
Statistics 523, Problem Set 4 Solutions

Wellner; 4/29/2020

1. Exercise 10.2.1, PfS (2017), page 235: the following are equivalent:
(i) The random variables are uan; that is,

maxk≤n P (|Xnk − µnk| > ε)→ 0 for all ε > 0.
(ii) maxk≤n |φnk(t)− 1| → 0 uniformly on every finite interval of t’s.
(iii) maxk≤nE(X2

nk ∧ 1)→ 0 .

Solution: First, (i) implies (ii): Fix δ > 0 and T > 0. Choose ε ≤ δ/T . Note
that

φnk(t) = EeitXnk = E(eitXnk1[|Xnk|≤ε]) + E(eitXnk1[|Xnk|>ε]) .

Moreover, from the proof of Lemma 4.2,

sup
|t|≤T
|(eitx − 1)1[|x|≤ε]| ≤ sup

|t|≤T
|tx|1[|x|≤ε] ≤ Tε .

It follows that

max
1≤k≤n

sup
|t|≤T
|φnk(t)− 1| ≤ max

1≤k≤n
sup
|t|≤T
|E(eitXnk1[|Xnk|≤ε] − 1)|

+ 2 max
1≤k≤n

P (|Xnk| > ε)

≤ max
1≤k≤n

sup
|t|≤T
|E[(eitXnk − 1)1[|Xnk|≤ε]]|

+ 3 max
1≤k≤n

P (|Xnk| > ε)

≤ εT + 3 max
1≤k≤n

P (|Xnk| > ε)

→ εT = δ

as n→∞. But δ > 0 was arbitrary, so (ii) holds.

Now (ii) implies (i): an inequality in the same spirit as the one we used to prove
the continuity theorem, Inequality 13.3.1, page 293, is as follows:

P (|X| ≥ ε) ≤ ε

2

∫
[|t|≤2/ε]

|1− φ(t)| dt . (1)

We will prove this below. Suppose that (ii) holds. Note that (1) implies that

max
k≤n

P (|Xnk| ≥ ε) ≤ ε

2
max
k≤n

∫
[|t|≤2/ε]

|1− φnk(t)| dt

≤ 2 max
k≤n

sup
|t|≤2/ε

|1− φnk(t)|

→ 0
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and hence (ii) implies (i). To see that (1) holds, note that for T ∈ (0,∞) we
have, by Fubini’s theorem,

1

2T

∫ T

−T
φ(t)dt =

1

2T

∫ T

−T
E(cos(tX) + i sin(tX)) dt

=
1

2T
E

{∫ T

−T
(cos(tX) + i sin(tX)) dt

}
= E

(
sin(TX)

TX

)
.

It follows that∣∣ 1

2T

∫ T

−T
φ(t)dt

∣∣ ≤ E
∣∣sin(TX)

TX

∣∣
≤ E

∣∣sin(TX)

TX

∣∣1[|X|≥ε] + E
∣∣sin(TX)

TX

∣∣1[|X|<ε]

≤ 1

Tε
P (|X| ≥ ε) + 1− P (|X| ≥ ε)

since | sin(y)| ≤ 1 and | sin(y)/y| ≤ 1. Choosing T = 2/ε yields

∣∣ ε
4

∫ 2/ε

−2/ε
φ(t)dt

∣∣ ≤ 1− 1

2
P (|X| ≥ ε)

or, equivalently,

P (|X| ≥ ε) ≤ 2−
∣∣ ε
2

∫ 2/ε

−2/ε
φ(t)dt

∣∣
=

ε

2

∫
|t|≤2/ε

dt−
∣∣ ε
2

∫ 2/ε

−2/ε
φ(t)dt

∣∣
≤ ε

2

∫ 2/ε

−2/ε
|1− φ(t)|dt ;

i.e. (1) holds.

Note that (iii) implies (i) easily since, for ε ∈ (0, 1],

1[|x|≥ε] ≤
x2

ε2
∧ 1 ≤ x2 ∧ 1

ε2
=
α(x)

ε2
,

and hence
P (|Xnk| ≥ ε) ≤ ε−2Eα(Xnk) .
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Finally, (i) implies (iii): for any ε < 1,

Eα(Xnk) = Eα(Xnk)1[|Xnk|≤ε] + Eα(Xnk)1[|Xnk|>ε]

≤ ε2 + P (|Xnk| ≥ ε) ,

and hence
max
k≤n

Eα(Xnk) ≤ ε2 + max
k≤n

P (|Xnk| ≥ ε)→ ε2 .

Since this holds for arbitrary ε > 0, (c) holds.

2. Suppose that {bi}Ni=1 and {ci}Ni=1 are two sequences of real numbers, and write
c(i) ≡ ci. Suppose that R = (R1, . . . , RN) is distributed uniformly over ΠN , the
collection of all permutations of {1, . . . , N}; i.e. P (R = r) = 1/N ! for all r ∈ ΠN .
Let S ≡ SN ≡

∑N
j=1 bjc(Rj). (i) Show that V ar(S) = (N − 1)−1B2

N · C2
N where

B2
N =

∑N
j=1(bj − bN)2 and C2

N =
∑N

j=1(cj − cN)2.

