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1. Two Theorems from Empiri
al Pro
ess Theory

Suppose that X

1

; : : : ;X

n

are i.i.d. P on (X ;A). We de�ne the empiri
al measure P

n

and the

empiri
al pro
ess G

n

by

P

n

= n

�1

n

X

i=1

Æ

X

i

; G

n

=

p

n(P

n

� P ) :

Let F be a 
lass of real-valued measurable fun
tions on X . Thus f : X ! R. We de�ne an envelope

fun
tion for F to be an fun
tion F

F

(x) satisfying

jf(x)j � F

F

(x) for all x 2 X and all f 2 F :

For r � 1 and a 
lass of fun
tions F � L

r

(P ), we de�ne the L

r

(P ) 
overing numbers N(�;F ; L

r

(P ))

to be the minimal number of L

r

(P )-balls of radius � needed to 
over F . The following analogues

of the 
lassi
al Glivenko-Cantelli and Donsker theorems are very useful in statisti
s:

Theorem 1. (Uniform 
overing numbers Glivenko-Cantelli theorem).

Suppose that EF

F

(X) <1 and sup

P

N(�;F ; L

1

(P )) <1 for every � > 0. Then

kP

n

� Pk

�

F

!

a:s:

0 as n!1 :

Theorem 2. (Uniform 
overing numbers Donsker theorem).

Suppose that EF

2

F

(X) <1 and

Z

1

0

r

sup

P

logN(�;F ; L

1

(P )) d� <1

for every � > 0. Then

G

n

) G

P

in l

1

(F)

where G

P

is a P�Brownian bridge pro
ess; i.e. a mean zero Gaussian pro
ess with 
ovarian
e

E(G

P

(f)G

P

(g)) = P (fg)� P (f)P (g)
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and sample paths whi
h are 
ontinuous with respe
t to the �

P

pseudo-metri
 on F given by

�

2

P

(f; g) = V ar

P

(f(X)� g(X)) :

Empiri
al pro
ess theory provides many 
lasses of fun
tions F for whi
h the hypotheses of these

two theorems hold, and other theorems of these basi
 types with somewhat di�erent hypotheses.

See Van der Vaart and Wellner (1996) and Dudley (1999).

The example in the following se
tions is taken from Pollard (1989).

2. A Consisten
y Proof

Suppose that X;X

1

; : : : ;X

n

are i.i.d. real-valued random variables with distribution fun
tion F

and 
orresponding probability measure P on (R;B). We will assume that EjXj <1.

Consider the random variables

V

n

=

1

n

n

X

i=1

jX

i

�X

n

j :

The question is, does V

n

!

a:s:

v for some 
onstant v, and 
an we identify v? The strong law of

large numbers does not apply immediately, be
ause the random variables jX

1

�X

n

j; : : : ; jX

n

�X

n

j

are dependent. We do know, from the SLLN, that X

n

!

a:s:

� � E(X), and, also by the SLLLN,

V

0

n

=

1

n

n

X

i=1

jX

i

� �j !

a:s:

EjX � �j :

Thus we naturally guess that

V

n

!

a:s:

EjX � �j = v : (2.1)

To prove that (2.1) holds, it is natural to introdu
e the fun
tions

f

t

(x) = jx� tj :

Note that if we set

H

n

(t) � P

n

f

t

=

1

n

n

X

i=1

jX

i

� tj ;

and

H(t) � Pf

t

= P (jx� tj) =

Z

jx� tjdP (x) ;

then V

n

= H

n

(X

n

), and v = H(�).
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Sin
e X

n

is within Æ > 0 of � with high probability (or even a.s. for n > N

!

), it is natural to


onsider the 
olle
tion of su
h fun
tions f

t

for values of t with jt� �j � Æ:

F = ff

t

: jt� �j � Æg :

Now it is easily seen that an envelope fun
tion F

F

(x) for the 
lass F is just F

F

(x) = jx � �j + Æ,

whi
h satis�es

E(F

F

(X)) = Æ +EjX � �j <1 :

Moreover, the 
lass F is a VC-subgraph 
lass of fun
tions (see e.g. Van der Vaart and Wellner

(1996), se
tion 2.6), and hen
e it satis�es

sup

P

N(�;F ; L

1

(P )) �

K

�




for a number 
 related to the VC-dimension of F . In parti
ular these 
overing numbers are �nite

for every � > 0. Hen
e, by the Glivenko-Cantelli Theorem 1,

sup

f

t

2F

jP

n

(f

t

)� P (f

t

)j = sup

t:jt��j�Æ

jP

n

(f

t

)� P (f

t

)j !

a:s:

0 :

This allow us to write

jV

n

� vj = jH

n

(X

n

)�H(X

n

) +H(X

n

)�H(�)j

� jH

n

(X

n

)�H(X

n

)j+ jH(X

n

)�H(�)j

= jP

n

(f

X

n

)� P (f

X

n

)j+ jH(X

n

)�H(�)j

� sup

jt��j�Æ

jP

n

(f

t

)� P (f

t

)j+ jX

n

� �j

!

a:s:

0 + 0 = 0

by (2.2) together with the observation that jf

t

(x)� f

�

(x)j � jt� �j for all x 2 R.

