Statistics 523, Problem Set 1 Solutions
Wellner; 4/8/2020

1. Consider the bivariate distribution function H defined in the proof of
Skorokhod’s theorem in the course notes (and PfS, 2017 page 316).

Show that
u+v
H(a,b) / / dF(v
0,a] Ob]EX+ ~wdF ()

is in fact a bivariate d.f. on [0, 00) x (0, 00).

Solution: First note that H(u,0) = 0 for each u € [0, 00), H(0,v) = 0,
H(0,v) = 0 for each v € (0,00), and H(0,0) = 0. On the other hand,
since 0 = F(X) = EXT - EX™,

H(00,00) = /[ L rercwarw
- o /[O RS )/(Om)dF(v)

e,
+ vdF(v) / dF(—u)
EX" J0,00) [0,00)

= 1 (F(c0) = F(0)) + 1-(F(0) — F(—o0)) = 1.

Since the integrand (u + v)/EX™ is non-negative it follows that u —
H (u,v) is a non-decreasing function of u for each fixed v and similarly
for v — H(u,v). It remains to show that the two-dimensional differ-
ences of H around rectangles are always non-negative. But this holds
since (u+v)/EX™ is non-negative and differences of F' are non-negative
since F' is a distribution function.

Here is a bit more concerning evaluation of the integrals involving
F(—a) in this proof and the proof on PfS pages 316-317. Note that
X~ = —Xlx<q], and hence

BUXC) = BNtz == [ wdPw) = [ yar(-)
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by the change of variable y = —z. Similarly
F(-t) =F(-t) - F(-00) = [ aF(e)= [ aF(-)
(—o0,—1] [t,00)

again by the change of variable x = —y.

. Consider sampling n balls from an urn with R red balls and W white
balls.

(a) Show that if the sampling is carried out with replacement, the
process which counts the number of red balls drawn is a Markov process.
(b) Is the process defined in (a) a strong Markov process?

(c) Now suppose that the sampling is without replacement. Is the
process which counts the number of red balls in the sample a Markov
process? Justify your answer.

Solution: (a) If we sample with replacement, then, letting X; = 1
if the ball drawn is red and X; = 0 if the ball drawn is white, for
Jj=1,...,n, Xj’s are i.i.d. Bernoulli(p) with p = R/(R + W), and
the number of red balls drawn after & draws is Sy = Zle X;. Let
Ar = o[S1,...,Sk] denote the sigma-field generated by the process
{S1,59,...,Sk}. Then

P(Sk1 = j|Ax)
= P(Sks1=7|S1=51,-..,S = Sk)
= P(Sky1— Sk =7 —sk|S1=151,..., % = s1)
= P(Xgs1=J— Sk, S1=51,...,5 = sk)/P(S1 = s1,...,5 = Sk)
= P(Xpi1 =7 — sk|Sk = sx) = P(Sks1 = j|Sk = si).

Thus {Sk, A} is a Markov process.

(b) Since { Sk} is the partial sum process of i.i.d. rv’s Xy, it is a strong
Markov process by PfS, Theorem 8.7.1, page 179.

(c) My initial solution for this part of the problem was completely
incorrect. (Everybody gets a perfect score on this one!) Thanks to
Yunkyu Song and Peter Liu for pointing out several of my errors.
First a couple of remarks on queries I received:

(a) Query 1: The filtration { Ay : 1 <k < n}? Whereas the solution
of part (a) is given in terms of Ay = o[S},. .., Sk], the solution of



(c) is given in terms of Aj, = o[X1,..., X]? But A, = A, since
X;=5;— 81 for j € {1,...,n (with Sy = 0. Thus this is not
the key difficulty.

(b) Query 2: While the problem is stated in terms of {(Sk, Ax) : 0 <
k < n}, the solution of (2c¢) is given in terms of {(Xj, Ax) : 0 <
k < mn}? This is the real problem in terms of the Markov property.
We really want to show that the process {(Sk, Ax) : 0 < k < n}
is Markov. In this notation we want to show that

P(Sk+1 = m|Ay) = P(Sk41 = m[Sy) (1)
a.s. foral 0 <m < RA(kE+1).

The following proof of (1) is adapted from the solution given by Yunkyu
Song.

Let N = R+ W. Note that after £ draws, the total number of balls
left in the urn is N — k. On the event [Sy = m — 1], the number of red
balls remaining in the urn is R — (m — 1), and on the event [S, = m]
the number of white balls remaining in the urn is W — (k — m). We
can write

P([Xps1 =1 N [Sy =m —1])

P(Sky1 = m|Sy) = P& =m—1) (s, =m—1]
4 P =01 0[Sk = m])
P(Sk — m) [Sk=m]
R—(m—-1) W — (k—m)
= TN of et TR o e ()

On the other hand,
P(Sky1 = m|Ay)

>

ay,..., akE{O,l}:ZIf a;=m—1

+ 2.

ay,..., akE{O,l}:ZIf a;=m

P([Xpp1 = 1] NN [X = ay])
P(M_ [X; = ay])

N X

J=1

P([Xk41 = 0] NN [X; = a])
P(N_ [X; = ay])

J=1

N —k
(m—1)

R—(m—-1 W — (k-
S S T Lt (L)

1{,=m)-
N~k =)

> R (m =Dy (X, = )} + 3 Wl{ﬂflm
m

= a;l}

SN (X = a;]}



where

> (m—1) denotes the sum over {as, ..., a; € {0,1} : S¥a; =m—1}
and

> (m) denotes the sum over {as,...,a; € {0,1} : SWa; =m}.