(ii) What is said in Chen, Goldstein, and Shao (2011) about the asymptotic
normality of (SN − E(SN))/

√
V ar(SN)?

(iii) Do they say anything about the rate of convergence to normality of SN −
E(SN))/

√
V ar(SN)?

Solution: (i) Since P (Ri = j) = 1/N for j = 1, . . . , N and for i = 1, . . . , N ,

Ec(Ri) = N−1
N∑
j=1

c(j) = cN for each i = 1, . . . , N,

and

Ec2(Ri) = N−1
N∑
j=1

c2(j) = c2N for each i = 1, . . . , N,

it follows that

V ar(c(Ri)) = N−1
N∑
j=1

(cj − cN)2.

Since
∑N

j=1 c(Rj) =
∑N

j=1 c(j) = a constant, we find that

0 = V ar

(
N∑
j=1

c(j)

)
= V ar

(
N∑
j=1

c(Rj)

)
= NV ar(c(R1)) +N(N − 1)Cov(c(R1), c(R2)),
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and hence the covariances are all equal to

Cov(c(Ri), c(Rj)) = − 1

N(N − 1)

N∑
j=1

(cj − cN)2.

Thus

V ar(SN) =
N∑
i=1

b2iV ar(c(Ri)) +
∑
i 6=j

bibjCov(c(Ri), c(Rj))

=
1

N(N − 1)

N∑
j=1

(cj − c)2
{

(N − 1)
N∑
i=1

b2i −
∑
i 6=j

bibj

}

=
1

N(N − 1)

N∑
j=1

(cj − c)2N
N∑
i=1

(bi − b)2

=
1

N − 1

N∑
j=1

(cj − c)2
N∑
i=1

(bi − b)2

=
1

N − 1
B2
NC

2
N ,

where we used the identity

(N − 1)
N∑
i=1

b2i −
∑
i 6=j

bibj = N
N∑
i=1

b2i −N2b
2

N = N
N∑
i=1

(bi − b)2.

(ii) C-G-S give at least three theorems providing a rate of convergence to nor-
mality in the general case of an N ×N array of numbers {ai,j}Ni,j=1:

• Theorem 4.8, page 101: Let W ≡ (SN −E(SN))/σ where E(SN) ≡ µ =
Na·,·,

V ar(Y ) ≡ σ2
A =

1

N − 1

∑
i,j

(ai,j − ai· − a·,j + a·,·)
2,

and

γ ≡ γA ≡
N∑

i,j=1

|ai,j − ai· − a·,j + a·,·|3.

Then, for N ≥ 3,

‖FW − Φ|1 ≤
γ

(N − 1)σ3

(
16 +

56

N − 1
+

8

(N − 1)2

)
.
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• Theorem 6.1, page 168: Let W ≡ (SN −E(SN))/σ where E(SN) ≡ µ =
Na·,·,

V ar(Y ) ≡ σ2
A ≡ σ2 =

1

N − 1

∑
i,j

(ai,j − ai· − a·,j + a·,·)
2,

and

C ≡ CA = max
1≤i,j≤N

|ai,j − ai· − a·,j + a·,·|. (2)

Then, for N ≥ 3,

‖FW − Φ‖∞ ≤ 16.3
CA
σA

.

• Theorem 6.2, page 169: Let W ≡ (SN −E(SN))/σ where E(SN) ≡ µ =
Na·,·,

V ar(Y ) ≡ σ2
A ≡ σ2 =

1

N − 1

∑
i,j

(ai,j − ai· − a·,j + a·,·)
2,

and

γ ≡ γA =
∑

1≤i,j≤N

|ai,j − ai· − a·,j + a·,·|3. (3)

Then, for N ≥ 2,

‖FW − Φ‖∞ ≤ C̃
γA
nσ3

A

.

These results all have corollaries for the special case ai,j = bicj, i, j ∈ {1, . . . , N}.
In this case, µ = Na·· = NbNcN , ai,· = bicN , a·,j = bNcj, and we find that since

ai,j − ai· − a·,j + a·,·

= bicj − bicN − bNcj + bNcN

= bi(cj − cN)− bN(cj − cN) = (bi − bN)(cj − CN),

σ2 = (N − 1)−1σ2
Bσ

2
C = (N − 1)−1B2

NC
2
N ,
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γA =
N∑

i,j=1

|ai,j − ai· − a·,j + a·,·|3

=
N∑

i,j=1

|(bi − bN)(cj − CN)|3

=
N∑
i=1

|bi − bN |3 ·
N∑
j=1

|cj − cN |3 ≡ γB · γC ,

and

CA ≡ max
1≤i,j≤N

|ai,j − ai· − a·,j + a·,·|

= max
1≤i≤N

|bi − bN | · max
1≤j≤N

|cj − cN |.

