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1. Introduction

For the basics of convergence in distribution of maxima of independent random variables, see Van
der Vaart (1998), section 21.4, pages 312-314, and Ferguson (1996), chapter 14, pages 94-100. For
further more recent results in this vein, see Engelke et al. (2015) and Kabluchko (2011a, 2011b,
2014).

2. Example 1: maxima of i.i.d. standard normal

Suppose that Xi,...,X,, are i.i.d. with d.f. FF = ®, the standard normal distribution. Then as
discussed by van der Vaart (1998), section 21.4, pages 312-314, Xn)y = M, = maxi<i<, X; satisfies

Gn = b (M, — a,) =4 G ~ Ev (2.1)

where Ev(z) = exp(—exp(—z)),

b, = /2logn,
W = /3T n_}loglogn—klog(élw)
" & 2 V2logn

Moreover, the density fq, () — Ev'(z) and drv (Pg,,, Pa) — 0. Figure 1 illustrates the convergence
in (2.1) and the claimed convergence of densities is illustrated in Figure 2. The rate of convergence
in (2.1) is O(1/logn); see Hall (1979) and Resnick (1987), page 121.

3. Example 2: maxima of i.i.d. standard exponentials

Now suppose that X1,..., X, are i.i.d. with distribution function F' given by 1 — F(z) = exp(—x).
Again let M,, = X(;,). Then it is easily seen that

Gn =M, —logn =4 G ~ Ev (3.1)



Figure 1: Blue, limit distribution Ev; Green, n = 10; Magenta, n = 100; Red, n = 1000; Black,
n = 10

Figure 2: Blue, limit distribution Fv; Green, n = 10; Magenta, n = 100; Red, n = 1000; Black,
n = 10?

This follows since

P(M, —logn <z) = P(X4) <z+logn)= (1—exp(—(z+logn)))"



- (1 — 6;;) — exp(—exp(—z)) = Ev(x)
for every z. Furthermore,
fa. (@) = n(1—exp(—(z+logn)))" exp(—(x +logn))
—  exp(—exp(—z))exp(—z) = Ev' ()

for every x, and hence by Scheffé’s theorem, drv (Pg, , Pg) — 0. Figure 3 illustrates the convergence
in (3.1) and the claimed convergence of densities is illustrated in Figure 4. The rate of convergence
in both cases is n™1; see Hall & W (1979).

1.0 -

Figure 3: Blue, limit distribution Ev; Green, n = 10; Magenta, n = 25; Red, n = 50

4. Example 3: supremum of a standard kernel estimator

Let fn be the kernel estimator of a density f on [0,1] based on a kernel w and the bandwidth
hn, = n~% with 1/5 < § < 1/2. Bickel and Rosenblatt (1973) show (under hypotheses specified in

their paper) that

y Vil | fa(t) = f(1)]

M, = sup
" o< ()

satisfies the following extreme value convergence:

M,
\/25logn<>\(w) d > —q Bv
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Figure 4: Blue, limit distribution Ev; Green, n = 10; Magenta, n = 25; Red, n = 50

where Ev?(z) = exp(—2exp(—z)) and where

AMw) = /wz(t)dt,
w?(4) + w?(—A)

2\ (w) ’
1 / 2
o) JROE

(26logn)'/? + (QMOgln)l/Q {K\I/(%”) — %(log(élogn))}, if Ki(w) >0,

Kl(w)

Kg(w)

dn =
V20 logn + %, otherwise.

5. Example 4.

Let G,, be the empirical distribution function of i.i.d. uniform(0,1) random variables and let
Zn(t) = Vn(Gp(t) — t)/y/t(1 —t) for 0 < ¢t < 1. Then Jaeschke and Eicker showed that ||Z,]c =
SUPg<ic1 |Zn ()| satisfies

b (1 Znlloc — cn/bn) —a Ev*
where
b, = /2loglogn, cn = 2loglogn 4+ 271 (logloglogn — log(4n)) .
Here Evt(z) = exp(—4exp(—z)). See Shorack & W (1986), page 600.
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