
Statisti
s 581, Problem Set 10 Solutions

Wellner; 12/6/2000

1. Ferguson, ACLST, page 149, problem 2 modi�ed as follows:

(a) Find the LR test statisti
 of the null hypothesis H

0

: � = 
� for any �xed

number 
 > 0, and �nd the asymptoti
 distribution of the LR statisti
 under H

0

.

(b) Does the theory of our 
hapter 4 (or Ferguson's 
hapter 22) apply dire
tly?

(
) Does the lo
al asymptoti
 power of your test depend on 
?

Solution: (b) First, allow me to slightly re-name the parameters: I will assume

that X

1

; : : : ; X

n

are i.i.d. exp(�) and Y

1

; : : : ; Y

n

are i.i.d. exp(�), so that � = (�; �).

Furthermore, we 
an re
ast the problem into the 
ontext of 
hapter 4 by 
onsidering

the pairs of observations (X

i

; Y

i

), i = 1; : : : ; n as i.i.d. with density

p

�

(x; y) = p

(�;�)

(x; y) = �e

��x

1

(0;1)

(x)�e

��y

1

(0;1)

(y) :

Now we are testing H

0

: � = 
� versus H

1

: � 6= 
�. By a reparametrizaton, we 
an

put this exa
tly in the setting of Se
tion 4.2: if the original parameter is � = (�; �),

then the new parameters 
 = (


1

; 


2

) where 


1

� �, 


2

� � � 
�. Then the null

hypothesis H

0

be
omes H

0

: 


2

= 0; 


1

= anything.

(a) The MLE

b

� of � = (�; �) under H

1

is

b

� = (

b

�; b�) where

b

� = 1=X and b� = 1=Y .

The MLE

b

�

0

under H

0

is (

b

�

0

; 


b

�

0

) where

b

�

0

= 2=(X + 
Y ) :

Now

l

n

(�) = l

n

(�; �) =

n

X

i=1

flog�� �X

i

+ log�� �Y

i

g = n log�+n log��nX��nY � :

Thus the LR statisti
 for testing H

0

versus H

1

is given by

2(l

n

(

b

�)� l

n

(

b

�

0

)) = 2n

�

2 log

�

X + 
Y

2

�

� log(X)� log(
Y )

�

!

d

�

2

1

under H

0

.

(
) To 
ompute the lo
al asymptoti
 power of the LR test, we 
an reparametrize

the problem by 
 � (


1

; 


2

) where 


1

� �, 


2

� � � 
�. Then the null hypothesis

H

0

be
omes H

0

: 


2

= 0; 


1

= anything. Then the problem �ts in the 
ontext

of Theorem 4.2.7: under P




n

with 


n

= 


0

+ tn

�1=2

for 


0

= (


10

; 0) in the null

hypothesis, we have

2 log�

n

!

d

�

2

1

(Æ)

where the non-
entrality parameter Æ is given by t

2

2

I

22�1

(


0

), and it remains only

to 
ompute I

22�1

. By straightforward 
omputation the information matrix for 
 is

given by

I(
) =

 

1




2

1

+




2

(



1

+


2

)

2




(



1

+


2

)

2




(



1

+


2

)

2

1

(



1

+


2

)

2

!

:

1



Thus, under the null hypothesis H

0

: 


2

= 0 we �nd that

I

22�1

(


0

) = I

22

(


0

)� I

21

(


0

)I

�1

11

(


0

)I

12

(


0

) =

1=2




2




2

1

whi
h does depend on 
: the non
entrality power of the limiting distribution

de
reases as 


�2

as 
 in
reases.

2. Ferguson, ACLST, page 150, problem 3. Does the theory in our 
hapter 4 (or

Ferguson's 
hapter 22) apply dire
tly? For i = 1; : : : ; k, let X

i;1

; : : : ; X

i;n

be

independent samples from Poisson distributions, Poisson(�

i

) respe
tively. Find the

likelihood ratio test and its asymptoti
 distribution, for testing H

0

: �

1

= : : : = �

k

.

Solution: Let Y

j

� (X

1;j

; : : : ; X

k;j

) for j = 1; : : : ; n. These random ve
tors are

i.i.d. with 
ommon density

p

�

(y) = P

�

(Y = y) =

k

Y

i=1

e

��

i

�

y

i

i

y

i

!

