Statistics 582, Problem Set 2 Solutions
Wellner; 10/13/00

1. Ferguson, ACILST, #2, page 6:
(a) Suppose that X, ~ Uniform{1/n,2/n,...,n/n} Show that X, —; X ~
Uniform(0,1). Does X,, —, X?
(b) Suppose that Y;, = >}, (k/n)1jk_1/nx/m)(U) where U ~ Uniform[0,1]. Show
that Y, ~Uniform{1/n,2/n,...,n/n}, and Y, —, U.
Solution: (a) For 0 <z <1,

1 o 1 &
=1 =1

here [z] = greatest integer less than or equal to . Thus X,, - X ~ Uniform(0, 1).
X, does not necessarily converge in probability to X because all the different random
variables involved could be defined on different probability spaces.

(b) Now P(Y, = k/n) = P(U € [(k—1)/n,k/n)) = 1/n for k = 1,...,n, so
Y, ~ Uniform{1/n,...,n/n}. Furthermore,

n(l/n—e), if 0<e<1/n

P(|Y"_U|2€):{o if €>1/n

and this clearly converges to 0 as n — oo.

2. Ferguson, ACILST, #6, page 7. (This is known as the Polya-Cantelli lemma; see
Chapter 2, Proposition 2.11, page 10.)
Solution: See Ferguson, ACILST, page 173.)

3. Suppose that U ~ Uniform(0,1), o > 0, and

Xy = (n/log(n + 1))1j0,1/n)(U) -

(a) Show that X,, =, 0 and E(X,) — E(0) = 0.

(b) Can you find a random variable Y with |X,,| <Y for all n with E(Y) < oo for
any a?
(c) For what values of & does the uniform integrability condition

lim SupE{|Xn|1[|Xn‘2M]} —0 as M — oo

n—o0

hold?
Solution: (a) X,, —,s 0 since X, (w) = 0 for 1/n* < U(w), or equivalently
n > (1/U(w))"* and since P(0 < U < 1) = 1. Moreover,

n® 1 1

E(Xn):mﬁ:m%():m)).
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(b) Now the smallest possible random variable Y satisfying |X,,| <Y for all n is Y
defined by
ka

41 o o U .
Tog(h 1 1) L0/0+ D1k 1(U)
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But we compute

- Yt (7))
- ilog(lirl) () )
> I:: vt (1)

since (1 —2)* < 1 — ax/2 for x < z(a). Thus there is no integrable dominating
function Y for any value of a.
(c) On the other hand the uniform integrability condition does hold for any o > 0:

E{|Xu| x>} = E {ﬁl[o,una]([])l{(na/IOg(” +1)) > M,U < 1/na}}

- ﬁE {1j0,1/n=1(U) } 1{(n*/log(n + 1)) > M}
- ml{(na/IOg(nwL 1)) > M}

— 0-1=0
as n — oo for every a > 0.

. Suppose that X ~ Uniform(0,1) and ¥ = 3X.

(a) Find the joint distribution function F(z,y) = Fxy(z,y) of (X,Y).

(b) Is F a continuous function?

(c) TIs the probability measure P corresponding to F' absolutely continuous with

respect to Lebesgue measure p on R??
Solution: (a) Now for 0 <2 <1,0<y <3,

F(z,y) = P(X<z,Y <y)
P(X <z,3X <y)
P(X <z,X <y/3)
P(X <z Ay/3)
= zAy/3.
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(b) Yes. F'is a continuous function of (z,y): if (z,,yn) — (z,y), then F(z,,y,) —
(z, y).

) No. P is not absolutely continuous w.r.t. u, Lebesgue measure on R?. The set
z,3x) : 0 <z <1} = A has P(A) = 1, but, noting that A is a line segment in

. (a) Lehmann and Casella, #3.5, page 64.

(b) Lehmann and Casella, #3.6, page 64.

