Statistics 523, Problem Set 2 Solutions
Wellner; 4/15/99

1. P15, Exercise 14.1.2, page 309. Use chf’s to show that if Xy, X3,... are
i.i.d. with mean p, then X,, —, ¢t as n — oco. Equivalently,

X, —4 6, = the degenerate distribution with mass 1 at p.

Solution: Let y = F(X;) and ¢(t) = E exp(itXy). Since E|X;| < oo,
it follows from inequality 4.2 that

lp(t) — 1 —atu|/[t] — 0 as t—0.

Therefore we have

ort) = ol = {1+ 2

_ {L+%<M+¢aw02;;«wnm>}n

S explitp)

the characteristic function of u. Hence by the Cramér - Lévy continuity
theorem, X, —4 . But since convergence in distribution to a constant
implies convergence in probability (to the same constant), it follows
that X, —, 4.

2. PfS, Exercise 14.1.4, page 309. Show that if T\ = Poisson(}\), then
(T — )\)/\/X —4 N(0,1) as A — oo.

Solution: Since ¢r, (1) = exp(A(e — 1)), we find that

Diry—ryalt) = Eexp(itTy/V ) exp(—ivVAt)

= exp()\(eﬁ/\/X —1—it/VX)
et —1 —itn

)

= exp(
n



where A™! = 5%, Now by L’Hopital’s rule,

et — 1 — ity

. it(e””—l)
. ) = lim——=

n—0 2n )

1 1
= —(it)r = —=t2.
5 (it) 9

lim
n—0 n

Thus
Jim g,y pvalt) = exp(—t*/2).
Thus we conclude that (7 — )\)/\/X —q4 N(0,1).
. P1S, Exercise 14.2.9, page 318. The following are equivalent:
(a) |Xuk|’s are uan: maxg<, P(| X,k > €) — 0 for all € > 0.

(b) maxg<y |¢nr(t) — 1| = 0 uniformly on every finite interval of ¢’s.
(¢) maxgcn, [a(x)dEx(z) = 0 for a(z) =2 A 1.

Solution: First, (a) implies (b): Fix § > 0 and 7' > 0. Choose
¢ < §/T. Note that

uk(t) = Be' 0 = B 1x 1<) + E(e Ly, 159)
Moreover, from the proof of Lemma 4.2,

sup | (e — Djei<g] < sup [tz]lge<g < Te.
[t|<T [t|<T

It follows that

max sup |¢.x(t) — 1| < max sup |F etAnk ] X, pl<q — 1
1Sk§n|ﬂ§T| ( ) | 1Sk§n|ﬂ§T| ( (| Xnkl<e] ”
+ 2 max P(|X.x| > ¢€)
1<k<n
Sy sup B = Dlgxiall
+ 3 max P(|X.k| > ¢€)
1<k<n
< €T+ 3 max P(|Xuk| > €)
1<k<n
— =4

as n — 0o. But § > 0 was arbitrary, so (b) holds.
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Now (b) implies (a): an inequality in the same spirit as the one we
used to prove the continuity theorem, Inequality 13.3.1, page 293, is as
follows:

€
(1 PUN|Z <5 [ i-snlar,

[lt]<2/¢]

We will prove this below. Suppose that (b) holds. Note that (1) implies
that

€

max P(|Xui| >¢) < —max/ |1 — dnr(t)| dt
ks 2 k< Jllij<a/d

N

< 2max sup |1 — ¢ur(t)]
k<n jr1<2/e

0

1

and hence (b) implies (a). To see that (1) holds, note that for T' €
(0,00) we have, by Fubini’s theorem,

! ' 1 ! ..
ﬁ/_Tﬁb(t)dt = 57 _TE(COS(tX)‘I‘ZSIH(tX))dt

_ %E{ /_ " (cos(tX) —|—isin(tX))dt}

It follows that

1 (7 sin(T'X
57 [ el < pind ),
o7 |, TX
sin(T°X) sin(T°X)
< F|l/——1 qa+ Fl————|1 ¢
< b % [1yx)>q + £ % Tx 1<
1

< P(X|Z 0+ 1- P(X] > )
@

since |sin(y)| <1 and |sin(y)/y| < 1. Choosing T = 2/¢ yields

2/e

1
S e(t)dt] <1—=P(IX] > e)
4 —2/e 2



or, equivalently,

P(IX] = ¢)

i.e. (1) holds.
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Note that (c) implies (a) easily since, for € € (0, 1],

Ljap>q <

and hence

AL

2 Al alx)
2 T 2

€ €

P(| X1 =€) < e PEa(X,1) .