:

Thus our theory from Chapter 4 will apply (there is some diÆ
ulty if the sample sizes

n

i

, i = 1; : : : ; k, di�er). The MLE of � = (�

1

; : : : ; �

k

) under the general hypothesis

is

b

� = (

b

�

1

; : : : ;

b

�

k

) where

b

�

i

=

1

n

n

X

j=1

X

i;j

� X

i�

:

The MLE of � = (�

1

; : : : ; �

1

) 2 H

0

is given by

b

�

0

= (

b

�

0

1

; : : : ;

b

�

0

1

) where

b

�

0

1

= X

�;�

�

(nk)

�1

P

n

j=1

P

k

i=1

X

i;j

. The log-likelihood ratio statisti
 is:

2fl

n

(

b

�)� l

n

(

b

�

0

)g = 2n

(

k

X

i=1

X

i�

logX

i�

� kX

��

logX

��

)

!

d

�

2

k�1

under H

0

.

3. Suppose that (Y jZ) � Poisson(�e


Z

), and Z � Bernoulli(�), and � = (�; 
; �). Let

X = (Y; Z), and suppose that we observe X

1

; : : : ; X

n

i.i.d. as X.

Consider testing the hypothesis H : 
 = 0 versus K : 
 6= 0. (Note that the null

hypothesis is not simple, but 
omposite; the values of � and � are not spe
i�ed by

the hypothesis H.)

(a) Propose three di�erent test statisti
s for testing H versus K, and brie
y dis
uss

how you would 
ompute them.

(b) Do our results in Chapter 4 apply to the (asymptoti
) distribution under H of

the test statisti
s you proposed in (a)?

(
) Consider lo
al alternatives of the form 


n

= tn

�1=2

for t 2 R �xed. Give an

expression for the lo
al asymptoti
 power of the tests you proposed in (a) for these

alternatives.

(d) Suppose that 


1

6= 0 is the \true" value of the parameter 
. Show that

the test statisti
s you proposed in (a), when appropriately normalized, 
onverge

in probability to positive 
onstants, and identify these 
onstants as expli
itly as

possible.

2



Solution: (a) The LR, Wald, and Rao statisti
s are given by

2 log�

n

= 2fl

n

(

b

�)� l

n

(

b

�

0

)g ;

W

n

= [n

1=2

(b
 � 0)℄

^

I

22�1

[n

1=2

(b
 � 0)℄ = nb


2

^

I

22�1

;

and

R

n

= [Z

n

(

b

�

0

)℄

T

^

I(

b

�

0

)[Z

n

(

b

�

0

)℄ ;

where

b

� = (

b

�; b
; b�) are the MLE's as dis
ussed in problem set #9, and

b

�

0

= (

b

�

0

; 0; b�

0

)

are the MLE's of � under H

0

.

(b) Yes { the results for a 
omposite hypothesis in se
tion 4.2 do apply; all three


onverge in distribution to �

2

1

under H

0

.

(
) Under lo
al alternatives of the form 


n

= tn

�1=2

the three statisti
s in (a)


onverge in distribution to �

2

1

(Æ) where Æ = t

2

I

22�1

where, as in the solution to

problem 1(d), Problem Set #8,

I

22�1

= �

�

EfZ

2

e


Z

g �

EfZe


Z

g

2

Efe


Z

g

�

= �Efe


Z

gV ar

G

(Z) ;

where V ar

G




indi
ates that the varian
e is 
omputed under G




, the 
�tilted

distribution 
orresponding to G:

G




(A) =

R

A

e


z

dG(z)

R

e


z

dG(z)

:

(d) When � = (�; 
; �) =2 �

0

, and A0-A4 hold at �, then

n

�1

W

n

= b


2

^

I

22�1

!

p




2

I

22�1

(�) :

Let �

0

�

2 �

0

satisfy inf

�

0

2�

0

K(P

�

; P

�

0

) = K(P

�

; P

�

0

�

). Then we 
an write

2n

�1

log�

n

= 2n

�1

fl

n

(

b

�

n

)� l

n

(

b

�

0

n

)g

= 2n

�1

n

fl

n

(

b

�

n

)� l

n

(�)g+ fl

n

(�)� l

n

(�

0

�

)g+ fl

n

(�

0

�

)� l

n

(

b

�

0

n

)g

o

� A

n

+B

n

+ C

n

:

