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1. Suppose that Y

i

= � + �

0

(x

i

� x) + �

i

, i = 1; : : : ; n, where �

i

� (0; �

2

) are i.i.d. and

the x

i

's are known ve
tors in R

k

. Equivalently, Y = X� + � where

X

T

=

�

1 1 � � � 1

x

1

� x x

2

� x � � � x

n

� x

�

so that X is an n � (k + 1) matrix. Let

^

� be the least squares estimator of � =

(�; �

0

)

0

; i.e.

^

� = (X

T

X)

�1

X

T

Y . Suppose that n

�1

(X

T

X)! D where D is positive

de�nite.

(a) What additional 
ondition(s) do you need to impose to prove that

p

n(

^

�

n

� �)!

d

N

k+1

(0; \something") ?

(b) Find \something" in part (a).

Solution: (a) Let a 2 IR

k+1

. Now

^

� = (X

T

X)

�1

X

T

Y

= (X

T

X)

�1

X

T

(X� + �)

= � + (X

T

X)

�1

X

T

� ;

so

p

n(

^

� � �) =

p

n(X

T

X)

�1

X

T

� � B

n

�

where B

n

�

p

n(X

T

X)

�1

X

T

is a (k + 1)� n matrix. Thus

a

T

(

p

n(

^

� � �)) = a

T

B

n

� � b

T

n

�

=

n

X

i=1

b

ni

�

i

�

n

X

i=1

X

ni

where b

T

n

� a

T

B

n

is an 1� n ve
tor. Now we 
ompute

�

ni

= E(X

ni

) = b

ni

� 0; �

2

ni

= V ar(X

ni

) = b

2

ni

�

2

;

and hen
e, using the hypothesized 
onvergen
e of n

�1

X

T

X ! D in the last line,

�

2

n

= �

2

n

X

i=1

b

2

ni

= �

2

b

T

n

b

n

= �

2

a

T

B

n

B

T

n

a = n�

2

a

T

(X

T

X)

�1

(X

T

X)(X

T

X)

�1

a

= �

2

a

T

(n

�1

X

T

X)

�1

a! �

2

a

T

D

�1

a � V

2

(a) > 0

1



sin
e D is nonsingular. To establish asymptoti
 normality of a

T

(

p

n(

^

� � �))=�

n

, it

remains to verify the Lindeberg 
ondition: namely

1

�

n

n

X

i=1

E

�

jX

ni

j

2

1

[jX

ni

j>Æ�

n

℄

	

! 0 (0.1)

for every Æ > 0. But, as we have seen before, this holds if

max

1�i�n

jb

ni

j ! 0 as n!1 : (0.2)

the left side of (0.1) is bounded as follows:

1

�

2

n

n

X

i=1

b

2

ni

E

�

�

2

1

1

[j�

1

j>Æ�

n

=jb

ni

j℄

	

�

1

�

2

E

�

�

2

1

1

[j�

1

j>Æ�

n

=max

1�i�n

jb

ni

j℄

	

!

1

�

2

� 0 = 0

by (0.2), E(�

2

1

) <1, and the dominated 
onvergen
e theorem. Thus it follows from

the Lindeberg-Feller CLT that

a

T

(

p

n(

^

� � �))=�

n

!

d

N(0; 1);

and sin
e �

2

n

! �

2

a

T

D

�1

a, this implies that

a

T

(

p

n(

^

� � �))!

d

N(0; a

T

(�

2

D

�1

)a) ;

whi
h in turn, via the Cram�er-Wold devi
e, implies

p

n(

^

� � �)!

d

N

k+1

(0; �

2

D

�1

) :

2. Suppose that X

1

; : : : ; X

n

are i.i.d. Cau
hy(0; 1); so the density of ea
h X

i

with

respe
t to Lebesgue measure on R is f(x) = �

�1

(1 + x

2

)

�1

, x 2 R.

(a) Compute the distribution fun
tion F of the X

i

's.

(b) Compute and plot the inverse distribution fun
tion F

�1


orresponding to F .

(
) For what values of r > 0 is EjX

1

j

r

<1?

