
Statisti
s 581, Solutions, Problem Set 1

Wellner; 10/6/00

1. Let X and Y be i.i.d. Uniform(0; 1) random variables De�ne U =

X + Y , V = min(X; Y ) = X ^ Y .

(i) What is the range of (U; V )?

(ii) Find the joint density fun
tion f

U;V

(u; v) of the pair (U; V ). Are

U and V independent?

Solution: (i) The range of (X; Y ) is

A = f(x; y) : 0 � x � 1; 0 � y � 1g. The range of (U; V ) is

B = f(u; v) : 0 � u � 1; 0 � v � u=2g [ f(u; v) : 1 < u � 2; u� 1 � v � u=2g :
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Figure 1: Range of U,V .
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(ii) First solution - via Ja
obians: The transformation (X; Y )! (U; V )

is 2-1 and onto from A to B. On the set x < y, its inverse is given

by X = V , Y = U � V ; on the set x > y, its inverse is given by

X = U � V , Y = V . These mappings are 
ontinuously di�erentiable

on B

�

� B n f(u; v) : v = u=2g = B n a null set. On B

�

the Ja
obian

of the transformations are

det

�

0 1

1 �1

�

= �1 if x < y; det

�

1 �1

0 1

�

= 1 if x > y:

(1)

Thus by the usual transformation of densities formula, the joint density

of (U; V ) is obtained from f

X;Y

(x; y) = 1

[0;1℄

(x)1

[0;1℄

(y) as follows:

f

U;V

(u; v) = f

X;Y

(x(u; v); y(u; v))j det

�(x; y)

�(u; v)

j1

[x(u;v)<y(u;v)℄

+ f

X;Y

(x(u; v); y(u; v))j det

�(x; y)

�(u; v)

j1

[x(u;v)>y(u;v)℄

= (1

[0;1℄

(v)1

[0;1℄

(u� v) � 1 + 1

[0;1℄

(u� v)1

[0;1℄

(v) � 1)1

[v<u=2℄

= 2 � 1

B

(u; v) :

Thus the joint density of (U; V ) is uniform on B. The random variables

U and V are 
learly not independent sin
e the range of (U; V ) is not a

produ
t set in R

2

; moreover, the joint density of (U; V ) does not fa
tor

into the produ
t of its marginal densities. [The marginal densities are

given by

f

U

(u) =

Z

f

U;V

(u; v)dv =

(

R

u=2

0

2dv = u; u 2 [0; 1℄

R

u=2

u�1

dv = 2� u; u 2 (1; 2℄

and

f

V

(v) =

Z

f

U;V

(u; v)du =

Z

v+1

2v

du = (1� v)1

[0;1℄

(v):℄

Se
ond solution by dire
tion 
al
ulation of the joint distribution fun
-

tion: Note that we 
an write

P (U � u; V > v)

= P (X + Y � u;X ^ Y > v) = P (X + Y � u;X > v; Y > v)

=

8

<

:

1

2

(u� 2v)

2

if 0 < u < 1; 2v < u;

1

2

(u� 2v)

2

if 1 < u < 2; u� 1 < v < u=2;

f(1� v)

2

� (1=2)(2� u)

2

g if 1 < u < 2; v < u� 1

:
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Computing �(�

2

=�u�v)P (U � u; V > v) on ea
h of these pie
es sepa-

rately again yields f

U;V

(u; v) = 21

B

(u; v).

2. Prove part (ii) of Proposition 1.1: There exists a minimal �eld, ���eld,

and monotone 
lass generated by any 
lass of subsets of 
.

Solution: Let C be a 
lass of subsets of 
. By part (i) of Proposi-

tion 1.1, the interse
tion of any family of �elds, ���elds, or monotone


lasses, are again �elds, ���elds, or monotone 
lasses, respe
tively.

Consider the 
olle
tion fA

�

g, of all �elds 
ontaining C. This 
olle
-

tion is non-empty sin
e it 
ontains the �eld 2





ontaining all subsets

of 
. Thus by Proposition 1.1(i) \

�

A

�

is again a �eld. This is 
learly

the minimal �eld 
ontaining C sin
e \

�

A

�

� A

�

0

for ea
h parti
ular

�eld A

�

0


ontaining C. The proofs for ���elds and monotone 
lasses

is exa
tly the same.

3. (a) Suppose that fA

n

g is an in
reasing sequen
e of �elds, i.e. A

n

�

A

n+1

for all n � 1. Show that [

1

n=1

A

n

is a �eld. (b) Suppose that the

A

n

of (a) are �� �elds. Show by 
onstru
ting a 
ounterexample that

[

1

n=1

A

n

need not be a ���eld.

Solution: (a) Let A = [

1

n=1

A

n

.

