Statistics 581, Solutions, Problem Set 4
Wellner; 10/27/00

. Suppose that N,, ~ Multy(n,p ) where p = po + n~Y2¢c. Thus N, = S0 M,
where M. M, arei.id. Multk(l,gn).

nly -

Show that with p = N, /n we have

V@, —p, ) —a Ne(0,%)

where ¥ = diag(p,) — p,p, -
Hint: Use the Cramér-Wold device and the Liapunov CLT.

Solution: Fix a € R*. Then we want to show that
a"Vn(p, —p ) —a N(0,a" (diag(p,) — p,p; )a) -

But since N,, = 37, V,,; where V,,; ~ Mult,(1,p ) are i.i.d. for each n, we can
write

V@, —p) = DD aj(Vaij—pa)/Vn

n n
=1 j=1
n
=1

where the X,,;’s have p,; = F(X,;) =0,

o2 =Var(X,) = QT(diag(]_)n) — Qngf)g/n

and
k k ;
Yoi = E|Xul=n"Y" { ‘aj'(l —pup)+ D, 450 = pay) }pnj’ ,
=1 5 j=1

so that

n

op = on=d (diag(p ) —p p')a — a" Xa

1

while




where

M(a,p,) = Z{ ai(1=poy)+ D a;(0—pyy) 3}7903"-

J'=1 J=L3#5'
Hence it follows that *yn/af’/Z — 0, and

QT\/E(@n o Qn) o Z?:l XT”

On On

—d N(O,l) .

This implies
a" V@, —p )= N0, d Ta),
and by Cramér - Wold, this implies

Vi@, —p,) = Ne(0,%).

. Suppose that NV,, ~ Multy(n,p), and let p = N,,/n as before. Consider the square
of the Hellinger distance,

k
*(®,.p,) = Y (VD — VDoj)
Jj=1

(a) Show that if the null hypothesis p = p_ holds, then 4nH?*( ,p ) —a Xi_;-
(b) Show that if p # p, holds, then 4H2(p D)) someth1ng”> 0, and find

“something”.
(c) Show that if p = p +n'/?c holds, with 1'c = 0, then 4nH>(p ,p,) —a X7 1 (0)

where § = 3% ¢ /pi.

Solution: (a ) Let Z, = v/n(p, —p,)- Then Z, =4 Z ~ Ni(0,%) with ¥ =
diag(p,) — opo Thus, by the delta - method,

2\ /b, = /B,
4 diag(1/\/B)Z =Y ~ Nu(0,T— /5y Joh)

Hence, by the continuous mapping theorem,
AnH*(p ,p,) =YY, =YY

It remains to answer the question: what is the distribution of YZTY? This goes
just exactly as in the case of the limit for the chi-square statistic ?,,. Let I" be an

orthogonal matrix with first row ;z_)OT . Then

0 0
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which has first coordinate 0, and the remaining & — 1 coordinates are i.i.d. N(0,1).
Further, I'"T = I and hence

Y'Y =Y'TITY = TY)'(TY) ~ x2_,.
Thus with H2 = H*(p ,p,),

AnH? =, Y'Y ~ X3 .

(b) Under fixed p # P> Pn —ra.s. p- Hence by the continuous mapping theorem

k 2
am = 43 {Vb - v}
j=1

k
“as. 4Y (VP — VB)
=1
= 4I]-IQ(p,p0) > 0.
Therefore, under p # py, Hﬁ —a.5. 00, and hence
By(4nH; > xj_1,) — 1.

(c) Under local alternatives, Liapunov’s CLT, the Cramér - Wold device, and the
delta method, yield

Y. = 2Val(/p, - /B) +2v(\/B, = /By)
—d X+diag(1/@)g
= Y+upu

~ Nl I = oo/ ).

Now with I" as in part (a)
Y +p)=TY +Tp=TY +b

where the first coordinate of b is 0. Thus I'Y + b has first coordinate 0, and the
remaining k — 1 coordinates are independent N(b;,1). Hence

Y+p)"Y+p = TY+0)"TY +b)

~ Xio(07h) = X%—1(Z e /pio)

j=1

Thus the local asymptotic power of the test based on the Hellinger statistics 4nH?
is the same as that of the chi-square statistic Q.

. Lehmann & Casella (1998), problem 5.22, page 406, define a noncentral chi-square
distribution as follows: Y ~ x2(X) if (Y|K = k) ~ x3,, and K ~ Poisson()). If
X ~ N,(p, I), what is the distribution of X’X = |X|?:
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(a) In the notation I have used in class?

(b) In Lehmann’s notation?

c) Is there any contradiction or false statement in Lehmann & Casella’s problem
5.227 (Note the Poisson(\/2) in problem 5.23!).

Solution: (a) In the notation I have used in class, the distribution of | X |? is x2(4)
with § = /s = |u|*>. The parameter of the Poisson distribution involved in the
conditional description of x2(d) is /2 = |u|?/2.

(b) In the notation of Lehmann & Casella, problem 5.23, page 406, the distribution
of | X %is x2(|u|?/2). Then the parameter of the Poisson distribution is again |u|?/2.
(¢) The claimed identities do not hold with A = |f]%. See the paper by Bock (1975)
referenced on page 407 [Ann. Statist. 3, 209-218], and, in particular, Theorem A,
page 216, with h(y) = 1/y, in which the parameter of the Poisson distribution is
clearly A = |6]%/2.

. Suppose that Xy, X,,... are i.id. (p,0%) with gy < oo. Let X,, = n™' 37| X;
and S2 = (n —1)"'>" (X; — X,)? be the sample mean and sample variance

respectively.
(a) Show that

where

(o w0t)

py py—ot )’

(b) Suppose p1 # 0. Use (a) to find the limiting distribution of the sample coefficient
of variation C,, = S,,/X,; i.e. show that /n(C, —¢) —4 N(0,V?) with ¢ = o/pu

and find V2.
Solution: (a) Since S2 =n"'>" (X; — u)? + 0,(1/4/n), we have

\/ﬁ(Xn_/L> — L ( Xi_/l’ >_|_01
STZL_O.Z \/ﬁ; (Xi_ﬂ)2_a2 P()

—a L~ NQ(Oa E)
by the multivariate CLT where X is as given above.
(b) The function g(u,v) = /v/u is differentiable at points (u,v) with u # 0,
and the derivative is Vg(u,v) = (—u=2/v, (1/2)v"?u"") so that Vg(u,o0?) =
(—p 20, (1/2)c'u™) = (o/u)(=1/p, (1/20%)). Hence it follows from the delta
method (¢’ theorem) that

V(Cp—c) = Vn(g(Xy,S2) — g(p,07))
—q Vg-Z~ N(0,Vg'EVyg)

and it is easy to calculate that

2 1
Vg'vVg = 02{0—— s +—(1+ﬁ)}

u? 2uo? 2 2
1
= A ey + 5(1 + %))



where vy = puz/03. Note that when the X;’s are normal (so 7; = v, = 0), this
reduces to ¢?(c? +1/2).



