Statistics 523, Problem Set 2 Solutions
Wellner; 4/17/20

1. Exercise 12.9.3, PfS (2017) page 328: Prove theorem 9.1(b) when all ¢,,, = k/2".
[Hint: Use the Paley-Zygmund inequality.]

Solution: First note that since the partitions are nested ( P, C Pni1), Vi(1)
is non-decreasing in n with probability 1: ie. V(1) < V,41(1) for all n with
probability 1.

By the Paley-Zygmund inequality, for any 0 < A < 1,
P(Va(1) > AEV,(1)) = (1 = M) E*V,(1)/E(V(1)). (

—_
~—

So we need to compute EV,(1) and E[V(1)]. But S(k/2") — S((k —1)/2") <
2727 where Z ~ N(0,1). Thus

EV,(1) = > E[S(k/2") = S((k—1)/2")| =2"-27"?E|Z| = 2"/E|Z| — 0.
On the other hand

EVi(1) = E{Z!S(k’/?")— k—1)/2")| Z\SJ/Q” J—l)/Q”)I}

= 2%(2" —1)27"E|Zy|E|Z;|1{k # j} + 2" - 27" E|Zy|?
= (2" —1)(E|Z])*+1

Thus the factor on the right side of (1) is

BV, (|2
EV20) - @ DEZPETL ] @

as n — oco. Thus the right side of (1) converges to (1 —\)2. Now fix M > 0 large
and A > 0 small. Since EV,,(1) — oo, we can choose n > Ny s so that AEV,,(1) >
M and the left side of (2) is > 1—\. Thus P(V,,(1) > M) > (1—=\)? for n > N, .
Since V,(1) / a.s., this implies that P(lim, V,,(1) > M) > (1 — A)3. But since
M is arbitrarily large and A is arbitrarily small this yields V,,(1) —, .. occ.

2. Suppose that &1, &, ...,&, are i.i.d. Uniform(0,1) rv’s, let {0 = 0 < &q <
Eno < -0 < &un < 1 = &y be the order statistics, and let 0, = (§ni —
Enio1), © € {1,...,n+ 1}, be the spacings. Give a direct proof of the fact that
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Vnmaxi<i<pi1 0ni —p 0. For what sequences ¢, ,/* 0o do we have ¢, maxi<i<nt1 0pn:i =

0,(1)?
Solution: (a) Note that for ¢t > 0
P(\/ﬁlgrlr)g)il Opi >1) = P(1£13L)i1 Onei > t/4/n)
n+1

Zp(ém. >t/\/n) = (n+1)P(6,1 > t/\/n)

IN

= (n+ 1P >t/vn)=(n+1) <1 — i)n

NZD

< (n+ 1L){exp (—t/v/n)}"
= (n+1)exp(—v/nt)

where we used 1 —x < e™® for x > 0 to get the second inequality. This bound

converges to 0 for any small ¢ > 0, and hence y/nmaxi<;<p+1 0n; —p 0.
(b) If we replace y/n by b, — oo, then the same argument yields

P(b, 1%?35&1 Oni > 1) < (n+1)exp (—(n/by)t) .

Then with b, = ¢'n/logn the bound becomes
(n+1)exp (—ctlogn) = (n+ 1)n~" — 0

if ¢t > 1. Thus with ¢ = 1, maxj<j<p41 00 = Op(n~'logn). In fact, it is known
(Darling, Lévy; see Shorack and W (1986), page 726) that

(n+1) max d,; —log(n+1) =, Y

1<i<n+1
where P(Y <t) = exp(—e™").

. Suppose that Y1, Y5, ..., Y, are i.i.d. Exponential (1) random variables, and let
Sp = Zle Y; for 1 <k <n+ 1 In the Skorokhod embedding theorem proof it
was claimed that

S S S, ) ¢
(Sn+17 Sn+1’ R} Sn_l,_l - (fn:b s 7€n:n) .

Prove this.