(c) Lehmann and Casella, #3.7, page 64.
Solution: Recall (Lehmann and Casella, page 16) that = € S = supp(P) C R if
P(A) > 0 for all open rectangles A containing x. Equivalently, z € S if P(B) > 0
for all open balls B containing z.
(a) (i) Suppose that S is not closed. Then there exists a sequence {z,} C S such
that xz, — zp € S°. But then, for every ¢ > 0 there is an open ball B(xy,¢) such
that x, € B(xg,€) for n > N,. Since each x, is a support point, P(B(zg,€)) > 0 for
each € > 0. But for any open set A with zo € A, B(xg,€) C A for some ¢ > 0, and
hence P(A) > P(B(xo,€) > 0. But this implies zy € S. Contradiction. Thus S is
closed.
(ii) P(S) = 1. From (i) S is closed, so S¢ is open. Since z € S if and only if
x € A, with A, an open rectangle satisfying P(A) = 0. Thus S¢ C U,A,. By
the Lindelof theorem, for any such open covering {A;},cse of S¢ C R4, there is a
countable subcollection {A,, } which covers S¢: S¢ C U,A,,. Then we have

P(5%) < P(UpA,,) ZP => 0=0.

F
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Hence P(S) = 1.

(iii)) We want to show that S = N{C : C closed, P(C') = 1}. From (i) and (ii) we
know that S is in the collection of sets on the right side, so it follows that S D N{C" :
C closed, P(C') = 1}. Thus it remains to show that S C N{C : C closed, P(C) = 1}.
Equivalently, it remains to show that S¢ D> U{C* : C° open, P(C¢) = 0}. But if
x € U{C®: C° open, P(C*¢) = 0}, then z € C° for some C° open with P(C*) = 0,
and hence also x € A C C° for some open rectangle A (an open ball centered at x
for the metric ||y|| = max;<;<q|z;|) with P(A) < P(C°) = 0. Hence z € S°.

(b) Suppose that P and @ are equivalent: i.e. @ << P and P << (. Then for
any open set A, P(A) =0 if and only if Q(A) = 0. This implies that for any closed
set, A,

P(A%) =1 if and only if  Q(A°) =1.

This implies that the minimal closed set Sp with P(Sp) = 1 is also the minimal
closed set Sp with Q(Sg) = 1; i.e. Sp = supp(P) = supp(Q) = Sg.

(¢) Since P(X = 1/n) = p, > 0 for n = 1,2,... with > {°p, = 1, it follows
that supp(P) = {0,...,1/n,...,1/2,1}, which is closed. Similarly, Since Q(X =
1/n) = ¢, > 0 for n = 1,2,... with >1%¢, = 1/2, and Q(X = 0) = 1/2, it
follows that supp(Q) = {0,...,1/n,...,1/2,1} = supp(P). But P({0}) = 0 while
Q{0}) =1/2, 80 Q@ << P fails. Thus @ and P are not equivalent.

. Suppose that X ~ F on R =[0,00),Y ~ G on R*, and X and Y are independent
random variables. Let Z = min{X,Y} = X AY and A = 1{X < Y}. (This is



right-censored data: if we view X as a survival time, and Y as a censoring time,
then Z = X when X <Y, but Z=Y when X >Y.)

(a) Find the joint distribution of (7, A).

(b) If X ~ Exponential(A\) and Y ~ Exponential(y), show that Z and A are
independent.

[Hint: for (a), compute P(Z < z,A =1) and P(Z < z,A =0).]

Solution: (a) Since Z =min{X,Y} =X AY and A = 1{X <Y}, it follows that

Ho(:) = P(X<2X<Y)= / (1= Go—))dF(z),
[0,2]
and
H2) = P(Y <2X > V) = /[ (1= F)iG).

These two sub-distribution functions completely determine the joint distribution
function H of (Z,4) since

0, if <0,
P(Z <z, A<§)=< H.z), if 0<d<1,
H.(z) + Hye(2), if 1<§<o0.

Note that
1— Hy(2) — Hpe=P(Z > 2)= (1 - F(2))(1 - G(2)),

so the marginal d.f. of Z is
H(z,1) = He(2) + Hye(2) =1 — (1 = F(2))(1 — G(2)).

(b) When 1 — F(z) = exp(—Az) and 1 — G(z) = exp(—puz), then
1—H(z,1) = (1= F(2))(1 - G(2)) = exp(=(A + p)z),

while \
(3 =1)= PX < V) = Hloo) = 10

so Z ~ Exponential(A + ), A ~ Bernoulli(A\/(A + p)). Furthermore,

H,.(z) = / e M\ dy = ﬁ (1 —exp(—(A+p)z))
0

H.(z) = / e M \e M dy = ﬁﬂu (1 —exp(—(A+p)z)) ,
0

so that Z and A are independent in this case.



