Statistics 523, Problem Set 7, Solutions
Wellner; 5/21/99

1. Use a reflection principle to show that for 0 <y < x
P(sup S(s) =z, S(t) <y) = P(S(t) = 2z —y),

0<s<t

and use this to show that the joint density of M™* = supy.,, S(s),S(t)
is given by

T X 0 A

Solution: Note that by reflection
P(sup S(s) >z, S(t)<y) = P(1. <t,S(mp+t—72) —S(1z) <y —2)

(
0<s<t
= P, <t,S(re+t—172) —S(12) > —y)
= P <1,8() = 22 —y)
= P(S(t) > 2z —y)
4 2 — vy
e (55
since [S(t) > 2x — y| C [, < t]. Thus we compute the joint density f
of M™ = supy<,<, S(s), S(t) as
2
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2 2 —y)?
= t3(2x—y)e p(—%) for 0 <y<uz
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where we used ¢/(x) = —z¢(x) in the next to last equality.

. Bonus Problem 1. Suppose that S is standard Brownian motion on
(C0,00),Cp0,)), and let its distribution be denoted by P = Fy. Let
S,(t) = S(t)+ut be Brownian motion with drift x, and let P, denote the
distribution of S, on (C[0,00), Cpo,o0))- Set Y (t) = exp(uS(t) — p?t/2).
Fort > 0 let [, and P, denote the distributions [4) and P, restricted
to Ay = {S(s) : s < t}. Show that the Radon - Nikodym derivative
dP,:/dPy; =Y (t).

Solution: First consider a fixed 0 < s <t and B € B. Then

o (-5 e,

2s

P.(S,(s) € B) = P(N(us, s)

\/_

On the other hand, since Y is a martingale,

/ Y(t)dPy = / Y (s)dPy
[S(s)eB] [S(s)EB]

2 1 z?
= exp,u:c—— s)\/%_sexp ~3, dx

1 _ 2
_ / eXp( M) s
B \V2TS 2s
Thus

Pu(Su(s) € B) = / Y ()dPy — / Y ()P,
[S(s)eB] [S(s)eB]

Now S, (t) —Su(s) ~ N(u(t —s),t — s), so (a) continues to hold for
S,(t) —S,u(s): i.e. for B € B,

Pu(S,(t) — S,(s) € B) = /[ oy YO
_ / exp(u(S(t) — S(s)) — y2(t — 5))dPy
[Su(t) )EB]

Now let m > 1, t,,,; = it/2™,i=0,1,...,2™, and set

Xi = Su(tmz) - Su(tm,i—l) 9



and for B; € B,i=1,...,2™ let
DM = {Su(tmi)_Su(tm,i—l) € BZ‘, L= 1, .. ,2m} = m?:l{SM(tmi)—SM(tm,i_l) c Bz} .

Now the X;’s are i.i.d. N(ut/2™,t/2™), so that

PM(DM) = PM(SM(th) — Su(tm,i—l) € BZ‘, = 1, .. ,2m)
2m
= [[P.(Xi e By
i=1
2m

=TI o) =~ S(tnic) — (/2027007 by 1

— [ T expli(S(tns) ~ S(tma-0) — (1/2)st/27)dPy
D=1
by independence of the Xjs

_ /D exp(uS(t) — (1/2)2t)dPy

= /DY(t)dPO.

But the sigma - field generated by all events of the form D for B; € B
and m > 1 is just A;. Hence it follows from the equality in the last
display that for A € A;,

P,(A) = / Y (t)dP, .
A
Thus Y(t) = dPM,t/dPO,t'
. Bonus Problem 2. Suppose that S, is Brownian motion with drift
> 0 as in problem 2, and let 7 = inf{t > 0:S,(t) = a}, a > 0. Use

the result of bonus problem 1 together with results from problem set 6
to find the distribution of 7. You should find that

P,(r>t) = P,Su(s)<a, 0<s<t)
o(55) e (1)
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and

f-(t) = J%exp (—%) fort > 0.

This is the inverse Gaussian density. [Note that this reduces to the
density of 7, from problem set 6 when p = 0.

Solution 1: By using the joint density found in the first problem in
the fifth line,

P,(r>t) =

U

(M, (t) = sup S,(s) < a)

0<s<t

dP,

|
—

[

Myu(t)<al

Y (¢)dPy

|
-—

[

M (t)<a]

exp(uS(t) — (1/2)u*t)dPy

|
—

[

M (t)<a]

“0 / T expluy — (1/2)420)

=—00

2 21 — y)?
. ﬁ(Zx — y)exp (—%) dydz

() e ()

and a differentiation to get the density completes the proof. The last
equality here is checked as follows: first write

[ el a2
=0 Jy=—o00
2 (22 — y)?
4/ —3 (2x — y) exp (— 5 dydz
/ / 9(z,y; t, p)dydzx
=0 Jy=—o00

a 0
= / / 9z, y;t, p)dydz

=0 Jy=—o00
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+/ / g(x,y; t, p)dydx
z=0 Jy=0
= / / 9(x, y; t, p)dedy
y=0 Jz=y
0 a
+/ / g(x,y; t, p)drdy
y=—o0 Jx=0

I+11.

/ 9(z,y; t, p)drdy
0 Jx=y

( exp( %) = )expwy (1/2)u2t)\/%dy
O(eXp( —eXp( Za— ) exp(py — 1/2)u2t)%\/%dy
<N

ut, t — e P(0 < N(2a + put,t) < a).
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Similarly,

I = /_OO/M (2, y;t, o) dady
-~ /y_oo (/:O (23:\/_;) exp ( 23;— ) 1t )eXp jy — (1/2)u2t)\/%dy
= /yo_oo (eXp (—g—j) —ex p( 2a — ) exp(uy — 1/2)u2t)%\/%dy

= P(—oc0 < N(ut,t) <0)—e*P(— <N2a+,ut t) <0).

Hence

I+1I = P(—oo< N(ut,t) <a)—e**P(—oo < N(2a + ut,t) < a)

- () - ()




Solution 2: Here is a slightly simpler way using the martingale prop-
erty of Y which involves almost no calculation

Pu(r, <) —/ dPM—/ Y (¢)dPy
fru<t] fr<i]

= / Y(T)dPQ
[7<t]

by optional sampling since 7 is A, — measurable

= / exp(ua — (1/2)p*1)dP, since S;) =a
[r<t]

a a?
= exp(ua — (1/2)p?s ex (——) ds
/[8 ol = (128) e (5

by the computation of the density of 7 under F

from problem set #6

t o 2
- / ¢ exp (_7@ 1s) )ds.
0 2783 2s

Thus under P, the stopping time 7 = 7, has the inverse Gaussian

density
a (@ — ut)?
(t) = -], t>0.
(0 = e (-] >