(i) If A 2 A, then A 2 A

n

for some n, so A




2 A

n

(sin
e A

n

is a �eld),

whi
h implies A




2 A.

(ii) If A;B 2 A, then A 2 A

m

, B 2 A

n

for some m;n. Suppose

that m � n. Then A 2 A

n

sin
e A

m

� A

m+1

� : : : � A

n

. Hen
e

A [B 2 A

n

(sin
e A

n

is a �eld). Hen
e A [ B 2 [

1

n=1

A

n

= A.

By (i) and (ii) A is a �eld.

(b) LetA

1

= �(f;; [0; 1℄g),A

2

= �(A

1

[f[0; 1=2℄g),A

3

= �(A

2

[f[0; 1�

1=3℄g), : : :, A

n

= �(A

n�1

[f[0; 1�1=n℄g), : : :. Then ea
h A

n

is a �nite

���eld with ℄(A

n

) = 2

n

; 
learly A

n

� A

n+1

by 
onstru
tion. Consider

the sets A

n

= [0; 1�1=n℄ 2 A

n

for n � 2. Then A = [

1

n=2

A

n

= [0; 1) =2

[

1

n=1

A

n

. [If A = [0; 1) 2 [

1

n=1

A

n

, then A 2 A

n

0

for some n

0

, but this

fails. All the sets in [

1

n=1

A

n

are 
losed on the right.℄

4. Let � be a �nite measure on R, and let G(x) = �((�1; x℄). Show that

Z

[G(x+ 
)�G(x)℄dx = 
�(R) :

[Hint: use Fubini's theorem.℄

Solution: Note that G(x + 
)�G(x) =

R

1

(x;x+
℄

(y)d�(y), so that by
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using the Tonelli part of the Tonelli-Fubini theorem 3.??,

Z

[G(x+ 
)�G(x)℄dx =

Z

�

Z

1

(x;x+
℄

(y)d�(y)

�

dx

=

Z

�

Z

1

(x;x+
℄

(y)dx

�

d�(y)

=

Z

�

Z

1

[y�
;y)

(x)dx

�

d�(y)

=

Z


d�(y) = 
�(R) :

5. Let X = (0; 1), Y = (1;1), both equipped with the Borel sets and

Lebesgue measure. Let f(x; y) = e

�xy

� 2e

�2xy

. Show that:

(a)

R

1

0

(

R

1

1

f(x; y)dy)dx =

R

1

0

x

�1

(e

�x

� e

�2x

)dx exists and is > 0.

(b)

R

1

1

(

R

1

0

f(x; y)dx)dy =

R

1

1

y

�1

(e

�2y

� e

�y

)dy exists and is < 0.

(
) Why does Fubini's theorem fail here?

Solution: (a) The �rst inner integral is

Z

1

1

f(x; y)dy =

Z

1

1

fe

�xy

� 2e

�2xy

gdy

= (�x

�1

e

�xy

+ x

�1

e

�2xy

j

1

y=1

= x

�1

(e

�x

� e

�2x

) � g(x) :

Note that g(x) � 0 with stri
t inequality for x > 0 sin
e e

�x

� e

�2x

with equality only at x = 0, and g(x) � x

�1

(1�x=2� (1� 2x)) = 3=2,

sin
e e

�x

� 1�x=2 for 0 � x � 1 and e

�2x

� 1�2x. Thus

R

1

0

g(x)d > 0

and

Z

1

0

(

Z

1

1

f(x; y)dy)dx =

Z

1

0

x

�1

(e

�x

� e

�2x

)dx

�

Z

1

0

(3=2)dx = 3=2 <1 :

In fa
t, with Ei(z) � �

R

1

�z

t

�1

e

�t

dt,

Z

1

0

x

�1

(e

�x

� e

�2x

)dx
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=

Z

1

0

x

�1

(e

�x

� e

�2x

)dx�

Z

1

1

x

�1

(e

�x

� e

�2x

)dx

= log(2) + Ei(�1)� Ei(�2) = :522664:::

(via Mathemati
a).

(b) The se
ond inner integral is

Z

1

0

f(x; y)dx =

Z

1

0

fe

�xy

� 2e

�2xy

gdx = (�y

�1

e

�xy

+ y

�1

e

�2xy

j

1

x=0

= y

�1

(e

�2y

� e

�y

) � h(y) :

Note that h(y) < 0, 1 � y <1, with stri
t inequality sin
e e

�2y

< e

�y

.

Further, h(y) � e

�2y

. Thus

R

1

1

h(y)dy < 0 and

Z

1

1

(

Z

1

0

f(x; y)dx)dy =

Z

1

1

y

�1

(e

�2y

� e

�y

)dy

�

Z

1

1

�e

�y

dy = e

�y

j

1

1

= �e

�1

:

In fa
t

Z

1

1

y

�1

(e

�2y

� e

�y

)dy

= �Ei(�2) + Ei(�1) = �:170483 : : :

(via Mathemati
a).

