Statistics 523, Problem Set 6 Solutions
Wellner; 5/14/99

1. Let 7, = inf{t > 0 : S(t) = a > 0} where S is standard Brownian
motion. Define ¢(s,a) = FE exp(—s7,). Use the strong Markov property
of S to show that for a,b > 0 we have ¢(s,a + b) = ¢(s,a)p(s,b). Use
this to deduce via scaling properties of S that ¢(s,a) = exp(—cy/sa)
for some ¢ > 0. [Note problem 37.10, Billingsley, page 550; or Remark
8.3, page 96, Karatzas and Shreeve (1991).]

Solution: Let 7, = inf{¢t > 0 : S(¢) = a} for a > 0. Then by the
strong Markov property of BM

S(t) = S(1, +t) — S(74)

is standard Brownian motion, and is independent of A, . Thus
7 =inf{t > 0:S(t) = b}

is independent of A, , and we have

o(s,a+b) = FEe *Totb
E€—5[7a+(7a+b—7a)]
E{€—87a6—8(7a+b—7a)}
E{e—sme—sﬁ)}

= E{e"}E{e™)
= ¢(Sa CL)¢(S, b) :

Set ¥s(a) = ¢(s,a); thus we have shown that

(1) Ys(a+b) = Ps(a)is(b).

Furthermore, ¥s(a) = ¢(s, a) is clearly monotone decreasing as a func-
tion of a, and the only solution of the functional equation (1) is of the
form

(2) o(s,a) = Ps(a) = exp(dsa) .
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Now by Brownian scaling it follows that
7, = inf{t >0: S(t) =a}
=g inf{t >0: ¢ 'S(c*) = a}
e S
= 1nf{c—2 > 0:S(s) =ac}
1

== —Tca -
02

Thus by (2)
#(s,a) = BEe™*™ = Be a5 = exp(diay/s).

Since ¢ is clearly a decreasing function of both s and a, it follows that
dy = —c for some ¢ > 0.

. (a) What is the relationship of supy<,«; S(s) to 7, in problem 1.

(b) Use this to find the exact distribution of 7,, and then use this to
check the computation of ¢(s,a) = F exp(—s7,) of problem 1.

(¢) Show that F(r,) = oo

(d) Show that 7, =4 a?/Z* where Z ~ N(0,1).

Solution: (a) As we saw in class on 5/10-12,
(3) P(sup S(s) >a) = P(r, <t) =2P(Z > a/ V1)
0<s<t

where the last equality holds by the reflection principle.
(b) By part (a),

Plra <t) — 2/a

< 1

INEV 2T

.2
e 2dy
a2

¢ a
/0 ey
- /0 fuly)dy

by using the change of variables 2%/2 = a?/(2y), where the density
function f, of 7, is given by

a a?

fa(y) = WeXp(_Q_y)l(o’oo)(y) :
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(c) It follows from (b) that

b(s,0) = EeXpb—ma)=L£“1mpb—%nﬁxyﬁ@

- Awwm—w>" exp(—)dy

2my3 2y
= exp(—av2s),

from your favorite table of laplace transforms (see e.g. Abramowitz
and Stegun (1965), Handbook of Mathematical Functions, page 1026,
(29.3.82); or via Mathematica or Maple. Thus ¢ = v/2.

Another way to see this without the exact form of the density and
the above computation is as follows: Consider 7 = 71 A 7_1. Then
Eexp(—sm) = exp(—cy/s) = E exp(—s7_1) by symmetry, and hence
e~V = FEexp(—sn)
= FEexp(—s71)1p<r )+ Eexp(—s71) 157 ]
= Eexp(—sm") 1<y + Eexp(—s7") 15, exp(—cy/s2)
by Strong Markov
= b, + bsexp(—cy/s2)
by symmetry .

Hence

exp(—cy/s) 1

bs = Eexp(—s7")ljr<r ) =

1 +exp(—cy/s2)  exp(cy/s) + exp(—cy/s)
and
f(s) = FEexp(—st")

= Eexp(—s7")jr<r_ ) + Eexp(=s7") 157y

1
= W=

cosh(cy/s)
by (b) and symmetry. Now differentiate f(s) in (c) to get f'(0) = ET*:
-1

"(s) = ————(—sinh(cy/s cls_l/2
PO = sl
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1 sinh(cy/s) ¢
[cosh(ey/$)]2 ev/s 2

2
115 =5 —

2

But {S?*(0)—0,S*(7*) —7*} = {0, S*(7*) — 7%} is a two-term martingale,
so that

C2
S =Er=ES(r) = 1.

Hence ¢ = v/2.

(¢) From the form of the density function

E(r,) = /0 y" fa(y)dy
[e’) a CL2
= T exp(——)d
/Oy T p( Qy)y
2
a

| i vl
0 27ry3/2—r p Qy Yy

0 a CL2
——exp(——)d for every M > 0
/M Vo Py '

a? > a
> eXP(—m)dy/M Wdy

= o0

v

for every r > 1/2. Similarly, E(7)) < oo for 0 < r < 1/2.
(d) Note that if Z ~ N(0, 1), then

P(a?/Z* <t) = P(Z* > d®/t) = 2P(Z > a/ V1)
so that 7, =4 a?/Z? in view of (3).
Remark: From
E exp(—s7,) = exp(—v/2sa)
we see that the characteristic function of 7, is given by

E exp(itr,) = exp(—+v/—ita) = exp(—ai|t|/*tan(m /4)sign(t));

this is the completely assymmetric stable law of index av = 1/2.



