Statistics 523, Problem Set 4 Solutions
Wellner; 4/30/99

1. PfS, Exercise 15.1.5, page 340. Verify example 1.3 (Poisson conver-
gence):
(i) The Poisson() characteristic function ¢ has

Logp(t) = Me™ — 1) = it + Ae — 1 —it).
Thus 8= X and K = Al o) in (15.1.18).
(ii) (Convergence). Suppose that the triangular array with X, ~

(fnk,02),) satisfies maxy<, 02, — 0 and Y )02, — A € (0,00). Then
S, =>.1 Xur —4Poisson(A) if and only if

Z/,Lnk — A and Z/ 22 dFo(x 4 pinr) — 0.
1 1 [le—1|>€]

Solution: (i) This part is easy: if X ~ Poisson(}), then

. < G
¢ — F X § ith —A7
Qb( ) ) k=0 ) ) k’
L [Aeit)t
— N Z [ Z'] — oA

This is of the form of (15.1.18) with 3 = X and K(z) = M )(2).
(ii) By theorem 15.1.2, convergence of S, = > 7 X, to the Poisson
limit in (i) occurs if and only if both

Uy = Z/,Lnk — )\ and K, (x) = Z/ YA F (Y Fpink) —sd M0y (2)
1 1 J-
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But since we know that Y [ o2, — A, the second condition involving
convergence of K, is equivalent to

k=1 ¥ lz=11>€]
for every ¢ > 0.

. P1S, Exercise 15.1.7, page 340. If ¢ is a characteristic function, the
exp(c(¢ — 1)) is an infinitely divisible characteristic function for all
¢ > 0.

Solution: Let Wi, W5, ... bei.i.d. with characteristic function ¢ = ¢ow
(and corresponding distribution function Fyy ); then let N(¢) ~Poisson(c)
be a Poisson random variable which is independent of Wy, W,, . ... Then
S=W,+---+ WN(C) has characteristic function

os(t) = Ee" = BIE{e"’|N(c)}]

= Blow()V] =3 dw(t) exp(~c) 5

S Y
= exp(—c)expledw(r)) = exp(e(dw(t) - 1)).

This distribution is clearly infinitely divisible: Let Y,; be i.i.d. with
characteristic function exp((¢/n)(¢w(t) —1)). Then Y1 +-- -+ Y, has
characteristic function exp(c(pw(t) — 1)).

. P1S, Exercise 15.4.2, page 347:

(a) State necessary and sufficient conditions on F' for F' € D(Cauchy).
(b) Do the same for F' € Dy(Cauchy).

(¢) Show by example that Dy (Cauchy) is a proper subset of D(Cauchy).

(d) Note that a symmetric df F' is in D(Cauchy) if an only if 2 P(X >
x)=ax(l — F(x)) is slowly varying.

Solution: (a) First note that for the Cauchy(0, 1) distribution we have
o(t) = exp(—|t|). Hence by Theorem 15.3.1, § = 0 and p = 1/2. Thus
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by part (a) of theorem 15.4.1, F' € D(Cauchy) if and only if both
U(z) = E{X*1|x|<s} € Ui and P(X > 2)/P(|X| > ) — 1/2. By
exercise 4.1, the condition involving U is equivalent to P(|X| > x) €
U_1, and this is, in turn, equivalent to

?P(|X] > 2)
Ulz)

(b) By Part (b) of theorem 15.4.1, F' € Dy(Cauchy) if and only
tP(X >2) = ¢/2 and 2 P(X < —x) — ¢/2 for some ¢ > 0.
(c) Let
log ||
fle) = = 5 e (fe])-

Then f is symmetric about 0, and, for = > 1,

1l
= F(z) = P(X>:z;):§/ %9 1y

y2
1 o0
= —/ ve Ydv
2 logz

by the change of variables v = logy
P(Gamma(2,1) > log x)

P(Poisson(log ) <1)

<€—log1’ T log xe—logx)

N TR YRR

= %(l—l—log:p).

Note that this equals 1/2 at @ = 1, so that f is a density. Thus
P(|X]| > 2) = 271 + logz) and hence both P(|X| > z) € U_,
and P(X > «)/P(|X]| > «) = 1/2 for all € [0,00). Thus by (a),
F € D(Cauchy). On the other hand, 2 P(X > z) = aP(X < —a) =
(1 +logx)/2 4 ¢, so F' ¢ Dy(Cauchy). Also note that, for « > 1,

Uz) = 5/_ yzf(y)dyz/1 logydy = z(logz — 1) + 1
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satisfies U € U, while

2?2 P(|X| > ) _ z(1 + log )
Ulx) z(loge — 1)+ 1

(d) This part is easy: P(X > x)/P(|X| > x) — 1/2 holds trivially for
a symmetric df since P(X > 2)/P(|X| > «) = 1/2 for all , while the
condition P(|X| > x) € U_y reads 2P(X > x) € U_y, which is easily
equivalent to P(X > ) € U_;.