3. An Asymptoti
 Normality Proof

Suppose the same basi
 set-up as in the previous se
tion, but now assume that E(X

2

) <1. Our

question now is, does it hold that

p

n(V

n

� v)!

d

Z

for some random variable Z, and what is the distribution of Z? Sin
e V

0

n

is the sum of i.i.d. random

varibles, ea
h with expe
ted value v, and EjX � �j

2

<1, it follows from the CLT that

p

n(V

0

n

� v) =

1

p

n

n

X

i=1

fjX

i

� �j � vg = G

n

(f

�

)!

d

G

P

(f

�

) � N(0; V ar(f

�

(X))) ;

so we suspe
t that the random variable G

P

(f

�

) will enter in the limiting distribution.
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Now we write, assuming that H(t) � P (f

t

) has a derivative H

0

(�) at t = �,

p

n(V

n

� v) =

p

n(P

n

(f

X

n

)� Pf

�

)

=

p

n(P

n

(f

X

n

)� Pf

X

n

) +

p

n(Pf

X

n

� Pf

�

)

= G

n

(f

X

n

)� G

n

(f

�

) + G

n

(f

�

)

+

p

n(H(X

n

)�H(�))

= G

n

(f

�

) +H

0

(�)

p

n(X

n

� �)

+

�

H(X

n

)�H(�)

X

n

� �

�H

0

(�)

�

p

n(X

n

� �)

+ G

n

(f

X

n

)� G

n

(f

�

)

� I

n

+ II

n

+ III

n

:

Now

I

n

= G

n

(f

�

+H

0

(�)g

�

)!

d

G

P

(f

�

+H

0

(�)g

�

) � N(0; V

2

)

where g

�

(x) � x� � and

V

2

= V ar(f

�

(X) +H

0

(�)g

�

(X)) = V ar(jX � �j+H

0

(�)(X � �)) :

If we show that II

n

= o

p

(1) and III

n

= o

p

(1), then we have proved the desired 
onvergen
e in

distribution and have identi�ed Z as N(0; V

2

). Now II

n

= o

p

(1) sin
e

p

n(X

n

� �) = O

p

(1) and

the di�eren
e quotient involving H 
onverges to H

0

(�) sin
e H(t) is di�erentiable at �. Finally,

sin
e X

n

is in the interval [�� Æ; �+ Æ℄ with high probability, the third term is bounded above by

sup

jt��j�Æ

jG

n

(f

t

)� G

n

(f

�

)j ;

whi
h 
an be made arbitrarily small by 
hoosing Æ suÆ
iently small in view of the Donsker property

of the 
lass of fun
tions F . The Donsker property entails that, for every � > 0,

lim sup

n!1

Pr

 

sup

jt��j�Æ

jG

n

(f

t

)� G

n

(f

�

)j > �

!

! 0 as Æ ! 0

and hen
e we 
an make III

n

arbitrarily small by 
hoi
e of Æ.

Now we examine the hypothesis H is di�erentiable at t = �, and 
ompute H

0

(�). When does

this di�erentiability hold? The di�eren
e quotient is

H(t)�H(�)

t� �

=

P (f

t

)� P (f

�

)

(t� �)

= P

�

jx� tj � jx� �j

t� �

�

� P (D

t

(x))

where the fun
tions D

t

satisfy jD

t

(x)j � 1 for all t and x, and

D

t

(x)! 2 � 1

(�1;�)

(x)� 1 = sign(�� x)
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for x 6= �. Thus D

t

(x) ! 2 � 1

(�1;�)

(x) � 1 a.s. P if P (f�g) = 0. Hen
e if P (f�g) = 0, the

dominated 
onvergen
e theorem yields

H(t)�H(�)

t� �

! H

0

(�) = P (2 � 1

(�1;�)

� 1) = F (�)� (1� F (�)) = 2F (�) � 1 :

Thus we see that H

0

(�) = 0 for any distribution with F (�) = 1=2, and in this 
ase the se
ond term

in the limit does not 
ontribute.
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