Statistics 581

Solutions, Problem Set 5
Wellner; 11/3/00

1. Suppose that V; = a+ 0'(z; — %) + €, i = 1,...,n, where ¢; ~ (0,0?) are i.i.d. and
the x;’s are known vectors in R¥. Equivalently, Y = X B+ € where

1 1 1
T _
X _<x1—f [ a:n—f>

so that X is an n x (k + 1) matrix. Let é be the least squares estimator of 8 =

(, 0'); ice. B=(XTX)"'XTY. Suppose that n~' (X" X) — D where D is positive
definite.
(a) What additional condition(s) do you need to impose to prove that

Vi(By = B) =4 Nix1(0, “something”) ?
(b) Find “something” in part (a).

Solution: (a) Let a € IRF*'. Now

~

g = (XTX)'XTy
= (XTX)'XT(XB+e€)
B4+ (XTX)'XTe,

S0
V(B =) = vn(XTX)"'XTe = B,e
where B, = /n(XTX) 'XT is a (k+ 1) x n matrix. Thus

a'(Vn(B—pB)) = a'Bpe=ble
= Z bni€; = Z Xni
i=1 i=1
where bl = o’ B,, is an 1 x n vector. Now we compute
i = E(Xpi) = by - 0, o, = Var(X,) = b2.0%,

and hence, using the hypothesized convergence of n™' X7 X — D in the last line,

o2 = o Zbiz = o*bl b,
i=1
= o0%a"B,Bla =no’" (X"X)THXTX)(XTX)a
= %" (n ' XTX) e = 0%a" D la=V?(a) >0



since D is nonsingular. To establish asymptotic normality of a” (v/n (8 — 8))/on, it
remains to verify the Lindeberg condition: namely

1 n
o Y E{IXnil x50} = 0 (0.1)

™ i=1
for every 6 > 0. But, as we have seen before, this holds if

max |bril — 0 as n— 0o : (0.2)

the left side of (0.1) is bounded as follows:

1 n
— > 0B {5500 /i)
Tn =1

E {61 €l‘>50'n/maxl<z<n ‘bnzH}

S 3
1
— ?0_0

by (0.2), E(e?) < oo, and the dominated convergence theorem. Thus it follows from
the Lindeberg-Feller CLT that

a" (vVn(B = B))/on —a N(0,1),

and since 02 — o%a” D 'a, this implies that

a"(V(B = 8)) =4 N(0,a" (6D )a),

which in turn, via the Cramér-Wold device, implies
V(B = B) =4 Niyi(0,6°D71).

. Suppose that Xi,..., X, are i.i.d. Cauchy(0,1); so the density of each X; with
respect to Lebesgue measure on R is f(z) =7 (1 +2?)"', z € R.

(a) Compute the distribution function F' of the X;’s.

(b) Compute and plot the inverse distribution function F~! corresponding to F'.
(c) For what values of r > 0 is E|X;|" < c0?

(d) Find the distribution function of M,, = max;<;<,X;.

(e) For what values of r is E|M,|" < co?

(f) Find a sequence of constants b, so that M,/b, —4 and find the limiting
distribution. [Hint: see Ferguson, ACLST, Theorem 14, page 95.]

Solution: (a) F(z) = (1/m) [* (1 +*)7'dt = (1/7r){arctan( )+ m/2}.

(b) Setting F(z) = u and solvmg for r = F7'(u) yields F~'(u) = tan(r(u —
1/2)). Note that F~(1/2) = tan(0) = 0; F~'(1) = tan(7/2) = oo, and F~1(0) =
tan(—m/2) = —oco.

(c) We compute
1 [ 1
E|X,| = —/ |z|" dx
T ) oo 14 22




1 r o0 r
/ v dx+/ Y dx
o 1+ 22 1 L+2?
1 r oo .7
T T
d —d
{/0 1422 “/1 7 x}
/1 7 dx + L <
—Aaxr o — oo

2 oo
E|X1|:—/ ° dr = o0,
)y 1422

VAN
Nl 3o 3o

if » < 1. Since

E|X1|" < oo if and only if r < 1.
(d) Since the X;’s are i.i.d. with distribution function F,

Fu,(x)=P(M, <z)=P(X; <z,...,X, <z)=F(x)".

n

(e) First, note that
1=Fiap () = P(|My| > z) = P(UL[|XG] > 2]) < ZP(|Xi| > x) = n(1=Fx, (7))

where Fx, () = P(|X | <z) = F(z) — F(—x). Hence
BIM,| = / PP (L = Fiag, (1)) dt
0
< / P (1 — Fix(t))dt
0
= TLE|X1|T < 00

if < 1 by part (d). But since E|M,|" > F|X;|" = oo if r > 1, we conclude that
E|M,|" < oo if and only if r < 1.

