
Statisti
s 582, Problem Set 2

Wellner; 10/4/00

Reading:

Due: Wednesday, O
tober 11, 2000.

1. Ferguson, ACILST, #2, page 6:

(a) Suppose that X

n

� Uniformf1=n; 2=n; : : : ; n=ng Show that X

n

!

d

X � Uniform(0; 1). Does X

n

!

p

X?

(b) Suppose that Y

n

=

P

n

k=1

(k=n)1

[k�1=n;k=n)

(U) where U � Uniform[0; 1℄.

Show that Y

n

�Uniformf1=n; 2=n; : : : ; n=ng, and Y

n

!

p

U .

2. Ferguson, ACILST, #6, page 7. (This is known as the Polya-Cantelli

lemma; see Chapter 2, Proposition 2.11, page 10.

3. Suppose that U � Uniform(0; 1), � > 0, and

X

n

� (n

�

= log(n+ 1))1

[0;1=n

�

℄

(U) :

(a) Show that X

n

!

a:s:

0 and E(X

n

)! E(0) = 0.

(b) Can you �nd a random variable Y with jX

n

j � Y for all n with

E(Y ) <1 for any �?

(
) For what values of � does the uniform integrability 
ondition

lim sup

n!1

EfjX

n

j1

[jX

n

j�M ℄

g ! 0 as M !1

hold?

4. Suppose that X � Uniform(0; 1) and Y = 3X.

(a) Find the joint distribution fun
tion F (x; y) = F

X;Y

(x; y) of (X; Y ).

(b) Is F a 
ontinuous fun
tion?

(
) Is the probability measure P 
orresponding to F absolutely 
on-

tinuous with respe
t to Lebesgue measure � on R

2

?

5. (a) Lehmann and Casella, #3.5, page 64.

(b) Lehmann and Casella, #3.6, page 64.

(
) Lehmann and Casella, #3.7, page 64.
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6. Suppose that X � F on R

+

� [0;1), Y � G on R

+

, and X and

Y are independent random variables. Let Z = minfX; Y g = X ^ Y

and � = 1fX � Y g. (This is right-
ensored data: if we view X as a

survival time, and Y as a 
ensoring time, then Z = X when X � Y ,

but Z = Y when X > Y .)

(a) Find the joint distribution of (Z;�).

(b) If X � Exponential(�) and Y � Exponential(�), show that Z and

� are independent.

[Hint: for (a), 
ompute P (Z � z;� = 1) and P (Z � z;� = 0).℄

7. Optional Bonus Problem:

(a) IfX is a random variable on a probability spa
e (
;A; P ), show that

the distribution fun
tion F = F

X

of X de�ned by F (x) = P (X � x)

is right-
ontinuous.

(b) Show that the dis
ontinuity setD

F

� fx 2 R : F is dis
ontinuous at xg

of F is 
ountable. Hint: 
onsider the intervals (F (x�); F (x)℄.

(
) De�ne the inverse F

�1

of F by F

�1

(u) � inffx : F (x) � ug for

0 < u < 1. Show that F

�1

is left-
ontinuous.

(d) Show that the dis
ontinuity setD

F

�1

= fu 2 (0; 1) : F

�1

is dis
ontinuous at ug

is 
ountable.
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