Statistics 523, Problem Set 4 Solutions
Wellner; 4/29/2020

1. Exercise 10.2.1, PfS (2017), page 235: the following are equivalent:
(i) The random variables are uan; that is,
maxy<n, P(| Xnk — pink| > €) — 0 for all € > 0.
(il) maxg<p |pnk(t) — 1| — 0 uniformly on every finite interval of t’s.
(iii) maxg<, E(X2 A1) =0 .

Solution: First, (i) implies (ii): Fix 6 > 0 and 7' > 0. Choose € < ¢/T. Note
that ' 4 '
¢nk(t) — FettXnk — E(eltXnk 1[\Xnk\§e]) + E<eZtX7Lk1[|Xnk|>d)'

Moreover, from the proof of Lemma 4.2,

sup [(e™ — 1)1jjp<q| < sup [tz|1y<q < Te.
It|<T t|<T

It follows that

-1 < E(etXnk1 1
mmpx sup [6an(t) =1 < max sup |B(e™ Lpxui<g = 1)
1<k<n
< E itXnk _ 1 1
= B ;EI;\ [(e ) x,1<dll
+ 3 max P(|X,x| > ¢€)
1<k<n

< €'+ 3 max P(|Xuk| > ¢€)
1<k<n
— €I'=90

as n — o0o. But § > 0 was arbitrary, so (ii) holds.

Now (ii) implies (i): an inequality in the same spirit as the one we used to prove
the continuity theorem, Inequality 13.3.1, page 293, is as follows:

PIX|zo<s [ p-ollar, 1)
2 Ji<a/q
We will prove this below. Suppose that (ii) holds. Note that (1) implies that
€
max P(| X,.| > ¢) < —max/ 1 — onr(t)| dt
o Pl 2 < S [ 1= gu()
< 2max sup |1 — ¢pi(t)]
RSnjt<2/e
—- 0



and hence (ii) implies (i). To see that (1) holds, note that for T € (0, 00) we
have, by Fubini’s theorem,

1 [T I
= /_ ot = o [ Bleos(tX) + isin(tx) di

_ %E { / " (cos(tX) + isin(tX) dt}

It follows that

I sin(7T'X)
i [ el < B
sin(TX sin(T'X
< E\%Unxpeﬁff\%\lm«}

1
< 7 PUXIz e +1-P(X]| =€)
€

since |sin(y)| < 1 and |sin(y)/y| < 1. Choosing T = 2/¢ yields
e [Ye 1
|- p(t)dt| <1—=P(|X]| > )
4 —2/6 2
or, equivalently,
2/e€
o (t)dt|

—2/¢
2/€
- f/ dt—|< [ o)
2 Jiy<2/e 2 ) 9

€ 2/e
s [ -t
—2/¢

P(X|>¢) < 2- |§

IN

i.e. (1) holds.
Note that (iii) implies (i) easily since, for € € (0, 1],

x? 2Nl a(r)
lazg s G AL S ===

€ €

and hence
P(|Xok| > €) < € 2Ea(X ) .



Finally, (i) implies (iii): for any € < 1,

Ea(Xue) = Eo(Xok)lyx,<d + E(Xar)L[x,0>q
< €4+ P(| Xk > €),

and hence

IiléiXEOz(Xnk) <é+ Iil<aXP(|Xnk| >€) — .

Since this holds for arbitrary e > 0, (c) holds.

. Suppose that {b;}¥, and {c;}Y¥, are two sequences of real numbers, and write
c(i) = ¢;. Suppose that R = (Ry, ..., Ry) is distributed uniformly over Ily, the
collection of all permutations of {1,..., N};ie. P(R=1r)=1/N!forallr € Ily.
Let S = Sy = ZN bjc(R;). (i) Show that Var(S) = (N —1)"'B% - C% where

B} =YY (b;—by)? and C3 =37 (cj — o)

(ii) What is said in Chen, Goldstein, and Shao (2011) about the asymptotic

normality of (Sy — E(Sn))//Var(Sy)?

(iii) Do they say anything about the rate of convergence to normality of Sy —

E(SNy))//Var(Sy)?

Solution: (i) Since P(R; =j)=1/Nforj=1,...,Nand fori=1,...,N,

N
= Z )=r¢cy foreach i=1,... N,
and
N R—
Ec(R;))=N""! 202(]’) =%y foreach i=1,..., N,
j=1
it follows that
N
Var(e(R)) = N3 (¢; — 2)
j=1

Since Z;VZI c(R;) = Z;VZI ¢(j) = a constant, we find that

(i ) Var (Z C<Rj>)

J=1

ar(c(Ry)) + N(N = 1)Couv(c(Rr), ¢(Ry)),



and hence the covariances are all equal to

Cov(c(R:), c(R))) = —m 2o

j=1
Thus
N
Var(Sy) = Y bVar(c(R)) + > bibjCov(c(R;), c(R;))
i=1 i#]
1 N
_ 2
= N<N_1)Z(c]—c { —IZb be}
J=1 i#]
1 N N
_ 2
= N<N_1)Z —C NZb—b
7=1
1 N N
_ 2
= N1 DIUED
j= 1 i=1
]' 2 2
= mBNCNu

where we used the identity

N—-1) sz > biby _NZb2 N%N_NZ (b; — b)?
i#]
(ii) C-G-S give at least three theorems providing a rate of convergence to nor-
mality in the general case of an N x N array of numbers {a;;}_;:

e Theorem 4.8, page 101: Let W = (Sy — E(Sn))/0 where E(Sy) = p =

Na..,
Var(Y)Eaj:; (@ij —a. —aj+a..)
N -1 v
and
Y=v4= Z la;; —ai —aj+a. |
ij=1

Then, for N > 3,

y 56 8
Fy— o< —" (1 .
I Ev ’1—(N—1)a3<6+N—1+(N—1)2)




e Theorem 6.1, page 168: Let W = (Sy — E(Sy))/o where E(Sy) = p =
Na.

