
Statistics 523, Problem Set 2 Solutions

Wellner; 4/15/99

1. PfS, Exercise 14.1.2, page 309. Use chf's to show that if X

1

;X

2

; : : : are

i.i.d. with mean �, then X

n

!

p

� as n!1. Equivalently,

X

n

!

d

�

�

� the degenerate distribution with mass 1 at � :

Solution: Let � � E(X

1

) and �(t) � E exp(itX

1

). Since EjX

1

j <1,

it follows from inequality 4.2 that

j�(t)� 1� it�j=jtj ! 0 as t! 0 :

Therefore we have

�

X

n

(t) = �(t=n)

n

=

�

1 +

it�

n

+

�(t=n)� 1 � i(t=n)�

t=n

t

n

�

n

=

�

1 +

it

n

�

�+

�(t=n)� 1� i(t=n)�

it=n

��

n

! exp(it�) ;

the characteristic function of �. Hence by the Cram�er - L�evy continuity

theorem, X

n

!

d

�. But since convergence in distribution to a constant

implies convergence in probability (to the same constant), it follows

that X

n

!

p

�.

2. PfS, Exercise 14.1.4, page 309. Show that if T

�

� Poisson(�), then

(T

�

� �)=

p

�!

d

N(0; 1) as �!1.

Solution: Since �

T

�

(t) = exp(�(e

it

� 1)), we �nd that

�

(T

�

��)=

p

�

(t) = E exp(itT

�

=

p

�) exp(�i

p

�t)

= exp(�(e

it=

p

�

� 1� it=

p

�))

= exp(

e

it�

� 1 � it�

�

2

)

1



where �

�1

� �

2

. Now by L'Hopital's rule,

lim

�!0

e

it�

� 1� it�

�

2

) = lim

�!0

it(e

it�

� 1)

2�

)

=

1

2

(it)

2

= �

1

2

t

2

:

Thus

lim

�!1

�

(T

�

��)=

p

�

(t) = exp(�t

2

=2) :

Thus we conclude that (T

�

� �)=

p

�!

d

N(0; 1).

3. PfS, Exercise 14.2.9, page 318. The following are equivalent:

(a) jX

nk

j's are uan: max

k�n

P (jX

nk

j > �)! 0 for all � > 0.

(b) max

k�n

j�

nk

(t)� 1j ! 0 uniformly on every �nite interval of t's.

(c) max

k�n

R

�(x)dF

nk

(x)! 0 for �(x) � x

2

^ 1.

Solution: First, (a) implies (b): Fix � > 0 and T > 0. Choose

� � �=T . Note that

�

nk

(t) = Ee

itX

nk

= E(e

itX

nk

1

[jX

nk

j��]

) + E(e

itX

nk

1

[jX

nk

j>�]

) :

Moreover, from the proof of Lemma 4.2,

sup

jtj�T

j(e

itx

� 1)1

[jxj��]

j � sup

jtj�T

jtxj1

[jxj��]

� T� :

It follows that

max

1�k�n

sup

jtj�T

j�

nk

(t)� 1j � max

1�k�n

sup

jtj�T

jE(e

itX

nk

1

[jX

nk

j��]

� 1)j

+ 2 max

1�k�n

P (jX

nk

j > �)

� max

1�k�n

sup

jtj�T

jE[(e

itX

nk

� 1)1

[jX

nk

j��]

]j

+ 3 max

1�k�n

P (jX

nk

j > �)

� �T + 3 max

1�k�n

P (jX

nk

j > �)

! �T = �

as n!1. But � > 0 was arbitrary, so (b) holds.
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Now (b) implies (a): an inequality in the same spirit as the one we

used to prove the continuity theorem, Inequality 13.3.1, page 293, is as

follows:

P (jXj � �) �

�

2

Z

[jtj�2=�]

j1� �(t)j dt :(1)

We will prove this below. Suppose that (b) holds. Note that (1) implies

that

max

k�n

P (jX

nk

j � �) �

�

2

max

k�n

Z

[jtj�2=�]

j1� �

nk

(t)j dt

� 2max

k�n

sup

jtj�2=�

j1� �

nk

(t)j

! 0

and hence (b) implies (a). To see that (1) holds, note that for T 2

(0;1) we have, by Fubini's theorem,

1

2T

Z

T

�T

�(t)dt =

1

2T

Z

T

�T

E(cos(tX) + i sin(tX)) dt

=

1

2T

E

�

Z

T

�T

(cos(tX) + i sin(tX)) dt

�

= E

�

sin(TX)

TX

�

:

It follows that

j

1

2T

Z

T

�T

�(t)dtj � Ej

sin(TX)

TX

j

� Ej

sin(TX)

TX

j1

[jXj��]

+ Ej

sin(TX)

TX

j1

[jXj<�]

�

1

T�

P (jXj � �) + 1� P (jXj � �)

since j sin(y)j � 1 and j sin(y)=yj � 1. Choosing T = 2=� yields

j

�

4

Z

2=�

�2=�

�(t)dtj � 1 �

1

2

P (jXj � �)
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or, equivalently,

P (jXj � �) � 2 � j

�

2

Z

2=�

�2=�

�(t)dtj

=

�

2

Z

jtj�2=�

dt� j

�

2

Z

2=�

�2=�

�(t)dtj

�

�

2

Z

2=�

�2=�

j1� �(t)jdt ;

i.e. (1) holds.