(
) Sin
e the two iterated integrals di�er, it follows from the Fubini-

Tonelli theorem that

Z

1

0

Z

1

1

jf(x; y)jdydx =1 ;

if this integral (whi
h 
an be 
omputed by either of the iterated in-

tegrals) were �nite, then we would have f 2 L

1

(dx � dy), and by

the Fubini part of the Fubini-Tonelli theorem the two iterated integrals

would agree. It is instru
tive in this 
ase to 
ompute the above integral

expli
itly to see where the divergen
e happens. Note that

jf(x; y)j =

�

e

�xy

� 2e

�2xy

if xy � log 2

2e

�2xy

� e

�xy

if xy � log 2

:
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Figure 2: Three regions for integration of jf j.

Hen
e

Z

1

0

Z

1

1

jf(x; y)jdxdy =

Z Z

xy>log 2

(e

�xy

� 2e

�2xy

)dxdy

+

Z Z

xy<log 2

(2e

�2xy

� e

�xy

)dxdy

=

Z

log 2

0

 

Z

log 2=x

1

(2e

�2xy

� e

�xy

)dy

!

dx

+

Z

log 2

0

�

Z

1

log 2=x

(e

�xy

� 2e

�2xy

)dy

�

dx

+

Z

1

log 2

�

Z

1

1

(e

�xy

� 2e

�2xy

)dy

�

dx

=

Z

log 2

0

�

1

4x

+

1

x

(e

�2x

� e

�x

)

�

dx

+

Z

log 2

0

1

4x

dx
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+

Z

1

log 2

1

x

(e

�x

� e

�2x

) dx

= 1+1+ something �nite

= 1 :

6. Lehmann, TPE, problem 1.3, page 62.

Solution: (i) First solution { via the Cau
hy-S
hwarz inequality: First

re
all the Cau
hy-S
hwarz inequality in R

n

: if u; v 2 R

n

, then (u

0

v)

2

�

(u

0

u)(v

0

v) with equality i� u = 
v for some real number 
. Now extend

this as follows: if � is positive de�nite and x; y 2 R

n

, then

(x

0

y)

2

= (�

1=2

x)

0

(�

�1=2

y) � (x

0

�x)(y

0

�

�1

y)

with equality i� �

1=2

x = 
�

�1=2

y; i.e. i� x = 
�

�1

y.

Now 
onsiderX, a random ve
tor inR

n

, withE(X) = 1� and Cov(X;X) =

E[(X �E(X))(X �E(X))

0

℄ = �, where 1 = (1; : : : ; 1)

0

2 R

n

. A linear

estimator �

0

X = �

1

X

1

+ : : :+�

n

X

n

is unbiased for � i� � = E(�

0

X) =

�

0

E(X) = (�

0

1)� for all �; i.e., i� �

0

1 = 1. The varian
e of �

0

X is

V ar(�

0

X) = �

0

��. To �nd the best su
h estimator, we must �nd

minf�

0

�� : �

0

1 = 1g:

But by the Cau
hy-S
hwarz inequality, if �

0

1 = 1, then

�

0

�� � 1=(1

0

�

�1

1)

with equality i� � = 
�

�1

1. The 
ondition �

0

1 = 1 then implies that


 = 1=(1

0

�

�1

1), so the optimal � is �

0

� �

�1

1=(1

0

�

�1

1), and the

optimal linear unbiased estmator is �

0

0

X = (1

0

�

�1

X)=(1

0

�

�1

1) whose

varian
e is V ar(�

0

0

X) = 1=(1

0

�

�1

1).

The solutions to (i) and (ii) now follow:

(i) The inverse of the matrix diag(1=a

i

) is just diag(a

i

). This implies

that �

0

0

X = (

P

n

1

a

i

X

i

)=(

P

n

1

a

i

) and V ar(�

0

0

X) = �

2

=

P

a

i

.

(ii) The inverse of the matrix with 1 on the diagonal and � o� the

diagonal is of the form a in the diagonal entries and b in the o�-diagonal

entries for some a; b. Hen
e �

�1

1 = �

�2

(a + (n � 1)b)1, whi
h leads

7



to 1

0

�

�1

X = �

�2

(a+ (n� 1)b)(X

1

+ : : :+X

n

), and 1

0

�

�1

1 = �

�2

(a+

(n � 1)b)n. Hen
e we �nd that �

0

0

X =

P

n

1

X

i

=n. But �1 = �

2

(1 +

(n�1)�)1, so 1 = �

2

(1+(n�1)�)�

�1

1 = (1+(n�1)�)(a+(n�1)b)1,

and hen
e [a + (n� 1)b℄ = [1 + (n� 1)�℄

�1

. Therefore

V ar(�

0

0

X) =

�

2

n

[1 + (n� 1)�℄

�

> �

2

=n if � > 0

< �

2

=n if � 1=(n� 1) � � < 0

:

[Note that if � < �1=(n � 1), the matrix � of this form is not a


ovarian
e matrix!
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