Since (3) equals (2), the process {(Sk, Ax)} is Markov. It would be
useful to cross-check this as follows: since

(o) ()
()

the following identity should hold:

) .

P(Sg41 =m) = Wp(sk = m) + fo(m—1) _N(”_: 1>P(Sk —m—1)
_w=-m) (W) R—m=1) () (g
N -k ) N -k ()

. PfS Exercise 12.1.6, page 299, parts (a) and (b).

Solution: (a) To show that Cy, = C[0, 00) as a metric space with the
Metric poo(z,y) = > pey 2 % pi(2,y) /(14 pp(, y)) we need only to show
that pe is a metric: (i) poo(z,y) = 0 if and only if z = y;

(i) poo(@,y) = poo(y, 2);

(ili) poo(, 2) < poc(@,y) + poo(y, 2).

But (i) holds since it holds for py for every k > 1. Similarly, (ii) holds
since it holds for py for each & > 1. Finally, (iii) holds since it holds
for py for each k& > 1:

pk:(xa Z) < pk(xa y) + pk(yv Z>7
(or ¢ < a+b), and then since w — w/(1 4+ w) is monotone increasing,

plez) e _ ath
1+ pe(z,2) 14+c™ 1+a+b
a b
_I._
l1+a+b 14+a+bd
a . b
1+a 1+
Pe(T,Yy) Py, 2)

since a,b > 0

4



(b) Now to show peo(z,y) — 0 if and only if pi(z,y) — 0, first note
that if pg(z,y) — 0, then by the dominated convergence theorem with
integrable dominating function 27* (since w/(1+w) < 1 for w > 0), it
follows that peo(z,y) — 0. On the other hand suppose that p(z,y) —
0 and for some ko we have py,(x,y) — co > 0. But then

Pro (T, Y) gk G0

wo(T,y) > 27H0 :
peol,Y) L+ pro(,y) 1+c

which is a contradiction. Thus pg(z,y) — 0 for every k.

. PS (2017), Exercise 12.8.1, page 324: let Xy = 0 and let Xy, Xo, ...
be i.i.d. with mean zero and variance 0* = E(X?) < co. Let S), =
Xy + -+ + X for each integer k£ > 0.

(a) Find the asymptotic distribution of Sy +---+5,)/¢, for an appro-
priate sequence c,,.

(b) Determine a representation for the asymptotic distribution of the
“absolute area” under the partial sum process as given by

(190] + -+ [Sul)/cn-

Solution: (a) Without loss of generality, suppose that F(X?) = 1; if
not, replace X; by X;/o for all j. Note that S, = X; +---+ X}, =

VnS,(k/n), so

D 8= VnSu(k/n) =n*’n"Y S, (k/n),

k=1

and hence
n n 1
n2Y S =0y S, (k/n) = / Sn(t)dt = g(Sy)
=1 k=1 0

where, for z € C0,1], g(z) = fol x(t)dt. Note that g is ||-|| —continuous.
Thus, by Donsker’s theorem

9(5a) —a 9(S) = / “s(t)dt.



Note that E[g(S)] = fol E[S(t)]dt = fol 0-dt = 0. Moreover, by Fubini’s
theorem (justify?!)

Elg(S)] = E(/l S(u )du> (/1 S(v )dv) dudv
// dudv—//u/\vdudv
- /0(/0 udu)dv—/o Vv — 1/3.

Since ¢(S) is a linear combination of Gaussian random variables and
Eg*(S) < oo it follows that g(S) is also Gaussian.

Thus ¢(S) ~ N(0,1/3), and we have

9(Sn) =a g(S) ~ N(0,1/3)

by Donsker’s theorem and the variance computation above. Note that
we also have ¢(S,,) —, ¢(S) for the special (Skorokhod) versions of S,,
satisfying ||S,, — S| —, 0

An alternative approach to this problem would proceed via the Lindeberg-
Feller CLT as follows: First note that

n n k n n
DS o= >3 X =) 1yenX;
k=1

k=1 j=1 k=1 j=1
- (z)
J=1 =

n

= ) (n—j+1)X;

i=1

) n s 1
_ n‘i/zn*lﬂz (1 _J ) X,
n

J=1

SO

n n n
—3/2 § : _ §
n / E Sk = &n,ij = Yn,j
k=1 7j=1 7=1



where a,; = n"Y2(1 — (j — 1)/n) for 1 < j < n. Then apply the
Lindeberg-Feller CLT. Note that

E (zn: anj) = O,
j=1

and

n

Var(d Jan;X;) = Y al;=n""> (1—(j—1)/n)?
p =1

7=1
1
— / (1 —t)%dt =1/3.
0

(b) To find an asymptotic representation for (|.Sy| + -+ |S,|)/cn we
start again with Sy = /nS,(k/n). Then, with the choice of ¢, = n3/?
as in (a),

SIS = 0 YIS/l = [ 18,01t = 9(5.)

where now g(x) = fol |z(t)|dt for = € C0,1]. This g is also
|| - ||—continuous, and hence it follows by Donsker’s Theorem that

2SS4 = g(Sa) —va 9(S) = / IS(8)|dt.
k=1 0

For more information about the distributions of this and other “Brow-
) . 1
nian areas” such as [ [U(t)|dt, see:

Perman, M. and Wellner, J.A. (1996).
On the distribution of Brownian areas.
Ann. Appl. Prob. 6, 1091 - 1111.

and the references given there.