(d) Find the distribution fun
tion of M

n

� max

1�i�n

X

i

.

(e) For what values of r is EjM

n

j

r

<1?

(f) Find a sequen
e of 
onstants b

n

so that M

n

=b

n

!

d

and �nd the limiting

distribution. [Hint: see Ferguson, ACLST, Theorem 14, page 95.℄

Solution: (a) F (x) = (1=�)

R

x

�1

(1 + t

2

)

�1

dt = (1=�)far
tan(x) + �=2g.

(b) Setting F (x) = u and solving for x = F

�1

(u) yields F

�1

(u) = tan(�(u �

1=2)). Note that F

�1

(1=2) = tan(0) = 0; F

�1

(1) = tan(�=2) = 1, and F

�1

(0) =

tan(��=2) = �1.

(
) We 
ompute

EjX

1

j =

1

�

Z

1

�1

jxj

r

1

1 + x

2

dx

2



=

2

�

�

Z

1

0

x

r

1 + x

2

dx+

Z

1

1

x

r

1 + x

2

dx

�

�

2

�

�

Z

1

0

x

r

1 + x

2

dx+

Z

1

1

x

r

x

2

dx

�

=

2

�

�

Z

1

0

x

r

1 + x

2

dx+

1

1� r

�

<1

if r < 1. Sin
e

EjX

1

j =

2

�

Z

1

0

x

1 + x

2

dx =1 ;

EjX

1

j

r

<1 if and only if r < 1.

(d) Sin
e the X

i

's are i.i.d. with distribution fun
tion F ,

F

M

n

(x) = P (M

n

� x) = P (X

1

� x; : : : ; X

n

� x) = F (x)

n

:

(e) First, note that

1�F

jM

n

j

(x) = P (jM

n

j > x) = P ([

n

i=1

[jX

i

j > x℄) �

n

X

i=1

P (jX

i

j > x) = n(1�F

jX

1

j

(x))

where F

jX

1

j

(x) = P (jX

1

j � x) = F (x)� F (�x). Hen
e

EjM

n

j

r

=

Z

1

0

rt

r�1

(1� F

jM

n

j

(t))dt

�

Z

1

0

rt

r�1

n(1� F

jXj

(t))dt

= nEjX

1

j

r

<1

if r < 1 by part (d). But sin
e EjM

n

j

r

� EjX

1

j

r

= 1 if r � 1, we 
on
lude that

EjM

n

j

r

<1 if and only if r < 1.

(f) Note that 1�F (x) = �

�1

R

1

x

(1+t

2

)

�1

dt � 1=(�x) in the sense that x(1�F (x))!

1=� as x!1. [This follows easily by writing the left side as (1�F (x))=(x

�1

) and

using L'Hopital's rule.℄ Hen
e for b

n

!1 and x > 0

F

M

n

=b

n

(x) = P (M

n

� xb

n

) = F (xb

n

)

n

by part d

and, with 


n

� xb

n

(1� F (xb

n

))! 1=�,

F

M

n

=b

n

(x) = F (xb

n

)

n

= (1� (1� F (xb

n

)))

n

= (1� [xb

n

(1� F (xb

n

))℄=(xb

n

))

n

= (1� 


n

=xb

n

)

n

:

From this last expression it be
omes 
lear that the 
hoi
e b

n

= n yields,

F

M

n

=b

n

(x)! exp(�1=�x) � G(x); for x > 0;

while for x � 0

F

M

n

=b

n

(x)! 0

3



sin
e F (xb

n

) � 1=2 for x � 0. Note that G(0) = exp(�1) = 0, G is monotone

in
reasing, and G(1) = exp(0) = 1. In fa
t, G is a member of the Weibull family

with shape parameter �1, and is one of the three di�erent families that 
an arise

as limit distributions of maxima of independent rv's; see e.g. Ferguson (1996), A

Course in Large Sample Theory, page 95.

