
Statistics 523, Problem Set 4 Solutions

Wellner; 4/26/2017

1. Exercise 7.5.4, PfS, page 146: Suppose that X1, . . . , Xn are i.i.d. with continuous
distribution function F . Show that with probability 1 all the observations are
distinct. [Hint: use corollary 2 to Theorem 5.1.3.]

Solution: Now if i 6= j, it follows that

P (Xi = Xj) = EE(1[Xi=Xj ]|Xj) = E{∆F (Xj)} = E{0} = 0

since ∆F (x) ≡ F (x)− F (x−) = 0 for all x by continuity of F . Then

P (∪1≤i<j≤n[Xi = Xj]) ≤
∑

1≤i<j≤n

P (Xi = Xj) =
∑

1≤i<j≤n

0 = 0.

2. Suppose that {bi}Ni=1 and {ci}Ni=1 are two sequences of real numbers, and write
c(i) ≡ ci. Suppose that R = (R1, . . . , RN) is distributed uniformly over ΠN ,
the collection of all permutations of {1, . . . , N}; i.e. P (R = r) = 1/N ! for all
r ∈ ΠN . Let S ≡ SN ≡

∑N
j=1 bjc(Rj). Show that V ar(S) = (N − 1)−1B2

N · C2
N

where B2
N =

∑N
j=1(bj − bN)2 and C2

N =
∑N

j=1(cj − cN)2.

Solution: As I showed in class,

V ar(c(Ri)) = N−1
N∑
j=1

(cj − c)2

and

Cov(c(Ri), c(Rj)) = − 1

N(N − 1)

N∑
j=1

(cj − c)2.
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Thus

V ar(SN) =
N∑
i=1

b2iV ar(c(Ri)) +
∑
i 6=j

bibjCov(c(Ri), c(Rj))

=
1

N(N − 1)

N∑
j=1

(cj − c)2
{

(N − 1)
N∑
i=1

b2i −
∑
i 6=j

bibj

}

=
1

N(N − 1)

N∑
j=1

(cj − c)2N
N∑
i=1

(bi − b)2

=
1

N − 1

N∑
j=1

(cj − c)2
N∑
i=1

(bi − b)2

=
1

N − 1
B2
NC

2
N ,

where we used the identity

(N − 1)
N∑
i=1

b2i −
∑
i 6=j

bibj = N
N∑
i=1

b2i −N2b
2

N = N
N∑
i=1

(bi − b)2.

3. Suppose that X1, . . . , Xn are the numbers resulting from sampling without re-
placement from an urn consisting of balls with the numbers a1, . . . , aN on the
N balls. Let aN ≡ a ≡ N−1

∑N
1 ai and σ2

a ≡ N−1
∑N

i=1(ai − a)2. Let Tn ≡
X1 + · · ·+Xn Verify that for j 6= k, j, k ∈ {1, . . . , N},

Cov[Xj, Xk] = Cov[X1, X2] = − σ2
a

N − 1

and that

V ar(Tn/n) =
σ2
a

n

(
1− n− 1

N − 1

)
.

The factor (1−(n−1)/(N−1)) is sometimes called the finite-sampling correction
factor; note that the variance of the mean is smaller than the variance of the mean
under sampling with replacement (namely n−1σ2

a).

Solution: As discussed in class Tn
d
= S as in Problem 2 with ci = ai for 1 ≤ i ≤ N

and bi = 1{1,...,n}(i) for 1 ≤ i ≤ N . Now cN = aN , bN = n/N . Furthermore

C2
N =

∑N
i=1(ai − a)2 while

B2
N =

N∑
i=1

(bi − b)2 =
N∑
i=1

b2i −Nb
2

= n−N(n/N)2 =
n

N
(N − n).
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Thus it follows from the calculation in Problem 2 that

Cov(Xi, Xj) = Cov(a(Ri), a(Rj)) = − 1

N(N − 1)

N∑
i=1

(ai − a)2

= − σ2
a

N − 1

for i 6= j since σ2
a = N−1

∑N
1 (ai − a)2, and

V ar(Tn/n) =
1

n2
· 1

N − 1

n

N
(N − n)

N∑
i=1

(ai − a)2

=
σ2
a

n
· N − n
N − 1

=
σ2
a

n
·
(

1− n− 1

N − 1

)
.

4. Suppose that Y1, Y2, . . . are i.i.d. with distribution function G and characteristic
function ϕ(t) = E exp(itY1). Let Nλ a random variable with Poisson(λ) distri-
bution and assume that Nλ is independent of the {Yi}’s. Let S ≡ Sλ ≡

∑Nλ
j=1 Yj.

Find the characteristic function φS of S.

Solution: By conditioning on Nλ we find that

φS(t) = E exp(itS) = E[E(eit
∑Nλ
j=1 Yj |Nλ)]

= E(ϕ(t)Nλ) =
∞∑
k=0

ϕ(t)ke−λ
λk

k!

= e−λ
∞∑
k=0

(λϕ(t))k

k!
= eλ(ϕ(t)−1).
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