Proof: By independence, the joint density of the Y;’s is simply the product of
the marginal densities:

n+1
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Let (S1,S9,...,Su41) with Sy = Zle for1<k<n+1. ThenY, =S; — Si1
for 1 <k <n+1 and hence the Jacobian of the transformation is 1. Thus the
joint density of (51, S, ..., Sut1) is given by

— 5, Sn+1
f§(817 ety STL+1) = 1[0<81<“'<Sn+1]'

Now set Zp = Si/Sp41 for 1 <k <nand W = S, ;1. The inverse transformation
is given by Sy = ZxW for 1 <k <n+1 (Z,11 = 1) and has Jacobian w", so the
joint density of (S,...,S,, W) is given by

e_wwn1[0<zl<~--<zn<1, w>0)
w"
—w
= Fe 1[0100)(11}) . n!1[0<zl<...<zn<1].

g(ZaW)(Zl7“'7zn,w) =

Thus W ~ Gamma(n + 1,1) and (Zy,...,2Z,) < (&nts - -+, Enn) are indepen-

dent where (.1, . .., &) are the order statistics of n independent Uniform(0, 1)
random variables &1,...,&,.
4. Suppose that g(x fo fo(t)z(t)dt for some fixed absolutely continuous function

fo on [0,1] with fo [15(t) th < oco. What does Strassen’s theorem say about
limsup,, .. 9(Z,) where Zn = S(n-)/v2nloglogn and S is a fixed Brownian
motion process on [0, 00).

Solution: Strassen’s theorem implies that

limsup ¢(Z,) = supg(f) = Sup/ Jo(t)

n—00 fex fex

To compute the supremum on the right side in the last display, note that

o) = | [ posea

— \/ fol(t /f dsdt]_\// Lo.y(s (s)dsdt|
= | [ 76 ([ vt as| =) / (5 hols)is|

where hy(s f fo(t)dt. But then it follows by the Cauchy-Schwarz inequality
that

o) = | [ st < ([ 7o) e ([miora)”
= (/01[%(5”%) " <
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with equality in the inequality if f'(s) = cho(s) for some constant ¢, and if ¢ is
chosen so that 1 = fol [f'(s))%ds = ¢? fol [ho(s)]2ds, which implies that ¢ = 1/]|hg||2.
The upshot is that

sup g(f) = [|holl

fexk

with equality if f'(s) = ho(s)/||hol|2, and hence f(t) fo ho(s)ds/||hol|2-

Here is an interesting special case: if fo(t) =1 for 0 <t <1, then ho(t ) = 1 — t,
and ||hol]3 = fo (1 —t)%dt = 1/3. This is connected to our result that fo

N(0,1/3).

. P£S (2017), Exercise 9.3.6; page 205.
Let ¢ be a chf. Show that ¢™* [ ¢(tu)du is a chf.

Solution: Let U be a Uniform(0, ¢) random variable independent of X. Then
let Y = UX. The characteristic function of Y is

bu(t) = Be™ — B — B{E(VNUY)
= B{ox(tU)} = /O 6 (tu)du

Thus if ¢ is the characteristic function of X, then the given expression is the
characteristic function of UX where U ~ Uniform(0, ¢) is independent of X.

In fact a random variable Y has a unimodal distribution if and only if it has a
characteristic function of the form given in the display with ¢ = 1 (and hence
also if and only if Y = UX for U ~ Uniform(0,1) and X ~ F); see e.g. Dhar-
madhikari,and Joag-Dev (1988), Unimodality, Convexity, and Applications, page
7.

. Bonus question 1: PfS (2017), Exercise 9.3.4, page 205).
Derive the Logistic(0, 1) characteristic function. Hint: use lemma 9.3.2.

Solution: The logistic density is given by f(x) = e /(1 + e7%)?, so we want to
calculate
itx ,—x

¢(t) = EeitX = /; ﬁdm

We want to show that this equals 7t /sinh(7t) for t € R. Consider the function ¢
as a function of a complex variable z: thus

00 eizxef:v
= | e



Also consider the function v (z) = mz/sinh(7wz). Now both ¢ and 1 are analytic
functions of z = = + iy for |[Im(z)| < 1. Note that

o a(iy) omy Ty
Y(iy) = sinh(m(iy))  dsin(ry)  sin(7y)

so that when y = +1,
(k) = =
i) = = +o00.
sin(=4)
But they are both analytic on the strip D = {z : |Im(z)| < 1}. For ¢ on

the imaginary axis we use the change of variables (14 e *) = v, so that e™® =

(1 —v)/v, to find that

o) = [ apde= [ emaus ey

= /0 (1;@) dv:/o v V(1 —wv)!dv = F(l_?)(g)(ijl)
= I'(1-ylyy= sin7z7yry) = Y (iy)

for y € (—1,1). Here we used the “duplication formula for the Gamma function”,

™

L(1—y)'(y) =

sin(my)’

in the last step. Since S = {z: z =1y, |y| < 1} has an accumulation point in D,
it follows from Lemma 9.3.2 that ¢(z) = ¥(z) for z € D. But this implies that
Y(t) = ¢(t) for t € R; i.e. the chf ¢ of the logistic distribution is 7t /sinh(nt) for
teR.



