Statistics 523, Problem Set 7
Wellner; 5/12/99

Reading: Shorack, PfS; Chapter 18, pages 395-448.
(continuous parameter parts!).

Due: Wednesday, May 19, 1999.
1. Use a reflection principle to show that for 0 <y < x

P(sup S(s) >z, S(t) <y) = P(S(t) > 2x —y),
0<s<t
and use this to show that the joint density of M* = supy.,, S(s),S(t)
is given by

flx,y) = JE%ZU—yMMP(—
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(22 —y)?

of ) for 0<y<zx.

2. Bonus Problem 1. Suppose that S is standard Brownian motion on
(C10,00),Co,x)), and let its distribution be denoted by P = Fy. Let
S,(t) = S(t)+ut be Brownian motion with drift i, and let P, denote the
distribution of S, on (C[0,00),Cle0))- Set Y (t) = exp(uS(t) — p?t/2).
For t > 0 let [, and P, denote the distributions [4) and P, restricted
to A = {S(s) : s < t}. Show that the Radon - Nikodym derivative
dP,:/dPy: =Y (t).

3. Bonus Problem 2. Suppose that S, is Brownian motion with drift
w > 0 as in problem 2, and let 7 = inf{t > 0:S,(t) = a}, a > 0. Use
the result of bonus problem 1 together with results from problem set 6
to find the distribution of 7. You should find that

P,(r>t) = P,Su(s)<a, 0<s<t)
EIRNETT

f-(t) = d exp (—%) fort > 0.

and

1



This is the inverse Gaussian density. [Note that this reduces to the
density of 7, from problem set 6 when p = 0.