3. Suppose that X

1

; : : : ; X

n

are i.i.d. with 
ontinuous distribution fun
tion F . Let F

0

be a �xed, spe
i�ed distribution fun
tion. Suppose we want to test H : F = F

0

versus K : F 6= F

0

. Consider the Cram�er - von Mises statisti
 given by

C

2

n

�

Z

1

�1

n(F

n

(x)� F

0

(x))

2

dF

0

(x) :

(a) Show that when the null hypothesis is true, F = F

0

, then

C

2

n

=

d

Z

1

0

n(G

n

(t)� t)

2

dt ;

where G

n

is the empiri
al d.f. of n i.i.d. Uniform(0; 1) rv's.

(b) Show that when the null hypothesis is true,

C

2

n

!

d

Z

1

0

U(t)

2

dt

where U is a standard Brownian bridge pro
ess.

[Hint: Use the fa
t that U

n

) U in (D[0; 1℄; k � k

1

) and the 
ontinuous mapping

theorem.℄

(
) Suppose that the null hypothesis fails. Thus F 6= F

0

. Show that in this 
ase

n

�1

C

2

n

!

a:s:

Z

1

�1

(F (x)� F

0

(x))

2

dF

0

(x) > 0 ;

and hen
e the test based on C

2

n

is 
onsistent for all F 6= F

0

.

(d) Suppose that F = F

n

satis�es

p

n(F

n

(x)� F

0

(x))! g(x) in L

2

(F

0

); i.e.

Z

[

p

n(F

n

(x)� F

0

(x))� g(x)℄

2

dF

0

(x)! 0 :

Des
ribe the limiting distribution of C

2

n

under the lo
al alternatives F

n

in terms of

a Brownian bridge pro
ess U and g.

Soluton: (a) Sin
e F

n

(x) =

d

F

�

n

(x) = G

n

(F

0

(x)) when F = F

0

and F

0

is 
ontinuous,

it follows that

C

2

n

=

d

Z

n(F

�

n

(x)� F

0

(x))

2

dF

0

(x)

=

Z

n(G

n

(F

0

(x))� F

0

(x))

2

dF

0

(x)

=

Z

1

0

n(G

n

(t)� t)

2

dt

4



by using the 
hange of variables t = F

0

(x) in the last line.

(b) Note that if fx

n

g is a sequen
e of fun
tions in D[0; 1℄ satisfying kx

n

� xk

1

�

sup

0�t�1

jx

n

(t) � x(t)j ! 0, then with g(x) �

R

1

0

x

2

(t)dt, g(x

n

) ! g(x). It follows

from (a) and the 
ontinuous mapping theorem that, under the null hypothesis,

C

2

n

=

Z

1

0

[U

n

(t)℄

2

dt!

d

Z

1

0

[U(t)℄

2

dt � C

2

:

The distribution of C

2

is the same as that of

P

1

j=1

Z

2

j

=(�

2

j

2

) where Z

j

are i.i.d.

N(0; 1), and tables of the d.f. are available; see e.g. Shora
k and Wellner (1986),

page 147.

(
) When the null hypothesis fails (so F 6= F

0

),

n

�1

C

2

n

=

Z

[F

n

(x)� F

0

(x)℄

2

dF

0

(x)

=

d

Z

[G

n

(F (x))� F

0

(x)℄

2

dF

0

(x)

!

a:s:

Z

[F (x)� F

0

(x)℄

2

dF

0

(x) � 


2

sin
e kG

n

� Ik

1

!

a:s:

0.

(d) If F = F

n

satis�es

p

n(F

n

� F

0

)! g, then

C

2

n

=

d

Z

[

p

(F

�

n

(x)� F

n

(x)) +

p

n(F

n

(x)� F

0

(x))℄

2

dF

0

(x)

=

Z

[U

n

(F

n

(x)) +

p

n(F

n

� F

0

)℄

2

dF

0

(x)

!

d

Z

[U(F

0

(x)) + g(x)℄

2

dF

0

(x)

=

Z

1

0

[U(t) + g(F

�1

0

(t))℄

2

dt :

4. Suppose that X

1

; : : : ; X

n

are i.i.d. with the Weibull distribution F

�

given by

1� F

�

(x) = exp(�(x=�)

�

); x � 0

where � = (�; �) 2 (0;1)� (0;1).