Finally, (a) implies (¢): for any € < 1,

Eoz(Xnk) =
<
and hence
max Foa(Xx)
k<n

Ea(Xou)x,,0<q + Ba(Xu) x4
&+ P(| X > €,

<+ I]£1<ELXP(|Xnk| > ) = .

Since this holds for arbitrary € > 0, (c) holds.

4. Suppose that X,,q,...

, X, are independent random variables with X, ~

Bernoulli(p,x), and let Y, ~ Poisson(p,) for k =1,...,n. Let P, be
the distribution of X,, = 2221 X, and let @, be the distribution of
Y, = > 7_, Yar. Show that

dTV(anQn) = Sup{|PN(A) - QH(A)| A€ B} < Zp?zk
k=1
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Note that if p,. = Ag/n for & = 1,...,n, then the bound becomes
[Hint: Construct X,, and Y, on a common probability space as follows:
Let Tp ~ Poisson(p,), K = 1,...,n and Z,; ~ Bernoulli(l — (1 —
pak)efm®), k=1,...,n all be independent, and define

Xnk = 1[Tnk21] + 1[Tnk=0]1[znk:1] :
Set Xy = 3 hmy Xnwand Yy = 500 Thp. Check that Xy ~ Bernoulli(py),

P(Tnk = 07X”k = 1) = e — (1 - pnk)v
Py >1,X,=0) = 0,
P(Tnk 2 2) e 1 — e_pnk _ pnke_pnk .

Show that

(2) drv(Pa,Qu) S P(Xu #Y,) <) P(Xar # D) <) i ]

k=1

Solution: First, note that

Po(A) = Qu(A) = P(X, € A)—P(Y, € A)
= P(X,€eAX,=Y,)+P(X,eAX,#Y,)
— (P(Y, € A, X, =Y,) + P(Y, € A, X, #Y,))
= P(X,€eAX,=Y,)+P(X,eAX,#Y,)
—(P(X, € A, X, =Y,)+ P(Y, € A, X, £ Y,))
< P(X. #Ya)

since the first and third terms cancel, the fourth term is negative (non-
positive), and the second term is clearly bounded above by the term
in the last line. This argument also works for @,(A) — P,(A), and we
conclude that

[Pn(A) = Qu(A)| < P(Xy #Y3)
for all Borel sets A; hence dyy (P, Qn) < P(X, # Y,). Now Ni_ [ X,k =
Tor] C [Xn = Yy], so taking complements yields Up_, [Xnx # Tag] D
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[X, # Y,], and this implies that

3

P(X,#Y,) < P( Xk # Tor);

k=1
Thus the first two inequalities in (2) hold. Now for X, as defined in
terms of T, and Z,; we have

P(Xpp=1) = P(Top > 1) + P(Top = 0)P(Zoy = 1)
— 1 _ e_pnk _I_ e_pnk(l _ (1 _ pnk)epnk)
= Pnk

and since X, takes on only the values 0 and 1, X, ~Bernoulli(p,).
Now the joint distribution of (X,x, T,.x) in this construction is given as
follows:

PT=0,Xy,=1) = P(Tuw=0,Z;=1)
— P(Ty = 0)P(Zn = 1)
— e_pnk(l _ (1 _pnk)epnk)
— e_pnk _ (1 _ pnk)
P(Tnk:j,XnkZO):O, for j:1,2,...,

P =0,k = 0) = P(Ty= 0,7 =0)
= P(Lu=0)P(Zu = 0)
= e " (1 = pup)e™™ =1 — pus,
P(Ty =1, X =1) = P(To, = 1) = ppe™®
and
P(Ty 2 2) = 1= et — e,
Thus we have
P(Xp #Tox) = 1—e P —pe Pk e — (1 — poy)

pnk(l _ e_pnk)
< pik since 1 —e < ux.