3. PfS, Exercise 12.9.1, page 273. Show that V,(2) —,., 1 if either (i)
Yool IPall < oo or (ii) the P, are nested with ||P,|| — O.

Solution: As suggested in the hint, we first compute E[SS,, — 1]

E[SS,~1? = E {Z [(S(tak) = S(tuk-1))? = (tak — tak-1)] }

k=1

- E {Z [(S(tn) = S(tna—1)) = (tns — tns)]

Z [(S(tn,k/) - S(tn,k/—l))Z - (tn,k/ - tn,k/—l)} }

k'=1

= SN E{[(S(tar) = S(tag1)? — (g — tas1)]

k=1 k'=1

[(S(tnp) = Sltnw-1))* = (tnpr = tn-1)] }
= 2.0 { [(S(tnk) = S(tnr—1))" = (Fu - tn,k—l)f}

n

= Y (tng —tnx1)Var(2®)  Z~N(0,1),
k=1

= 22 nk — tng—1)

< 2 1?%1(tn’k — tn,k_1) 2 (tn,k‘ - tn,k—l)

= 2|[Pull -1

since Y p_ (tnk — tnr—1) = 1. Now by Markov’s inequality it follows
that

112
E[SS, — 1] SZHPRH

2 2

PSSy — 1| > €) <

€ €

and hence

D PSS, — 1 > €) <262 [Pl < 00
n=1 n=1



by the hypothesis in (i). Thus by Borel-Cantelli we conclude that
P(|SS, —1| > € i.0.)=0;

ie. S5, —as 1.
If the partitions are nested, then {SS,},>1 is a reverse martingale:

E(SS0_1]SSn, SSpst,...) =SS, as.:

i.e.

(4) E(SS,-1 —S55,185,,55,41,...) =0 a.s. .

Once (4) is proved, that SS,, —,.s. 1 follows from the reverse-martingale
convergence theorem: S5, —,ssomething, and by theorem 18.3.2
“something” is exactly the limit in L; (or Lsg). Since SS, —y 1, we
conclude that SS,, —,, 1.

To see that the reverse martingale property holds, note that since the
partitions are nested, by inserting intermediate partitions if necessary,
we may suppose that the number of partitioning points at the n—th
state (including 0 and 1) is n. Moreover, we can list the points in the
order in which they appear to give a new partition as t1,ts,... € [0, 1]
so that the n—th partition has division points t1,...,%,. (Note that
these points are not ordered as t; < ... < t,; in fact we can take
t, = O,tg = 1,t3,... so that ¢t =0 < tj <1l=t fOl"j = 3,4,.... In
this scheme, ¢, is the point added in going from P, to P,;+1. Now
suppose that Y is a Rademacher random variable independent of S:
P(Y = +£1) =1/2. Then

S(s) =S(s Aty) + Y(S(s) — S(s A t,))

is again a standard Brownian motion process (S is the Brownian mo-
tion S run up to t,, and then with the independent Brownian motion
{Y(S(s + t,) — S(tn)) : s > 0} pasted on beyond t,), and S has the
same quadratic variations 5/'\:5'”, ;§Tsn+1, ...as S, while §S5,,_1 — 59, is
replaced by Y (SS,-1 — SS,): letting t_ < t, < t; be the points of
the partition at stage n — 1 immediately to the right and left of £, it
follows that

SSn-1— 88y = [S(t4) — S(t-)]* — [S(t+) — S(ta)]* — [S(ta) — S(t-))*
= 2[S(t+) = S{)][S(tn) = S(t-)],
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while, on the other hand,

SSn1—58n = 2[8(t+) = S(ta)][S(tn) — S(¢-)]

S ]
= 2[Y(S(t4) = S(ta)][S(tn) — S(t-)]
= V(55,1 — 55,).

Thus to prove (4), it suffices to show that
E(Y(SS,-1 —585,)|SSh, SSnt1,...) =0.
But by conditioning first on S5,,_1 we compute

E(Y (5501 — 55,)[SSn, SSni, . ..)
_— E {E(Y(SSn_l —55,)|5Sm1,550, S, .. .))ssn, SSpi1, .. }
— E {(Ssn_1 —58,) - E(Y|SSn_1,55m, SSi1, .. .))ssn, SSii, .. }
_ E {(Ssn_1 55,055, S5, .. }
— 0.

Remark. It follows from this exercise that if S, is Brownian motion
with variance o2 per unit time defined by S,(t) = oS(t) =4 S(0?t),
t > 0, then for partitions P, of [0,¢] the quadratic variation

= " 1So(tnr) — So(tni—1)|?
k=1

satisfies
Va(2)(So)(t) —as. 0%t

if either ) > ||Pn|| < oo or the partitions are nested. Thus if P,
denotes the law of S, on (C[0,00),Cp,)), Psr L P, for o’ # 0.