(a) Find the inverse (or quantile fun
tion) F

�1

�

(u) 
orresponding to F

�

in terms of

�, �, and u 2 (0; 1), and show that

logF

�1

�

(u) = log� +

1

�

log log

�

1

1� u

�

:

(b) Fix t 2 (0; 1=2). Use the t�th and (1 � t)�th quantiles of the X

i

's, namely

F

�1

n

(t) and F

�1

n

(1� t), to obtain simple 
onsistent estimators �̂

n

and

^

�

n

of � and �.

Prove that your estimators are 
onsistent.

(
) Prove that your estimators �̂

n

and

^

�

n

satisfy

p

n

�

�̂

n

� �

^

�

n

� �

�

!

d

N

2

(0;�)

5



and identify � as a fun
tion of �, �, and t.

(d) How would you 
hoose t to minimize the asymptoti
 varian
e of

^

�

n

?

Solution: (a) Sin
e 1 � F

�

(x) = exp(�(x=�)

�

), it follows we 
an solve F

�

(x) = u

for x = F

�1

�

(u). This yields

F

�1

�

(u) = �(� log(1� u))

1=�

;

or

logF

�1

�

(u) = log� +

1

�

log log

�

1

1� u

�

: (0.3)

(b) Sin
e we 
an estimate F

�1

�

(t) and F

�1

�

(1�t) respe
tively by F

�1

n

(t) and F

�1

n

(1�t)

respe
tively, the relationship in (0.3) suggests that we estimate � and � as the

solutions �̂ and

^

� of the pair of equations

log F

�1

n

(t) = log �̂ +

1

^

�

log log 1=(1� t) ; (0.4)

log F

�1

n

(1� t) = log �̂ +

1

^

�

log log 1=t : (0.5)

Letting A

t

� log log 1=(1� t), and B

t

� log log 1=t, we �nd that

1=

^

� =

1

B

t

� A

t

(log F

�1

n

(1� t)� log F

�1

n

(t))

� a

t

log F

�1

n

(1� t) + b

t

log F

�1

n

(t)

and

log �̂ =

�A

t

B

t

� A

t

log F

�1

n

(1� t) +

B

t

B

t

� A

t

log F

�1

n

(t))

� 


t

log F

�1

n

(t) + d

t

log F

�1

n

(1� t)

where

a

t

�

1

B

t

� A

t

; b

t

= �a

t

; 


t

� �A

t

a

t

d

t

� B

t

a

t

:

Sin
e (F

�1

n

(t); F

�1

n

(1 � t)) !

a:s:

(F

�1

�

(t); F

�1

�

(1 � t)), It follows easily by the


ontinuous mapping theorem that

1

^

�

!

a:s:

a

t

logF

�1

�

(1� t) + b

t

logF

�1

�

(t) =

1

�

;

and

log �̂!

a:s:




t

logF

�1

�

(1� t) + d

t

logF

�1

�

(t) = log� ;

and hen
e by the 
ontinuous mapping theorem, (�̂;

^

�)!

a:s:

(�; �).

(
) First, we know that

p

n

�

F

�1

n

(1� t)� F

�1

(1� t)

F

�1

n

(t)� F

�1

(t)

�

!

d

Z � N

2

(0;�)

6



where

� =

 

t(1�t)

f

2

(F

�1

(1�t))

t

2

f(F

�1

(t))f(F

�1

(1�t))

t

2

f(F

�1

(t))f(F

�1

(1�t))

t(1�t)

f

2

(F

�1

(t))

!