Let

m2
N,B ≡

max1≤i≤N |bi − bN |2

B2
N

,

m2
N,C ≡

max1≤i≤N |cj − bN |2

C2
N

,

γB ≡
N∑
i=1

|bi − bN |3,

γC ≡
N∑
j=1

|cj − cN |3.

Then the bounds in the first of the two general theorems of C-G-S become:

‖FW − Φ|1 ≤
γ

(N − 1)σ3

(
16 +

56

N − 1
+

8

(N − 1)2

)
where the rate of convergence is determined by γ/((N−1)σ3) ≡ γA/((N−1)σ3

A).
But now

γ

(N − 1)σ3
=

γB · γC
(N − 1)((N − 1)−1B2

NC
2
N)3/2

= (N − 1)1/2 · γB
B3
N

· γC
C3
N

= O(N−1/2)

since γB/B
3/2
N = O(N−1/2) if we assume that N−1γB → gb and N−1B2

N → s2b > 0,
and similarly for γC and C2

N . [Note that these hypotheses would hold (in proba-
bility or even a.s.) if the bi’s were i.i.d. with finite absolute third moment.]
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In the case of the second of the three general theorems, the bound becomes

‖FW − Φ‖∞ ≤ 16.3
CA
σA

.

where C = CA is given by (2) and σ2 = σ2
A is as before. Now we have

C

σ
=

Cb · Cc
((N − 1)−1B2

NC
2
N)1/2

=
max1≤i≤N |bi − bN |

BN

· max1≤i≤N |ci − cN |
CN

· (N − 1)1/2

= Op(N
−1/2)

if we assume that the bi’s and cj’s are bounded by some constant M (uniformly
in N) since then we could also expect that B2

N/N → s2b > 0 and C2
N/N → s2c > 0.

3. Suppose that X1, . . . , Xn are the numbers resulting from sampling without re-
placement from an urn consisting of balls with the numbers a1, . . . , aN on the
N balls. Let aN ≡ a ≡ N−1

∑N
1 ai and σ2

a ≡ N−1
∑N

i=1(ai − a)2. Let Tn ≡
X1 + · · ·+Xn .
(i) Verify that for j 6= k, j, k ∈ {1, . . . , N},

Cov[Xj, Xk] = Cov[X1, X2] = − σ2
a

N − 1

and that

V ar(Tn/n) =
σ2
a

n

(
1− n− 1

N − 1

)
.

The factor (1−(n−1)/(N−1)) is sometimes called the finite-sampling correction
factor; note that the variance of the mean is smaller than the variance of the mean
under sampling with replacement (namely n−1σ2

a).
(ii) Is there any connection with the previous problem, # 2?

Solution: (i) Here Tn
d
= S as in Problem 2 with ci = ai for 1 ≤ i ≤ N

and bi = 1{1,...,n}(i) for 1 ≤ i ≤ N . Now cN = aN , bN = n/N . Furthermore

C2
N =

∑N
i=1(ai − a)2 while

B2
N =

N∑
i=1

(bi − b)2 =
N∑
i=1

b2i −Nb
2

= n−N(n/N)2 =
n

N
(N − n).
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Thus it follows from the calculation in Problem 2 that

Cov(Xi, Xj) = Cov(a(Ri), a(Rj)) = − 1

N(N − 1)

N∑
i=1

(ai − a)2

= − σ2
a

N − 1

for i 6= j since σ2
a = N−1

∑N
1 (ai − a)2, and

V ar(Tn/n) =
1

n2
· 1

N − 1

n

N
(N − n)

N∑
i=1

(ai − a)2

=
σ2
a

n
· N − n
N − 1

=
σ2
a

n
·
(

1− n− 1

N − 1

)
.

(ii) As noted in the solution of (i) above, this is the special case of ai,j = bicj with
cj = aj for j = 1, . . . , N and bi = 1{1,...,n}(i) (so that b = (1, 1, . . . , 1, 0, . . . , 0)
with n 1’s and (N − n) zeros. C-G-S (2011) give several results concerning rates
of convergence of FW to Φ. In particular, see Theorem 4.10, pages 112 - 113 for
a somewhat complicated bound for ‖FW − Φ‖1.

4. Suppose that Y1, Y2, . . . are i.i.d. with distribution function G and characteristic
function ϕ(t) = E exp(itY1). Let Nλ be a random variable with Poisson(λ)
distribution and assume that Nλ is independent of the {Yi}’s. Let S ≡ Sλ ≡∑Nλ

j=1 Yj. Find the characteristic function φS of S.

Solution: By conditioning on Nλ we find that

φS(t) = E exp(itS) = E[E(eit
∑Nλ
j=1 Yj |Nλ)]

= E(ϕ(t)Nλ) =
∞∑
k=0

ϕ(t)ke−λ
λk

k!

= e−λ
∞∑
k=0

(λϕ(t))k

k!
= eλ(ϕ(t)−1).
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