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Theorem: The uniform quantile process can be written as

and hence for the specially constructed U,, of Theorem 4.2 it follows that,
with V=-U<U,
|V, = Voo —4as 0 as n— 00. (2)

Proof: First we prove the identity (1):

V, = \/ﬁ(Gﬁl—I)
\/E(G;I - GR(G;I)) + \/E(GR(G;I) - ])
~Un(G,") + Vn(GnoG,' = I).

Now [|G;! — I]|oe —a.s. 0 by Proposition 6.1, and

1
HGn OGr_zl - ]Hoo = Sup |Gn(Ggl(t)) —t| = n (3)

0<t<1
Hence

Ve =Vl < [Ua(G,") = Ul
< UG, = UG Yo + UG, — Ulloo +

1
vn

1
Jn

AN

IUn = Ullss + 1U(G, ") — Ulloo +
s 04040=0.

since U is a continuous (and hence uniformly continuous) function on [0, 1].
O

On the other hand, the uniform empirical process can be written in terms
of the uniform quantile process V,, as

U, = -V,.(G,) +vVn(G,' oG, —I)



This is easily seen by noting that

Un(t) = vn(Gu(t) — )
= \/E(Gn(t) - Ggl(Gn(t)) + Ggl(Gn(t)) - t)
= _Vn(Gn(t)) + \/E(Ggl(Gn(t)) - t)'

Note that G, (G, (t)) = &g for £4) <t < {i+1), and hence
’|G;1(Gn(t)) - t“oo = ma (5(14_1) — é(i)) =D,.

X
1<i<n

with {41) = 1, the maximal spacing corresponding to the uniform spacings
0i = &air1) — &y

Proposition: With D,, = maxi<ij<,(§u+1) — £@)), we have

logn
D, =0, ("), ()
D,
lim sup " <2 a.s., and (5)
nooo lOgmn

V|G (Gn) = Il = O(n™2logn)  a.s. (6)

Proof. Let 0,; = &u) — 1) = &ni — &nuima for @ = 1,...,n + 1 be the
spacings (with £y = 0, {+1) = 1. Then for every A > 0

P(nD,>X) = P( max 1(5n,i > \/n)

1<i<n+
= P(UZ[0n; > N/n])
n+1

Z P(6,,; > A\/n)

(n+1)P(8,y > Mn) = (n+ 1)P(Ey > An)
P& > A/n,...,& > \/n)
DI =X/n)" < (n+1)exp(—A) < 2nexp(—\).

IN

(n+
(n+
Thus

P(nD,, > Mlogn) < 2nexp(—M logn) = on—M-1) _,

for any M > 1. Thus (4) holds. If we chose M = 2 + ¢ with € > 0, then
>, P(nD,, > (2+¢€)logn) < co and hence P(nD,, > (2+¢€)logn i.0.) =0
by the Borel-Cantelli lemma, and thus (5) holds. This also proves (6). O
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Note that Ferguson (1996), section 13, proves asymptotic normality of
two sample quantiles by first proving asymptotic normality of two quantiles
of uniform order statistics, say G, *(p1) and G, '(p2) by exploiting the con-
nection between uniform order statistics and partial sums of exponential(1)
random variables:

Proposition: If Y1,Y5,... are i.i.d. exponential(1) random variables, and
S;=31,Y for j > 1, then
1 d
S—(Sla SQ: BRI Sn) = (5(1)75(2)7 SR g(n)>
n+1
Thus if we define
~ 1 1—1 1 ,
G, (t) = Si/Sn+1 for <t<—, i=1,...,n,
n

and B B
then @; 14 G, !, and V, £V,. On the other hand, the study of V,, reduces
to the study of partial sums of exponential(1) random variables.

If we want to get back to U, by this route, with Gn 4 G,, and @n 2z U,
defined in terms of {S /Sn+1,  =1,...,n}, then we need to deal with the
remainder term /n(G, ' o G, (¢ ) )

To study this remamder term in a bit more detail we will also consider
the following processes. Noting that G, o G,(t) < t, leads to defining a
corresponding process that is always above the identity, namely

n+1

G;I(G + 1/” Zg(l 1[5 1):$(3)) )

where §g) = 0 and G, (t) = 1 for t > 1. we define

RE(E) = n(G, o G,(t) —t) <0,

R;, (t) = (G, (Ga(t) + 1/n) —t) 2 0.
Then R,, = (RY +R%)/2 is the process which equals n[(§) + &i-1))/2 —t] on
the interval [;_1), &), i = 1,...,n+1 (with {41y = 1). As it turns out, R,

is a Laplace noise process in the following sense: forany 0 <t; < --- <t <1
we have

Ro(t1), - Ru(tr)) — (Zos.. ., Z1)
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where Zi,...,Zy are i.i.d. with common Laplace (or double exponential)
density fz(z) = exp(—2|z|) for z € R.

Here are some plots of the processes G, G,!, G ' 0 G,(t), G, (G,(t) +
1/n), U,, R,, and RY for various sample sizes.
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Figure 1: Uniform empirical distribution function G,, n =5
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Figure 2: Uniform empirical quantile function G', n =5
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Figure 3: G, (G, (t)),n=5
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Figure 4: G, (G,(t)+ 1/n), n=>5



0.2 0.4 0.6 0.8 1

Figure 5: (1/2)[G, (G,(t)) + G, (G,(t) + 1/n)], n =15
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Figure 6: uniform empirical process U,,, n = 5
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Figure 7: R,, process, n =5
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Figure 8: RY process, n =5
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Figure 9: Uniform empirical distribution function G,,, n = 50
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Figure 10: Uniform empirical quantile function G,', n = 50
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Figure 11: G 1(G,(t)), n = 50
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Figure 12: G,)1(G,(t) + 1/n), n = 50

10



Figure 13: (1/2)[G;,, (G, (1)) + G, (G, (t) + 1/n)], n = 50
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Figure 14: uniform empirical process U,,, n = 50
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Figure 17: Uniform empirical distribution function G,,, n = 200
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Figure 18: Uniform empirical quantile function G, !, n = 200

13



0.1 0.2 0.3 0.4 0.5 0.
Figure 19: G 1(G,(t)), n = 200
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Figure 20: G, (G, (t) + 1/n), n = 200
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Figure 21: (1/2)[G, (G, (t)) + G, (G,(t) + 1/n)], n = 200

Figure 22: uniform empirical process U,,, n = 200
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Finally, here are some plots of U,,, V,,, D, = U,, +V,, and R,, for n = 200
and n = 500.

Figure 25: Uniform empirical process U,,, n = 200
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Figure 27: Bahadur-Kiefer process D,,, n = 200
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Figure 28: R,, process, n = 200
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Figure 29: Uniform empirical process U,,, n = 500
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Figure 30: Uniform quantile process V,,, n = 500

e V‘m N\%f\

Figure 31: Bahadur-Kiefer process D,,, n = 500
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Figure 32: R,, process, n = 500
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