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Statistics 523, Final Exam Solutions
Wellner; 6/11/99

32 points). Define four of the following five terms:

a) An infinitely divisible distribution (or random variable).

b) A stable distribution (or random variable).

c) A stopping time relative to a filtration {A; : 0 <t < oo}.

d) The strong Markov property of a process {X(t) : 0 <t < oo}.
e) A tight sequence of distribution functions {F},}

or probability measures {P,}.
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Solution: See PfS.

. (36 points). Give careful statements of three of the following five

theorems or results:

(a) The Berry-Esseen theorem.

(b) Donsker’s theorem for the partial sum process {S,(t): 0 <t < 1}.
(¢) Donsker’s theorem for the uniform empirical process

{Un() : 0<t <1}

(d) Four properties of Brownian motion S on [0, 00).

(e) The Cramér - Lévy continuity theorem for characteristic functions.

Solution: See PfS.

(48 points). A. Prove the following:
If S is standard Brownian motion on [0, 00), then

P(sup S(s) > ) = 2P(S(t) > x) = 2(1 — ®(z/V1)).

0<s<t

B. Fora >0,b¢€ R, let
T=inf{t > 0:S(t) =a+bt}.
Use the martingale Y (¢) = exp(6S(t) — 6?t/2) to show that
Eexp(=A1) = exp(—a{b+ (b* +2))1/2}).
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[Hint: choose § = b+ (b? + 2X)'/2]

Solution: A. This was proved in Section 12.7, PfS, page 265.
B. Since the process Y is a mean 1 martingale, if application of the
optional sampling theorem can be justified, then we have

1 = EY(7r)= Eexp(6S(r) — 6°7/2)
= Eexp(f(a+br)—0°7/2)
= Eexp(fa+ (0b—0%/2)T),
and hence
Eexp((60b— 92/2)7') = exp(—ba),
and choosing 0 = b + (62 + 2)\)1/2 as suggested in the hint, this yields
(1) Eexp(—A1) = exp(—a(b+ (b* +2))Y/?)).

The potential difficulty is in verifying that the optional sampling the-
orem can be applied, and the possibility is the case b > 0, since then
7 is even an extended-valued random variable. Note that the limit of
the right side of (1) as A — 0 is

_ J exp(—a-0)=1 if b<0
exp(—a(b+[b])) = { exp(—2ab) < 1 if b>0

This agrees with our calculation in Theorem 12.7.2: if b > 0 and a > 0
then

P(S(t) > bt +a for some t > 0) = P(1 < o0) = exp(—2ab),

so that in the case b > 0 we have P(T = oo) = 1 — exp(—2ab) > 0.
[Also note that the Laplace transform of an extended valued random
variable 7 is well-defined and the limit as A — 0 yields P(7 < 00).]

Also, note that the limit of the right side of (1) as b — 0 is exp(—av/2\)
in agreement with the solution to problem 2, problem set 6.

What we need to apply the optional sampling theorem are: (a) FY (1) <
00, and (b)
liminf E{1~qY (s)} = 0.

Let K be fixed Now the stopping time 7x = 7 A K is bounded by K
and the elementary optional sampling theorem yields 1 = EY (7x).



4. (42 points). Suppose that X7, ..., X, are iid Fp (continuous) and you

form the statistic
T, —/ AlFu(z) — Fola)|dFo(x)

(i) What is the limiting distribution of 7}, in terms of a Brownian
bridge process U?
(ii) Is the limit the same if you replace T}, by

T, = / AFo(z) — Fo(x)|dFa(z)
Why or why not?

Solution: First note that by the basic inverse transformation

T [ U (E)ldFa /HU|a_m:

o0

by the change of variables Fy(z) = t. Then, defining

zﬁ|wma—mw

for a Brownian bridge process U, since the function g : D[0,1] — R is
continuous with respect to the supremum metric || - ||,

(2) T, =g(Un) »ag(U)=T

follows from Donsker’s theorem for U,. Even more intuitively, if U,
and U have been constructed on a common probability space so that
|U;, — Ul|sc — 0, then

T, —T| < / U, (t) = U(t)] dt < ||U, — Ulloe — 0,

and hence (2) continues to hold for any version of the processes.

The answer to the second question is “yes”! If T}, is replaced by
7= [ VA (@) - Fo@)|d, (2
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then, using a constructed version of U,, and U for which ||U,, —Ul|« —
0 holds, then we have

o0

Tu=a [ I0u(Foa) G (Ful /|U )G (¢

o0

and we can write

T, —T| < |/ U, (t)|dG (¢ /|U )|dt|
|/ U, (£)|dG (¢ /|U )G (t
+|/ [U(t)|dG,(t /|IU )|dt|

< !\Un—U!\oo+|/0 [U0)]d(Ga(t) = 1)]

—p 040
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where the second term converges to zero a.s. since U(t,w) is a bounded
continuous function for almost every w (for all w if we construct U “cor-
rectly”), and by the Helly-Bray theorem since G,, — I with probability
L.