Now under P

�

we have

nA

n

!

d

�

2

3

so that A

n

!

p

0; furthermore,

B

n

= 2n

�1

n

X

i=1

log

p

�

p

�

0

�

(X

i

)!

p

2K(P

�

; P

�

0

�

) = 2 inf

�

0

2�

0

K(P

�

; P

�

0

) :

Finally, we 
laim that C

n

!

p

0. Note that the s
ore equations for �

0

= (�

0

; 0; �

0

)

be
ome

0 =

1

b

�

0

n

X

i=1

(Y

i

�

b

�

0

)

0 = (b�

0

(1� b�

0

))

�1

n

X

i=1

(Z

i

� b�

0

) ;

3



and hen
e it follows that

b

�

0

= Y , b�

0

= Z. Under P

�

with � = (�; 
; �) =2 �

0

, we

have

b

�

0

= (

b

�

0

; 0; b�

0

)!

p

(E

�

(Y ); 0; E

�

(Z)) = (�E(e


Z

); 0; �) � �

0

�

2 �

0

:

We 
laim that this point �

0

�

is the point in �

0

satisfying inf

�

0

2�

0

K(P

�

; P

�

0

) =

K(P

�

; P

�

0

�

). To see this, note that from part (b) of problem 2, Problem set #9

we have, using 


0

= 0 for �

0

2 �

0

,

K(P

�

; P

�

0

) = E

�

�

�e


Z

log

�

�e


Z

�

0

e




0

Z

��

+ �(�

0

e




0

� �e




) + (1� �)(�

0

� �)

+ � log

�

�

0

+ (1� �) log

1� �

1� �

0

= E

�

�

�e


Z

log

�

�e


Z

�

0

��

+ �(�

0

� �e




) + (1� �)(�

0

� �)

+ � log

�

�

0

+ (1� �) log

1� �

1� �

0

:

To minimize this with respe
t to �

0

and �

0

we 
ompute

�

��

0

K(P

�

; P

�

0

) = E

�

�

�e


Z

�

�1

�

0

��

+ 1 = 0 ;

and

�

��

0

K(P

�

; P

�

0

) =

�

�

�

0

�

1� �

1� �

0

�

= 0 ;

and hen
e we �nd that �

0

�

= �E

�

(e


Z

) and �

�

0

= �. It is not hard to 
he
k that these

are indeed the minimizing values. Finally we 
omplete the argument by showing

that C

n

!

p

0:

C

n

= 2n

�1

fl

n

(�

0

�

)� l

n

(

b

�

0

n

)g

= 2n

�1

_

l

n;�

(�

0�

n

)(�

0

�

�

b

�

0

n

)

!

p

E

�

f

_

l

�

(�

0

�

)g � 0 = 0

sin
e

b

�

0

n

= argmax

�

0

2�

0

n

�1

l

n

(�

0

)!

p

argmax

�

0

2�

0

l(�

0

) = argmin

�

0

2�

0

K(P

�

; P

�

0

) = �

0

�

where

l(�

0

) � E

�

log p

�

0

(X

1

) = E

�

log p

�

(X

1

)�K(P

�

; P

�

0

) :

Hen
e we 
on
lude that

2n

�1

log�

n

!

p

2K(P

�

; P

�

0

�

) :

where �

0

�

2 �

0

satis�es inf

�

0

2�

0

K(P

�

; P

�

0

) = K(P

�

; P

�

0

�

).

Finally, we 
onsider R

n

: this is relatively easy based on our above proof that

b

�

0

n

!

p

�

0

�

:

n

�1

R

n

= n

�1=2

Z

n

(

b

�

0

n

)

T

I(

b

�

0

n

)

�1

n

�1=2

Z

n

(

b

�

0

n

)

!

p

E

�

f

_

l

�

(�

0

�

)g

T

I(�

0

�

)

�1

E

�

f

_

l

�

(�

0

�

)g

T

:

assuming that E

�

j

_

l

i

(�

0

�

)j <1, whi
h is easily 
he
ked in this 
ase.
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