(f) Note that 1—F(z) = = [*°(1+¢*)"'dt ~ 1/(7x) in the sense that z(1—F(z)) —
1/m as & — oo. [This follows easily by writing the left side as (1 — F'(z))/(z~!) and
using L’Hopital’s rule.] Hence for b, — oo and = > 0

Faro o, (v) = P(M, < wby) = F(xby,)" by part d
and, with ¢, = xb,(1 — F(xb,)) — 1/,

Fuayp, () = F(aby)" = (1 — (1 — F(xby,)))"
= (1= [abn(1 = F(xbn))]/(2bn))"
(1 —c,/xb,)".

From this last expression it becomes clear that the choice b, = n yields,
Fu, b, (7) = exp(=1/mz) = G(x), for x > 0,

while for z <0
FMn/bn (.CL') — 0

3



since F(zb,) < 1/2 for x < 0. Note that G(0) = exp(—o0) = 0, G is monotone
increasing, and G(co) = exp(0) = 1. In fact, G is a member of the Weibull family
with shape parameter —1, and is one of the three different families that can arise
as limit distributions of maxima of independent rv’s; see e.g. Ferguson (1996), A
Course in Large Sample Theory, page 95.

. Suppose that X,..., X, are i.i.d. with continuous distribution function F. Let Fjy
be a fixed, specified distribution function. Suppose we want to test H : F = Fj
versus K : F # Fy. Consider the Cramér - von Mises statistic given by

2= / " () — Fo())2dFo(x).

o0

(a) Show that when the null hypothesis is true, F' = Fj, then

1
C2=i [ n(Eale) — v2r
0

where G, is the empirical d.f. of n i.i.d. Uniform(0, 1) rv’s.
(b) Show that when the null hypothesis is true,

1
C? =4 / U(t)?dt
0

where U is a standard Brownian bridge process.

[Hint: Use the fact that U, = U in (D[0,1],]| - ||c) and the continuous mapping
theorem.]

(c) Suppose that the null hypothesis fails. Thus F' # Fy. Show that in this case

N0 S, / T (F(x) = Fo(o)2dFy(x) > 0,

o0

and hence the test based on C? is consistent for all F' # Fy.
(d) Suppose that F' = F,, satisfies /n(F,(z) — Fy(x)) = g(z) in Ly(Fp); i.e.

/ Vi(Fu() — Fo(a)) — g(a)PdFy(x) = 0.

Describe the limiting distribution of C? under the local alternatives F, in terms of
a Brownian bridge process U and g.

Soluton: (a) Since F,, (z) =4 F (z) = G, (Fo(z)) when F' = Fj and Fj is continuous,
it follows that

2 = / n(F% (2) — Fo(x))2dFy(x)

= /n(Gn(F T —Fo(x))QdFO(x)

o(7))
_ /ln(Gn(t) 1)t

0



by using the change of variables ¢t = Fy(x) in the last line.

(b) Note that if {,} is a sequence of functions in D[O 1] satistying ||z, — #|| =
SUPg<i<t |Tn(t) — x(t)] — 0, then with g(x fo t)dt, g(x,) — g(x). It follows
from (a) and the continuous mapping theorem that, under the null hypothesis,

C? = /I[Un ()]* dt —4 /I[U(t)]th = (2.

The distribution of C? is the same as that of Y2, Z7/(7%j%) where Z; are i.i.d.
N(0,1), and tables of the d.f. are available; see e.g. Shorack and Wellner (1986),
page 147.

(c) When the null hypothesis fails (so F' # Fy),

ez = [ - R@PdA@
=4 / (G, (F(z)) — Fy(z)]*dFy(x)
—m&/ww—%wm%@zé

since |Gy, — I]|oc —ras. 0.
(d) If F = F, satisfies v/n(F,, — Fy) — g, then

//F (2)) + Vi Fo(x) — Fy(2))PdFy(x)
— /[[Un(Fn(x)) + Vn(F, — Fy)*dFy(x)
0 [0 @) + g dF@
= [ 100 + ot

. Suppose that Xi,..., X, are i.i.d. with the Weibull distribution F} given by
1 — Fy(z) = exp(—(z/a)?), >0

where § = (o, ) € (0,00) x (0, 00).
(a) Find the inverse (or quantile function) F, '(u) corresponding to Fy in terms of
a, 5, and u € (0,1), and show that

1 1
log F, M (u) = loga+Eloglog<1 ) :
(b) Fix ¢t € (0,1/2). Use the t—th and (1 — ¢)—th quantiles of the Xj’s, namely
F. () and F,! (1 —t), to obtain simple consistent estimators ¢, and 3, of a and £3.
Prove that your estimators are consistent.
(c) Prove that your estimators &, and [, satisfy



and identify ¥ as a function of «, 3, and t.
(d) How would you choose ¢ to minimize the asymptotic variance of 3,7

Solution: (a) Since 1 — Fy(z) = exp(—(z/a)P), it follows we can solve Fy(z) = u
for z = F; ' (u). This yields

Fy ' (u) = a(—log(1 —u)'/”,

or

1 1
log F; ' (u) = loga+gloglog<1_ > : (0.3)