5. (42 points). Suppose that B is standard Brownian motion on [0, o).
A. Since f(z) = z? is convex and B; is a martingale, B? is a sub-
martingale. What do we subtract from B? to get a martingale? Justify
your answer.

B. The Ito calculus says that for twice differentiable functions f from
R to R we have

(3) £(B,) — f(0) = /0 t f/(B,)dB, + something,

What is “something” in (3)? Hint: Note that “something” should re-
duce to your answer in part A when f(z) = 2.

C. Apply (3) to the function f(x) = sinh(z) (recalling that sinh(z) =
(e —e™™)/2).



D. Using the result from C, write down a martingale related to sinh(B;).

Solution: A. Subtracting ¢ from B? yields a martingale: by straight-
forward calculation

E(B} —t|A;) = E{(Bi— Bs+ By)* —[(t —s) + s]|As}
= FB{(B:i — B.)*+2(B; — B))B, + B> — [(t — 5) + s]| A}
= B{(Bi—B.)*}—(t—»)
+ 2B, E{(B; — B,)|As} + B — s
since B; — B, is independent of A,
= O—l—O—l—BSZ—s a.s.

Thus B? — t is a martingale.

B. The Ito calculus says that for twice differentiable functions f from
R to R we have

t 1 t
@ 1B = 10) = [ FBaB g [ 5B,
Thus “something” in (3) is just

1 [ 7

Note that for f(z) = 2? we have f'(z) = 2z, f’(z) = 2, and the
“something” term becomes

1 t
—/st—t.
2 0

Thus the Ito calculus yields
t
B? —2/ BydBs +t
0

or equivalently

t
Bf—t—z/ BdB,
0

>



is a martingale.

C. For the function f(x) = sinh(z), f'(z) = cosh(z), f”(z) = sinh(z),
and since sinh(0) = 0 the Ito formula yields

t 1 t
sinh(B;) = / cosh(Bs)dBs + 5/ sinh(B;)ds .
0 0

D. It follows from the calculation of C that
1 t t
sinh(B;) — 5/ sinh(B;)ds = / cosh(Bs)dB;
0 0
is a martingale.

. (42 points). Prove one of the following two inequalities:

Pwmzuosg/h—wamﬁ;

1
(5) PIX| 21/ <5 [ 1ol

2€ Jjr<ad
Hints: In proving the first inequality, you may use the fact that
inf),>1(1 — sin(y)/y) = (1 —sin(1)) = .1585... > 1/7. The second
inequality was proved in the solution to problem set 3, problem 2.

Solution: The first inequality is proved in Section 13.3, page 293, PfS.
The second inequality is proved as follows: first note that for 7' € (0, co)
we have, by Fubini’s theorem,

e e .
o7 /_T o(t)dt = 5T /. E(cos(tX) +isin(tX)) dt
1

- B { /_ Z(cos(tX) +isin(tX)) dt}



It follows that

1 (7 sin(TX)
— < p|I/—=
2T/_T¢(t)dt| < E| TX |
sin(T'X sin(T'X
< EliT(X )|1[|X|251+E|7T(X )|1[|X|<el

1
< o P(IX] 2+ 1-P(X] > ¢
€

since |sin(y)| <1 and |sin(y)/y| < 1. Choosing T' = 2/e yields

2/6 1
S e()dt] <1—=P(IX| > ¢)
4 ) 5 2

or, equivalently,

€ 2/e
POXI2 0 < 215 [ o

2/e
_ ¢ / a1 [ sty
lt]<2/c 2

—2/e

2/e
5[ -l

2/e

IN

i.e. (5) holds.

7. (42 points). Suppose that you are given the law of the iterated loga-
rithm for Brownian motion S at co:

(6) lim su _S® 1
t—o0 P vV 2t lOg lOgt N

A. Prove the time reversal property of Brownian motion: if S is stan-

dard Brownian motion, then the process S(t) = tS(1/t) is also standard

Brownian motion.

B. Use A together with (6) to prove the LIL for Brownian motion at

0:
(7) lim sup ) =1 a.s.

t—0 " /2tloglog(1/t)
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Solution: A. S(t) = tS(1/t) is clearly a mean zero Gaussian process
because S is. Furthermore for 0 < s, < oo we have

E(S(s)S(t)) = B(stS(1/s)S(1/t))
= st{(1/s) A (1/1)}
= SAL.

Thus S is standard Brownian motion.

B. For 1/s =t we have

S(t) _ S(1/s)
Vatloglogt  \/2(1/s) logloa(1/5)
_ sS(1/s)
V/2sloglog(1/s)
S(s)
V/2sloglog(1/s)

where S(t) = tS(1/t). It follows that

1 = Timsup o)
t—»oop Vv2tloglogt
S
= limsup (5)
s—0  /2sloglog(1/s)
S
= limsup (5)

s—0  /2sloglog(1/s)

where the last line follows from the result of A. Thus the LIL for Brow-
nian motion at 0 follows from the LIL for Brownian motion at oo via
time inversion.



