Æ =

P

k

j=1




2

j

=p

0j

. Thus the probability of "false


overage" for values of p of the (lo
al) form p

n

is related to the (lo
al asymptoti
)

power of the test.
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2. Suppose that X

1

; : : : ; X

n

; : : : are i.i.d. random ve
tors in R

k

with 
ommon

distribution fun
tion F and 
orresponding probability measure P on (R

k

;B

k

). Let

P

n

be the empiri
al measure de�ned by

P

n

= n

�1

n

X

i=1

Æ

X

i

;

and 
onsider P

n

and the empiri
al pro
ess G

n

as indexed by a 
lass of sets C � B

k

:

fP

n

(C) : C 2 Cg; fG

n

(C) : C 2 Cg ;

where

G

n

�

p

n(P

n

� P ) :

(a) Show that G

n

!

f:d:

G

P

where G

P

is a P -Brownian bridge pro
ess indexed by

C: i.e. show that for any integer m and sets C

1

; : : : ; C

m

2 C,

(G

n

(C

1

); : : : ; G

n

(C

m

))!

d

(G

P

(C

1

); : : : ; G

P

(C

m

)) � N

m

(0;�)

where � = (�

jj

0

) is given by

�

jj

0

= P (C

j

\ C

j

0

)� P (C

j

)P (C

j

0

) :

(b) When C = O � f(�1; x℄ : x 2 R

k

g spe
ialize the result in (a) and show that

it gives the �nite-dimensional 
onvergen
e of the empiri
al distribution fun
tion F

n

:

i.e.

(i) show that P

n

((�1; x℄) = F

n

(x);

(ii) show that P ((�1; x℄) = F (x);

(iii) show that Y(x) � G

P

((�1; x℄) has mean zero and 
ovarian
e

EfY(x)Y(y)g = F (x ^ y)� F (x)F (y); x; y 2 R

k

:

Solution: (a) This follows dire
tly from the multivariate 
entral limit theorem: for

any integer m and sets C

1

; : : : ; C

m

2 C,

0

B

B

B

B

�

G

n

(C

1

)

�

�

�

G

n

(C

m

)

1

C

C

C

C

A

=

1

p

n

n

X

i=1

0

B

B

B

B

�

1

C

1

(X

i

)� P (C

1

)

�

�

�

1

C

m

(X

i

)� P (C

m

)

1

C

C

C

C

A

�

p

nY

n

where Y

1

; : : : ; Y

n

are i.i.d. with E(Y

i

) = 0,

E(Y

i

Y

0

i

) = (P (C

j

\ C

j

0

)� P (C

j

)P (C

j

0

)) � � :

Hen
e by the multivariate 
entral limit theorem

0

B

B

B

B

�

G

n

(C

1

)

�

�

�

G

n

(C

m

)

1

C

C

C

C

A

!

d

0

B

B

B

B

�

G

P

(C

1

)

�

�

�

G

P

(C

m

)

1

C

C

C

C

A

� N

m

(0;�) : (0.1)
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In other words, G

n

!

f:d:

G

P

as indexed by the 
lass C.

(b) When C = O � f(�1; x℄ : x 2 R

k

g, we 
ompute

(i) P

n

((�1; x℄) = n

�1

P

n

i=1

1

(�1;x℄

(X

i

) = F

n

(x);

(ii) P ((�1; x℄) = P (X � x) = F (x);

(iii) and we have, with Y(x) � G

P

((�1; x℄),

EfY(x)Y(y)g = EfG

P

((�1; x℄)G

P

((�1; y℄)

= P ((�1; x℄ \ (�1; y℄)� P ((�1; x℄)P ((�1; y℄)

= P ((�1; x ^ y℄)� P ((�1; x℄)P ((�1; y℄)

= F (x ^ y)� F (x)F (y) by three appli
ations of (ii):
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