:

This implies that

p

n

�

log F

�1

n

(1� t)� logF

�1

(1� t)

log F

�1

n

(t)� logF

�1

(t)

�

!

d

DZ � N

2

(0; D�D

T

)

where

D =

�

1=F

�1

(1� t) 0

0 1=F

�1

(t)

�

:

Hen
e it follows that

p

n

�

1=

^

� � 1=�

log �̂� log�

�

= M

p

n

�

log F

�1

n

(1� t)� logF

�1

(1� t)

log F

�1

n

(t)� logF

�1

(t)

�

!

d

MDZ � N

2

(0;MD�D

T

M

T

) :

where

M =

�

a

t

b

t




t

d

t

�

= a

t

�

1 �1

�A

t

B

t

�

:

Finally, with g(x; y) = (g

1

(x); g

2

(y)), g

1

(x) = 1=x, g

2

(y) = exp y, we �nd, by the

delta-method, that

p

n

�

^

� � �

�̂� �

�

!

d

rgMDZ � N

2

(0;rgMD�D

T

M

T

rg

T

)

where

rg =

�

�

2

0

0 �

�

:

We begin 
ombining all this by noting that D�D

T

involves the fun
tion

F

�1

(u)f(F

�1

(u)) = �

�

log

�

1

1� u

��

1=�

�

�

�

log

�

1

1� u

��

(��1)=�

(1� u)

= �(1� u) log

�

1

1� u

�

at the points u = t and u = 1� t. Computing D�D

T

yields

D�D

T

= �

�2

 

1�t

t(log(1=t))

2

t

(1�t) log(1=t) log(1=(1�t))

t

(1�t) log(1=t) log(1=(1�t))

t

(1�t)(log(1=(1�t)))

2

!

� �

�2

�

s

11

(t) s

12

(t)

s

12

(t) s

22

(t)

�

:

7



Sin
e the matrix M just depends on t, we �nd that the matrix

MD�D

T

M

T

= �

�2

a

2

t

�

r

11

(t) r

12

(t)

r

12

(t) r

22

(t)

�

;

where

r

11

(t) = s

11

(t)� 2s

12

(t) + s

22

(t)

r

12

(t) = B

t

(s

12

(t)� s

22

(t))� A

t

(s

11

(t)� s

12

(t))

r

22

(t) = A

2

t

s

11

(t)� 2A

t

B

t

s

12

(t) +B

2

t

s

22

(t) :

Thus we 
on
lude that the asymptoti
 
ovarian
e matrix of (

^

�; �̂) is given by

rgMD�D

T

M

T

rg

T

= a

2

t

�

�

2

r

11

(t) �r

12

(t)

�r

12

(t) (�=�)

2

r

22

(t)

�

:

(d) The asymptoti
 varian
e of

^

� is

�

2

a

2

t

r

11

(t) = �

2

(s

11

(t)� 2s

12

(t) + s

22

(t)) a

2

t

:

This is minimized by t = t

0

� :10725, and the minimum value is �

2

(1:13264) >

�

2

(6=�

2

) see Figures 1 and 2 below. This ad-ho
 estimator

^

� based on quantiles is

ineÆ
ient; its asymptoti
 varian
e (for any value of t, in
ludinjg the minimizing t

0

)

is larger than the best possible asymptoti
 varian
e, whi
h is �

2

(6=�

2

) as we will

see in Chapter 3.)

The asymptoti
 varian
e of �̂ is

(�=�)

2

a

2

t

r

22

(t) = (�=�)

2

�

A

2

t

s

11

(t)� 2A

t

B

t

s

12

(t) +B

2

t

s

22

(t)

�

:

This is minimized by t = t

0

� :2295, and the minimum value is (�=�)

2

(1:423) >

(�=�)

2

(1:11) see Figures 3 and 4 below. This ad-ho
 estimator

^

� based on

quantiles is also ineÆ
ient; its asymptoti
 varian
e (for any value of t, in
luding

the minimizing t

0

) is larger than the best possible asymptoti
 varian
e, whi
h is

about (�=�)

2

(1:11) as we will see in Chapter 3.

8



Plots for Problem 4, part (d)

0.1 0.2 0.3 0.4 0.5

5

10

15

20

Figure 1: Varian
e of

^

�, 0 � t < :5.

0.1071 0.1072 0.1073 0.1074

1.13264

1.13264

1.13264

1.13264

1.13264

Figure 2: Varian
e of

^

�, :1070 � t < :1074.
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Figure 3: Varian
e of �̂, 0 � t < :5.

0.226 0.228 0.232 0.234

1.4227

1.4228

1.4229

1.4231

Figure 4: Varian
e of �̂, :26 � t < :32.
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