Statistics 523, Problem Set 6, Solution
Wellner; 5/10/2017

1. Find a random variable Y with distribution function F' having
EY? = oo but with F' € D(Normal).

Solution: One solution to this is given as follows:
let f(z) = cx3(log 2)?1e00)(z). A family of symmetric examples of
this type is given by
fla) = clz[7*(log|z])" Lje,00 (|2])
with » > —1. Now for r > —1 we have

Ux) = 2 / V1 (y)dy = 2 / s (logy)"d

logx 2¢ "
= 2 rdy = —{(logx)™*! — 1
C/1 v"dv T+1{(0g3§) }
2c

r+1

)r+1

(log z as T — 00.

Thus with A, = dn'/?(logn)"*+Y/? we have

nU,(4A,) 2en(log A,)™™ 2en(log(dn'/?(log n)™/2))+1
A2 A2 - n(logn) !
2c
e

if d = \/c/2". Thus we conclude that for r > —1

When r = —1 we find that

log z
U(z) = 20/ v tdv = 2cloglog z,
1



and then with A, = dn'/?(loglogn)'/? we have

nU(A,)  2cnloglog(dn'/?(loglogn)'/?

A2 d?nloglogn
— 1

if d = \/2¢c. Therefore in this case it follows that
Sn

——— —; Z ~ N(0,1).
VZenloglogn ¢ (0.1)
Note that if r < —1, then r + 1 < 0 and
2c 2c
Ulx)=—— (1 -1 Y 5 =42 c

so B, X?=Var,(X) = 0% < oo, and (S, —nu)//n —4 N(0,0?).
. Use a reflection principle to show that for 0 <y < x

P(sup S(s) >z, S(t) <y) = P(S(t) = 2z —y),

0<s<t

and use this to show that the joint density of M™ = supy<,, S(s) and
S(t) is given by

flay) = =20 = e~

= (-

) for 0<y<zx.

Check to make sure that this gives the correct marginal densities.
Solution: Note that by reflection

P(sup S(s) >z, S(t) <y) = P(r. <t,S(rp +t—72) —S(72) <y — )

(
== = P(r. <t,S(rp +t —7,) = S(r) >z —y)
= P(r, <t,S(t) > 2z — )
P(S(t) > 2z —y)

o)




since [S(t) > 2z — y] C [1, < t]. Thus we compute the joint density f
of M™ = supy<,<, S(s), S(t) as

2

0
flz,y) = —%ayp(oiggtS(S) >z, S(t) <vy)

- )
- )
= Eer e ((E2) oz <

where we used ¢/(x) = —z¢(x) in the next to last equality.

. PfS Course Notes, Exercise 12.9.2, page 332:

Let V|'n(7ﬂ) = ZZ:1 IS(tar) — S(tur—1)|" and [P = Sup1§k§n|tnk -
tn,k—l .
() Let Z ~ N(0,1). Let r > 0. Show that:

() G = E|Z]" = 220((r + 1)/2) /7.

(b) E‘S(tn,k—h tn,k”r - Cr|tn,k - tn,k—l|r/27

Var(|S(tn,k—17 tn,k”r) = (027" - Cz)|tn,k - tn7k—1|r-

(8) Now show that EV,(2) = 1 and Var(V,(2)) < (Cy — C?)||Py||
and hence

D P(Va(2) =1 2 €) < e(Cor = C2) Y |[Pull.
n=1 n=1

(7) Finally prove that V;,(2) —4.s 11 > 2 [|Pull < oo.
Solution: («) First, if Z ~ N(0,1) and r > 0

Bzl = /Oo (2m) 2 exp(—22/2)d=
_ \f/ (20)D e
= \/;2’" V2D((r+1)/2) = 27T((r +1)/2) /7 = C,.

3



Thus Cy, = 1-3---(2k — 1). Then note that S(t,x) — S(t, 1) ~
N(0,tp % — tni—1) and hence

E‘S(tn,kfla tn,k] ’r = |tn,k - tn,kfl‘r/gE‘Z‘r = Cr‘tn,k - tn,k71|r/2'
and

Var(S(tn k-1, tn,k]Q) = FE[S(tni-1, tn,k”4 —{EIS(tn -1, tn,k]‘Q}Z
- (04 - 022)|tn,k - tn,k—l|2

as claimed (and with r = 2).
(8) Now it follows from («) that

n n

Evn(Q) - 02 Z(tn,k‘ - tn,k—l) =1- (tn,k - tn,k—l) =1

k=1 k=1

since 'y = 1, and using the independence of the increments of Brownian
motion,

n

Var(Vo(2)) = (Ci—C3) Y (tus — tas1)’

k=1

< B-=1DPn HZ nk = tng-1) = 2| Pnl]

as claimed (but with » = 2). Thus by Markov’s inequality,

S P(Vu(2) =1 =€) <272 [Pl
n=1 n=1

() This last display together with the Borel-Cantelli lemma shows that
P(|Vn(2) = 1| > € i.0.) = 0 for every € > 0, and hence V,(2) —,, 1 if

2 nt 1Pl < o0