(b) Since we can estimate Fj, '(t) and F, ' (1—t) respectively by F,! (¢) and F; ' (1—t)
respectively, the relationship in (0.3) suggests that we estimate o and [ as the
solutions & and S of the pair of equations

1
logF, ' (t) = log& + E loglog1/(1 —1), (0.4)
1
logF,* (1 —1) :logd—l—gloglogl/t. (0.5)

Letting A; = loglog1/(1 —t), and B, = loglog1/t, we find that

A 1
15 = 5 (losE" (1 1)~ logE, " (1)
= a;logF, (1 —t) + b logF, (1)
and
loga = —As logF-' (1 —t) + logF ! (1))
8¢ = B -4, ® B, — A &
= clogF, ' (t) +dylogF, ' (1 —t)
where
1
ay = 414, bt = —dag, Cy = —Atat dt Btat
— A

Since (F;'(t),F;' (1 — t)) —as (F, '(t),F, (1 — t)), Tt follows easily by the
continuous mapping theorem that

1 1
E —a.s. U log Fg_l(l —t) + by log Fe_l(t) = B,

and
log & —,.5. ¢;log Fa’l(l —t) +d;log Fe’l(t) =loga,

and hence by the continuous mapping theorem, (&, B) —as (@, B).
(c) First, we know that

R0 - P01
(e T ry ) ez wo

n

6



where

t(1—t) t2
F (1= = =
Y = ( f2(F 1t2(1 t) f(F (t%z{(_l*;) (1-1)) ) )
fFEEH@)F(F1(1=t)) A1)
This implies that

logF,'(1 —t) —log F (1 —1t) .
vn ( logF,* (t) — log F (1) —a DZ ~ Ny(0,DXD")

where

o= (M i)

Hence it follows that

ﬁ< 1/8-1/8 >

log @ — log o

log ', (1 — 1) — log F"(1 — 1)
= M\/ﬁ( & log]Fnl(t)—logFl(t) )

—4 MDZ ~ Ny(0, MDXD"M™).

. ay bt . 1 -1
=)= (on )

Finally, with g(z,y) = (91(2), 92(y)), 91(x) = 1/z, g2(y) = expy, we find, by the
delta-method, that

68
v ( a—«
—4 VgMDZ ~ Ny(0,VgMDEDT MTv¢T)
_(p0
Vg = ( R
We begin combining all this by noting that DX DT involves the function
) ) 1 1/8 3 1 (6-1)/8
F~ F~ = 1 — |1 — 1—
Wi w) = a(os(115)) 2(os())  a-w
1
= B(1—u)log (m)

at the points u = t and u = 1 — ¢t. Computing DXD7 yields

where

where

1=t t
DT — B2< t(log(tl/t))2 (lft)10g(1/t%10g(l/(1*t)) )
(1—t) log(1/t) log(1/(1-1)) (1=t)(log(1/(1-1)))?

= (0 0.



Since the matrix M just depends on ¢, we find that the matrix

TasT _ =2 2 7’11(t) 7"12(t)
MDYXD"M" =7 at<r12(t) 7“22(t)>’

where

Tll(t) = Sll(t) — 2812(t) + 822(t)
ri2(t) = Bi(si2(t) — s22(t)) — Au(s11(t) — s12(1))
ng(t) = A?Sll(t) - 2AtBt812 (t) + Bt2822 (t) .

Thus we conclude that the asymptotic covariance matrix of (8, @) is given by

TarT—, T _ 2 527'11(75) 047'12(75)
VeMDRDMVg —“t< aris(t)  (a/B)Pra(t) ) |

(d) The asymptotic variance of / is
52G§T11(t) = 52 (Sll(t) — 2812(t) + SQQ(t)) af .

This is minimized by ¢t = t, ~ .10725, and the minimum value is 3%(1.13264) >
3%(6/72) see Figures 1 and 2 below. This ad-hoc estimator 3 based on quantiles is
inefficient; its asymptotic variance (for any value of ¢, includinjg the minimizing ¢,)
is larger than the best possible asymptotic variance, which is 3%(6/7%) as we will
see in Chapter 3.)

The asymptotic variance of & is
(0[/5)2CL?T22(t) = (01/6)2 (A?Sll(t) — 2AtBt812(t) + B?SQQ(t)) .

This is minimized by ¢ = #; ~ .2295, and the minimum value is («/3)?*(1.423) >
(a/B)%(1.11) see Figures 3 and 4 below. This ad-hoc estimator 3 based on
quantiles is also inefficient; its asymptotic variance (for any value of ¢, including
the minimizing t,) is larger than the best possible asymptotic variance, which is

about (a/3)%(1.11) as we will see in Chapter 3.



Plots for Problem 4, part (d)
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Figure 1: Variance of B,0<t<.5.
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Figure 2: Variance of B, 1070 <t < .1074.
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Figure 3: Variance of &, 0 <1t < .5.
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Figure 4: Variance of &, .26 <t < .32.
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