Statistics 581, Solutions,Problem Set 6
Wellner; 11/9/2000

1. Consider the tests of H : p = p, versus K : p # py based on Q,, and 4nH? that we
discussed in class and in problem set 3. These tests can be used to form confidence
sets C,, and D,, for p as follows: define @Q,(py) = Z?ﬂ(Nj — npjo)?/npjo and
H2(py) = 4n Zle(\/ﬁj—, /Dj0)%, so that both @, (py) and H?(po) are asymptotically
X2, under the null hypothesis. Let

Cn = {pU : Qn(p[]) < qu,a}

and
Dn = {pO : Hi(pﬂ) < qu,a} :
(a) Show that these both yield asymptotic 1 — a confidence sets: e.g.

P,y(ppeC,) —-1—a as n — 00.

(b) Can you use our “Theorem 2” about @, (py) and HZ(p) under p # py to prove
some other property of these confidence sets?

Solutions: (a) Note that

Py (po € Cn) = Poo(Qu(p0) < Xi—1,0) = P(Xeot £ Xim10) = 1 — 5
and, correspondingly,

Poy(po € D) = Py (Hy(Po) < Xko1,0) = P(Xic1 < Xgor) =1 — @

Thus C, and D,, are both asymptotic 1 — « confidence sets for p.
(b) When py is true, and p # pg, then

Py, (peCy)= Py, (@n(p) < Xz—l,a) —0

since n7'Qu(p) —pas. Zle(pgj — p;)?/p; > 0 when py # p is true, and hence
Qn(p) —p co. Similarly,

Ppo(p S Dn) = PpO(HTQL(p) S Xz—l,a) —0

since n” ' H2(p) —p.as. 4H?(po, p) > 0 when py # p is true, and hence HZ(p) —, oo.
(¢c) (Not assigned). When py is true, and p = p, = py + cn~/2 # py, with 1'c = 0,
then

Ppo(pn €Cy) = Py, (Qn(pn) < Xz—l,a) - P(X%—l((s) < X%—l,a) <l-a

where the non-centrality parameter 0 = Z?Zl c? /poj. Thus the probability of ”false
coverage” for values of p of the (local) form p, is related to the (local asymptotic)

power of the test.



2. Suppose that Xi,...,X,,... are ii.d. random vectors in R* with common

distribution function F' and corresponding probability measure P on (RF, B;). Let
P, be the empirical measure defined by

]P)n = nil Z 6Xi y
i=1
and consider P,, and the empirical process G,, as indexed by a class of sets C C B:
{P,(C): C e}, {G,(C): CecC},

where

G, = v/n(P, — P).
(a) Show that G,, =4 Gp where Gp is a P-Brownian bridge process indexed by
C: i.e. show that for any integer m and sets C1,...,C,, € C,

(Gn (Cl), . Gn (Cm)) —d (GP (Cl), ce GP (Cm)) ~ Nm(O, E)
where ¥ = () is given by
ajr = P(C; N Cy) = P(C5)P(Cy).

(b) When C = O = {(—o0,x] : x € RF} specialize the result in (a) and show that
it gives the finite-dimensional convergence of the empirical distribution function F,,:
ie.

(i) show that P,((—
(ii) show that P((—
(iii) show that Y(x)

Solution: (a) This follows directly from the multivariate central limit theorem: for
any integer m and sets C,...,C,, € C,

G, (Ch) ley (Xi) — P(Ch)

1 ' =
: Vi :
where Y,,..., Y, areiid. with E(Y;) =0,

E(Y,;Y}) = (P(C;NCy) — P(Cj)P(Cy)) = 5.
Hence by the multivariate central limit theorem
G, (Ch) Gp(Ch)
—4q . ~ Np(0,%). (0.1)
Gy, (Cm) Gp (Cm)



In other words, G, — 4. Gp as indexed by the class C.
(b) When C = O = {(—o0, 2] : = € R*}, we compute

(1) Pn((—00,a]) =n' 3700 1(o0a)(Xi) = o (2);

(i) P((=00,2]) = P(X <) = F(z);

(iii) and we have with Y(z) = Gp((—o0, z]),
E{Y(x)Y(y)} = E{Gp((—00,2])Gp((—00,y])

(
P((=00, 2] N (=00,y]) — P((—o0, z]) P((—00, y])
P((=00,z Ayl]) = P((=00, 2]) P((—00,y])
F(z ANy)— F(z)F(y) by three applications of (i7).



