
Statisti
s 581, Problem Set 9

Wellner; 11/22/2000

Reading: Chapter 4, Se
tions 1-2;

Ferguson, ACLST, Chapter 20, pages 133-139; Chapter 22, pages 144-150;

Lehmann and Casella, Chapter 6, espe
ially se
tion 6.5, pages 461-468.

Due: Wednesday, November 29, 2000.

1. (a) Lehmann and Casella, problem 6.3.1, page 501.

(b) Lehmann and Casella, problem 6.3.2, page 501.

(
) Lehamnn and Casella, problem 6.3.5, page 501.

2. Suppose that (Y jZ) � Poisson(�e


Z

), and Z � Bernoulli(�), and � = (�; 
; �). Let

X = (Y; Z), and suppose that we observe X

1

; : : : ; X

n

i.i.d. as X.

(a) Find the s
ore equations for estimation of �.

(b) Give 
onditions on the data X

1

; : : : ; X

n

= (Y

1

; Z

1

); : : : ; (Y

n

; Z

n

) guaranteeing

that the s
ore equations have a unique solution whi
h maximizes the likelihood.

Call the resulting estimators

b

�

n

= (

b

�

n

; b


n

; b�

n

).

(
) What does theorem 4.1.5 (Chapter 4, page 4), say about the asymptoti


distribution of

p

n(

b

� � �

0

) when the distribution of the data is given by P

�

0

.

(d) Suppose that �

1

6= �

0

is the \true" value of the parameter �, and we


onsider the likelihood ratio L

n

(�

1

)=L

n

(�

0

) where L

n

(�) �

Q

n

i=1

p

�

(X

i

). Show that

n

�1

log(L

n

(�

1

)=L

n

(�

0

) !

p

some 
onstant, and identify the 
onstant expli
itly in

terms of �

1

, �

0

.

3. For the same set-up as in problem 1, 
onsider taking a \pro�le likelihood" approa
h

to the estimation of 
 as follows:

(a) Let l

n

(�) = l

n

(
; �; �): 
onsider �rst maximizing this as a fun
tion of � and �

for ea
h �xed value of 
 to �nd

(

b

�(
); b�(
)) � argmax

(�;�)

l

n

(�; 
; �) :

Compute the maximizer (

b

�(
); b�(
)) as expli
itly as possible, and then form the

\pro�le log-likelihood" l

profile

n

(
) de�ned by

l

profile

n

(
) � l

n

(

b

�(
); 
; b�(
)) :

(b) Now maximize l

profile

n

(
) with respe
t to 
. Find the resulting \pro�le likelihood"

s
ore equation for 
.

(
) Does the equation you derived in (b) follow from the original s
ore equations?

(d) Does the \pro�le s
ore fun
tion" whi
h appears in (b) 
orrespond to or relate

to the eÆ
ient s
ore for 
 in any way?

4. Optional bonus problem: Lehmann and Casella, TPE, problem 6.3.22, page 503,

reworded as follows. (In other words, prove (vi) of theorem 1.5, page 5, 
hapter 4

notes). Suppose that X

1

; : : : ; X

n

are i.i.d. with density p

�

, � 2 � � R

k

, satisfying

the hypotheses of theorem 4.1, page 429 (the Cram�er 
onditions given in (A) - (D)

1



on page 429). Show that the following Lo
al Asymptoti
 Normality (LAN) result

holds for the (lo
al) log- likelihood ratios: with

L

n

(�) � log(

n

Y

i=1

p

�

(X

i

)) =

n

X

i=1

log p

�

(X

i

);

for a �xed �

0

2 �,

L

n

(�

0

+ n

�1=2

t)� L

n

(�

0

) =

1

p

n

n

X

i=1

t

T

_

l

�

(X

i

)�

1

2

t

T

I(�

0

)t+ o

p

(1)

!

d

N(0; t

T

I(�

0

)t�

1

2

t

T

I(�

0

)t =

d

N(�

1

2

�

2

�

2

)

under P

�

0

where �

2

� t

T

I(�

0

)t.
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