v
’

1
Var(Y)=o04 =0° = N1 Z(am —a; —a.;+a.)?

and
C =

Then, for N > 3,

C
|Fw — @l < 16.3 =2
JA

e Theorem 6.2, page 169: Let W = (Sy — E(Sn))/o where E(Sy) = p =
Na.

°
’

1
Var(Y) =04 =0> = N1 (aij —ai —a.j+a.)?

and

Then, for N > 2,

[Py — @l < CL2

These results all have corollaries for the special case a; ; = bicj, i,j € {1,...,N}
In this case, p = Na.. = NbyCy, a;. = bicy, a.; = byc;, and we find that since
Qi — Q. — Q.4 + a..
= bz'Cj — biEN — l_)NCj + Z_)NEN

= bi(c; —en) — bn(c; —2n) = (b — by)(¢c; — C),



N N
= Z‘bz_bN‘g'Z|cj_cN’ =179B "0,
i=1 j=1
and
Ca = max |a; —a. —aj+a.
1<i,j<N
= max b; — by | - max |c; —Cy]
<i
Let
m2 o maxlgiSN |bZ — BNP
N.B =
B% ’
2 max; <<y |¢; — by|?
NC =
C% ’
N
VB = Z |b; — b |?,
i=1
N
Yo=Y lej—enl.
j=1

Then the bounds in the first of the two general theorems of C-G-S become:

y 56 g
(N —1)o? (16+ N1 (N—1>2)

where the rate of convergence is determined by /(N —1)0?) = va/((N —1)0?).
But now

[ Fw — @) <

Y _ B Yo
(N —=1)o3 (N = 1)((N = 1)~1B3C3,)3/?
TB  C
= (N—1)1/2.—~—
By C%

— O(Nfl/Q)

since 'VB/B?V/2 = O(N~'2) if we assume that N~'yp — g, and N"'B% — s2 > 0,
and similarly for 7o and C%. [Note that these hypotheses would hold (in proba-
bility or even a.s.) if the b;’s were i.i.d. with finite absolute third moment.]



In the case of the second of the three general theorems, the bound becomes

C
| Fy — ®|o < 16.3 =2
A

where C' = C}y is given by (2) and 0% = 0% is as before. Now we have

c G- C,
o ((N-1)"'B}C})V?
_ maxigen b — by| maxigien | — x| (N —1)12
BN ON
= OP(N_I/Q)

if we assume that the b;’s and ¢;’s are bounded by some constant M (uniformly
in V) since then we could also expect that B /N — s? > 0 and C% /N — s > 0.

. Suppose that Xy,..., X, are the numbers resulting from sampling without re-
placement from an urn consisting of balls with the numbers ay,...,ay on the
N balls. Let ay =a= N3V a; and 02 = N 'SV (a; — @)% Let T, =
)(1 + .+ Xn

(i) Verify that for j # k, j,k € {1,..., N},

COU[Xj,Xk] = OOU[Xl,XQ] = —N 1

and that

2 -1
Var(T,/n) = % (1 — JT\LT_ 1) :

The factor (1—(n—1)/(N —1)) is sometimes called the finite-sampling correction
factor; note that the variance of the mean is smaller than the variance of the mean
under sampling with replacement (namely n=1o?).

(ii) Is there any connection with the previous problem, # 27

Solution: (i) Here T, 2 S as in Problem 2 with ¢ = a; for 1 < i < N

and b; = 1, n3(7) for 1 < i < N. Now ¢y = ay, by = n/N. Furthermore
C% =N (a; —@)* while
N
By = Y (b—Db) Zb2 Nb
=1
= n—N(n/N) ﬁ(N—n)
N



Thus it follows from the calculation in Problem 2 that

N
Cou(Xs, X;) = Cov(a(R:),a(Ry)) = —m ;(ai—af
Oa
N -1
for i # j since o; = N—lzl (a; — @)%, and
1 1 n N
Varhu/m) = o y—p W -2 e -y

o0z N—n o 1 _n- 1

~n N—-1 =n N-1)°
(ii) As noted in the solution of (i) above, this is the special case of a; ; = b;c; with
¢ =ajforj=1,...,Nand b; = 11, (i) (so that b = (1,1,...,1,0,...,0)
with n 1’s and (N — n) zeros. C-G-S (2011) give several results concerning rates

of convergence of Fy, to ®. In particular, see Theorem 4.10, pages 112 - 113 for
a somewhat complicated bound for ||Fy — ®||;.

. Suppose that Y7, Y5, ... are i.i.d. with distribution function G and characteristic
function p(t) = Fexp(itY;). Let N, be a random variable with Poisson(\)
distribution and assume that N, is independent of the {Y;}’s. Let S = S\ =
Zj\gl Y;. Find the characteristic function ¢g of S.

Solution: By conditioning on N, we find that

6s(t) = Eexp(itS) = E[E(e “Zii*lww]
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