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1. (a) Give an example of a random variable Y with distribution function F' on
R* = [0, 00) for which EY" = oo for all r > 0.
(b) Does your example in (a) have Fg(Y) < oo for some measurable function g
with g(y) — o0 as y — oo?

Solution: (a) Suppose that F' is defined by

logz)™, = >e,
1_F(x):{§g) r<e

where v > 0. Note that F' has density f given by f(z) = vz~ (log ) ™'~ "1}c o0y (2).
Then if Y ~ F,
EY" = / ra” (1 — F(z))dr = / ra’" " tdx +/ ra"(log ) Vdx
0 0 e

= oo forall r>0

since lim, o 2" /(log )Y = oo for all 7,y > 0.
(b) Consider g(z) = (logx)°. Then g(z) — oo if 6 > 0. Moreover,

_ [ 5 v
Eg(Y) = /; (10g I) Wdl‘

— 7/00 o=y = T
1 Y=o

if0<d<n.

2. Stein’s method for convergence in distribution to the Poisson distribution depends
on the following characterization: X ~ Poisson(\) if and only if

EIXf(X)] = AE[f(X +1)]

for all functions f for which the expectations exist. Show that if X ~ Poisson(\)
then the identity in the display holds for any bounded function f.



Proof. Suppose that X ~ Poisson(A) and let f : N — R be bounded. Then

% k
X)) = Sk
k=0 ’
= e
;f( T
0 m+1 > m
— Z f(m+ 1)6_)‘>\m' = A Z flm+ 1)6_)\%
m=0 ’ m=0 ’
— MEF(X +1).

The reverse argument goes as follows: Suppose that for any A C N we can
construct a function g4 ) : N — R satistying

Ag(k + 1) — kg(k) = 1a(k) — Poissy(A) (1)
for all kK > 0. Then if W takes values in N we have
AE{\g(W 4+ 1) = Wg(W)} = P(W € A) — Poissy(A)

If the left side is zero, then we conclude that W has a Poisson(\) distribution.
The solution of (1) can be found recursively, starting from k& = 0 and working
up. See Barbour, Holst, and Janson (1992), Poisson Approximation.

. PfS, Exercise 10.1.5, page 228. Use the multivariate CLT to show that U,, —;4 U
where U is a standard Brownian bridge process on [0, 1].

Solution: First write U, (t) = n(G,(t) —t) = n=2 3" (1p4(&) — t). Then
forO<ty <<t <1

n

(Up(ty), ..., Ut =n72Y "V,

=1

where V, = (Vi(t1),...,Vi(ty))", i € {1,...,n} are i.i.d. random vectors with
E(V,) = E(Ljo) (1) =ty Lo (§1) — tr)" =0, and

EV,V] = E{Ljo4;) (&) Lo, (&1)} — tt"
= (tj AN tj/ — tjtj’);?,j’:l =>.
Thus by the multivariate CLT it follows that

(Un(t),. .., Un(ts))T = n~ 12 ZK S No(0,3).

=1

Thus U,, =74 U.



4. PfS, Exercise 10.1.6, page 228. Use the multivariate CLT to show that S,, =4 S
where §,, is the partial sum process of i.i.d. (0,1) rv’s and S is a standard
Brownian motion.

Solution: Let 0 < ¢; < -+ <t < 1. We want to show that
(Sn(tl),...,Sn(tk)) —q Ni(0, {t; N tj }”, 1)

To show this we first consider the vectors V,, = (V,,1, ..., mG)T where

Vn,j = Sn(tj) - Sn(tj—l), ] € {1, RN k’}

with S,,(t9) = 0. Note that the components of the vectors V,, are independent

since V,,; = n~1/? Z[m X; where the X; are independent. Furthermore

TLtJ 1]+1

[nt;]

o \/Wj] [ntj 1] 1 X
2 -
n Vit =ntial =
Vit =t Vi~ N(0, 1 — tj1)

where the V; are i.i.d. N(0,1) by the ordinary CLT for each 1 < j < k. Now
note that

Va

(Sn(tl)a <. >Sn(tk))T = g(zn) = (Vn,la Vn,l + Vn,27 R Vn,l + -+ Vn,k)

where g(v) = (vi,v; + vo,...,v1 + -+ + v;)is a continuous map from R¥ to RE,
Thus by the Mann-Wald (or continuous mapping) theorem,
(Su(tr), - Sulte))” = g(V,)

—d g(v):(vl,vl—i-VQ,.. V4 + V)
~ N0, {t; AN t; }”, )= ( (t1),...,St)".
Thus S,, =4 S.

5. Goldstein’s probabilistic proof of the Lindeberg-Feller CLT relies on the following
lemma, which is a kind of converse for Slutsky’s lemma.
Let {U,} and {V,,} be sequences of random variables such that U, and V,, are
independent for every n. Then U,, =4 U and U, +V,, —4 U implies that V,, —, 0.
Prove this lemma. (This is Lemma 5.1 in Goldstein (2009).)

Solution: Independence of U, and V,, for each n together with convergence in
distribution of both U, and U, + V,, to U yields

du(t) = BV « B UntVn) = EeltUn . B — ¢y (t) - lim B,

n—oo



and hence ¢y (t) lim,, o Eei™"" = ¢y (t) for all t € R.

This can be turned into a proof by arguing as follows: Since ¢y is the char-
acteristic function (of a proper random variable), there is a neighborhood of 0,
say |[t| < 0, such that ¢y(t) # 0 for all |t| < §; this follows from ¢y (0) = 1
and the continuity of ¢y. This leads to the conclusion that the limit ¢y (f) =
lim,, o Fe'™" =1 for |t| < § for some (perhaps small) § > 0. But this implies
that E(V) = 0 and E|V|*> = 0 by Durrett (2010), exercise 3.3.19. This implies
V' = 0 with probability 1, and hence ¢y (t) = 1 for all t € R. Thus V,, —4 0 and
this implies that V,, —, 0.

Alternatively, Use Exercise 3.3.20, Durrett (2010): V,, —4 0 if and only if
ov, (t) — 1 for |t| < 6 for some § > 0.

Of course the point of Goldstein’s proof is to (completely!) avoid the use of
characteristic functions. See Goldstein (2009) pages 59-60.

Here is the statement and solution of Durrett’s exercise. If limy ot 2(¢(t) — 1) =
¢ > —o0, then E(X) = 0 and F|X|? = —2¢ < co. In particular, if ¢(t) = 1+o0(t?),
then ¢(t) = 1.

Solution: E|X|? < oo follows from Theorem 3.3.9, Durrett (2010). By compari-
son with @(t) = 1+ itu — (1/2)t?0? + o(t*) (Theorem 3.3.8, Durrett (2010)), it
follows that u = 0 and 02 = —2c. If ¢(t) = 1 + o(t?), then ¢ = 0 and X = 0.



