
Statisti
s 581

Problem Set 5

Wellner; 10/25/00

Reading: Ferguson, ACLST, Chapters 13 and 14, pages 87 - 100; Chapter

2, se
tions 3 and 4.

Due: Wednesday, November 1, 2000.

1. Suppose that Y

i

= �+�

0

(x

i

�x)+�

i

, i = 1; : : : ; n, where �

i

� (0; �

2

) are

i.i.d. and the x

i

's are known ve
tors in R

k

. Equivalently, Y = X� + �

where

X

T

=

�

1 1 � � � 1

x

1

� x x

2

� x � � � x

n

� x

�

so that X is an n� (k+1) matrix. Let

^

� be the least squares estimator

of � = (�; �

0

)

0

; i.e.

^

� = (X

T

X)

�1

X

T

Y . Suppose that n

�1

(X

T

X)! D

where D is positive de�nite.

(a) What additional 
ondition(s) do you need to impose to prove that

p

n(

^

�

n

� �)!

d

N

k+1

(0; \something") ?

(b) Find \something" in part (a).

2. Suppose that X

1

; : : : ; X

n

are i.i.d. Cau
hy(0; 1); so the density of ea
h

X

i

with respe
t to Lebesgue measure on R is f(x) = �

�1

(1 + x

2

)

�1

,

x 2 R.

(a) Compute the distribution fun
tion F of the X

i

's.

(b) Compute and plot the inverse distribution fun
tion F

�1


orrespond-

ing to F .

(
) For what values of r > 0 is EjX

1

j

r

<1?

(d) Find the distribution fun
tion of M

n

� max

1�i�n

X

i

.

(e) For what values of r is EjM

n

j

r

<1?

(f) Find a sequen
e of 
onstants b

n

so that M

n

=b

n

!

d

and �nd the

limiting distribution. [Hint: see Ferguson, ACLST, Theorem 14, page

95.℄

3. Suppose that X

1

; : : : ; X

n

are i.i.d. with 
ontinuous distribution fun
-

tion F . Let F

0

be a �xed, spe
i�ed distribution fun
tion. Suppose we

1



want to test H : F = F

0

versus K : F 6= F

0

. Consider the Cram�er -

von Mises statisti
 given by

C

2

n

�

Z

1

�1

n(F

n

(x)� F

0

(x))

2

dF

0

(x) :

(a) Show that if F = F

0

is true, then

C

2

n

=

d

Z

1

0

n(G

n

(t)� t)

2

dt ;

where G

n

is the empiri
al d.f. of n i.i.d. Uniform(0; 1) rv's.

(b) Show that when the null hypothesis is true,

C

2

n

!

d

Z

1

0

U(t)

2

dt

where U is a standard Brownian bridge pro
ess.

[Hint: Use the fa
t that U

n

) U in (D[0; 1℄; k � k

1

) and the 
ontinuous

mapping theorem.℄

(
) Suppose that the null hypothesis fails. Thus F 6= F

0

. Show that in

this 
ase

n

�1

C

2

n

!

a:s:

Z

1

�1

(F (x)� F

0

(x))

2

dF

0

(x) > 0 ;

and hen
e the test based on C

2

n

is 
onsistent for all F 6= F

0

.

(d) Suppose that F = F

n

satis�es kF

n

� F

0

k

1

! 0 and

p

n(F

n

(x) �

F

0

(x))! g(x) in L

2

(F

0

); i.e.

Z

[

p

n(F

n

(x)� F

0

(x))� g(x)℄

2

dF

0

(x)! 0 :

Des
ribe the limiting distribution of C

2

n

under the lo
al alternatives F

n

in terms of a Brownian bridge pro
ess U and g.

4. Suppose that X

1

; : : : ; X

n

are i.i.d. with the Weibull distribution F

�

given by

1� F

�

(x) = exp(�(x=�)

�

); x � 0

2



where � = (�; �) 2 (0;1)� (0;1).

(a) Find the inverse (or quantile fun
tion) F

�1

�

(u) 
orresponding to F

�

in terms of �, �, and u 2 (0; 1), and show that

logF

�1

�

(u) = log�+

1

�

log log

�

1

1� u

�

:

(b) Fix t 2 (0; 1=2). Use the t�th and (1� t)�th quantiles of the X

i

's,

namely F

�1

n

(t) and F

�1

n

(1 � t), to obtain simple 
onsistent estimators

�̂

n

and

^

�

n

of � and �. Prove that your estimators are 
onsistent.

(
) Prove that your estimators �̂

n

and

^

�

n

satisfy

p

n

�

�̂

n

� �

^

�

n

� �

�

!

d

N

2

(0;�)

and identify � as a fun
tion of �, �, and t.

(d) How would you 
hoose t to minimize the asymptoti
 varian
e of

^

�

n

?

5. Optional bonus problem: Let 


2

denote the 
onstant on the right

side in Problem 3(
) above. In the set-up of that problem, show that

when F 6= F

0

it follows that

p

n(n

�1

C

2

n

� 


2

)!

d

N(0; V

2

)

and �nd V

2

.

[Hint: Use

p

n(F

n

� F ) =

d

U

n

(F ), U

n

) U, and the 
ontinuous map-

ping theorem.℄
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