Note that (c) implies (a) easily since, for � 2 (0; 1],

1

[jxj��]

�

x

2

�

2

^ 1 �

x

2

^ 1

�

2

=

�(x)

�

2

;

and hence

P (jX

nk

j � �) � �

�2

E�(X

nk

) :

Finally, (a) implies (c): for any � < 1,

E�(X

nk

) = E�(X

nk

)1

[jX

nk

j��]

+ E�(X

nk

)1

[jX

nk

j>�]

� �

2

+ P (jX

nk

j � �) ;

and hence

max

k�n

E�(X

nk

) � �

2

+max

k�n

P (jX

nk

j � �)! �

2

:

Since this holds for arbitrary � > 0, (c) holds.

4. Suppose thatX

n1

; : : : ;X

nn

are independent random variables withX

nk

�

Bernoulli(p

nk

), and let Y

nk

� Poisson(p

nk

) for k = 1; : : : ; n. Let P

n

be

the distribution of X

n

�

P

n

k=1

X

nk

and let Q

n

be the distribution of

Y

n

�

P

n

k=1

Y

nk

. Show that

d

TV

(P

n

; Q

n

) � supfjP

n

(A)�Q

n

(A)j : A 2 Bg �

n

X

k=1

p

2

nk

:
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Note that if p

nk

= �

k

=n for k = 1; : : : ; n, then the bound becomes

�

�=n.

[Hint: Construct X

n

and Y

n

on a common probability space as follows:

Let T

nk

� Poisson(p

nk

), k = 1; : : : ; n and Z

nk

� Bernoulli(1 � (1 �

p

nk

)e

p

nk

), k = 1; : : : ; n all be independent, and de�ne

X

nk

= 1

[T

nk

�1]

+ 1

[T

nk

=0]

1

[Z

nk

=1]

:

SetX

n

�

P

n

k=1

X

nk

and Y

n

=

P

n

k=1

T

nk

. Check thatX

nk

� Bernoulli(p

nk

),

P (T

nk

= 0;X

nk

= 1) = e

�p

nk

� (1� p

nk

) ;

P (T

nk

� 1;X

nk

= 0) = 0 ;

P (T

nk

� 2) = 1� e

�p

nk

� p

nk

e

�p

nk

:

Show that

d

TV

(P

n

; Q

n

) � P (X

n

6= Y

n

) �

n

X

k=1

P (X

nk

6= T

nk

) �

n

X

k=1

p

2

nk

:](2)

Solution: First, note that

P

n

(A)�Q

n

(A) = P (X

n

2 A)� P (Y

n

2 A)

= P (X

n

2 A;X

n

= Y

n

) + P (X

n

2 A;X

n

6= Y

n

)

� (P (Y

n

2 A;X

n

= Y

n

) + P (Y

n

2 A;X

n

6= Y

n

))

= P (X

n

2 A;X

n

= Y

n

) + P (X

n

2 A;X

n

6= Y

n

)

�(P (X

n

2 A;X

n

= Y

n

) + P (Y

n

2 A;X

n

6= Y

n

))

� P (X

n

6= Y

n

)

since the �rst and third terms cancel, the fourth term is negative (non-

positive), and the second term is clearly bounded above by the term

in the last line. This argument also works for Q

n

(A)� P

n

(A), and we

conclude that

jP

n

(A)�Q

n

(A)j � P (X

n

6= Y

n

)

for all Borel setsA; hence d

TV

(P

n

; Q

n

) � P (X

n

6= Y

n

). Now \

n

k=1

[X

nk

=

T

nk

] � [X

n

= Y

n

], so taking complements yields [

n

k=1

[X

nk

6= T

nk

] �
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[X

n

6= Y

n

], and this implies that

P (X

n

6= Y

n

) �

n

X

k=1

P (X

nk

6= T

nk

) ;

Thus the �rst two inequalities in (2) hold. Now for X

nk

as de�ned in

terms of T

nk

and Z

nk

we have

P (X

nk

= 1) = P (T

nk

� 1) + P (T

nk

= 0)P (Z

nk

= 1)

= 1 � e

�p

nk

+ e

�p

nk

(1� (1 � p

nk

)e

p

nk

)

= p

nk

and since X

nk

takes on only the values 0 and 1, X

nk

�Bernoulli(p

nk

).

Now the joint distribution of (X

nk

; T

nk

) in this construction is given as

follows:

P (T

nk

= 0;X

nk

= 1) = P (T

nk

= 0; Z

nk

= 1)

= P (T

nk

= 0)P (Z

nk

= 1)

= e

�p

nk

(1� (1 � p

nk

)e

p

nk

)

= e

�p

nk

� (1� p

nk

)

P (T

nk

= j;X

nk

= 0) = 0; for j = 1; 2; : : : ;

P (T

nk

= 0;X

nk

= 0) = P (T

nk

= 0; Z

nk

= 0)

= P (T

nk

= 0)P (Z

nk

= 0)

= e

�p

nk

(1� p

nk

)e

p

nk

= 1 � p

nk

;

P (T

nk

= 1;X

nk

= 1) = P (T

nk

= 1) = p

nk

e

�p

nk

;

and

P (T

nk

� 2) = 1 � e

�p

nk

� p

nk

e

�p

nk

:

Thus we have

P (X

nk

6= T

nk

) = 1� e

�p

nk

� p

nk

e

�p

nk

+ e

�p

nk

� (1� p

nk

)

= p

nk

(1� e

�p

nk

)

� p

2

nk

since 1 � e

�x

� x :
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