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Wellner; 4/26/2017

1. Exercise 7.5.4, PfS, page 146: Suppose that Xi,..., X, are i.i.d. with continuous
distribution function F. Show that with probability 1 all the observations are
distinct. [Hint: use corollary 2 to Theorem 5.1.3.]

Solution: Now if ¢ # 7, it follows that
P(Xi = X;) = EE(ljx,=x,)|X;) = E{AF(X;)} = E{0} = 0

since AF(z) = F(x) — F(x—) = 0 for all by continuity of . Then

PUicicicn Xi = X;) < > P(Xi=X;)= > 0=0.

1<7,<]<n 1<i<j<n

2. Suppose that {b;}, and {¢;}¥, are two sequences of real numbers, and write
c(i) = ¢. Suppose that R = (Ry,...,Ry) is distributed uniformly over Ily,
the collection of all permutations of {1, ...,N}; ie. P(R=1r)=1/N! for all
r€ly. Let S =Sy =37 bic(R;). Show that Var(S) = (N — 1)7'B - C%,
where B% = Zjv [(b; —by)? and C% = 3N (¢; —en )%

7=1

Solution: As I showed in class,

N
Var(c =N~ 12

J=1

and

Cov(c(Ry), c(Ry)) = =

=
&

<
Il
-



Thus

Var(Sy) = Zb?Var(c(Ri))—i—ZbibjC'ov(c(Ri),c(Rj))

N 7 N

= Z { —1)Zb?—2bb}
3:1 i=1 i#j
N

= Z . —7) NZb —b)?

1 N ]:1 N )
= N1 (63—5)22(@-—6)2
= ﬁBQOﬁ,,

where we used the identity

N—1) Zzﬂ > bib; —NZb2 N2N—NZb —b)?

i=1 1#]
. Suppose that Xi,..., X, are the numbers resulting from sampling without re-
placement from an urn consisting of balls with the numbers a;,...,ay on the

N balls. Let ay = a= N3 Va and 62 = NPV (a; — @)% Let T, =
Xi + -+ X, Verify that for j £ k, j,k € {1,..., N},

0.2

Cov[X;, Xy] = Cov[ Xy, Xo] = N = N

and that

2 -1
Var(T,/n) = % (1 - ;\Lf_ 1) :

The factor (1—(n—1)/(N —1)) is sometimes called the finite-sampling correction
factor; note that the variance of the mean is smaller than the variance of the mean
under sampling with replacement (namely n~'o?).

Solution: As discussed in class 7T}, 2 S as in Problem 2 Xvith g =a;forl <i< N
and b; = 1, (i) for 1 < i < N. Now ¢y = an, by = n/N. Furthermore
C% =N (a; —@)* while

N

N
By = S (bi—0?=Y 02— Nb

=1

= n—N(n/N)?= %(N —n).
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Thus it follows from the calculation in Problem 2 that

CO’U(XZ', XJ)

Var(T,/n)

. Suppose that Y7,Y5, ..
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n
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. are 1.1.d. with distribution function GG and characteristic

function (t) = Eexp(itY;). Let Ny a random variable with Poisson(\) distri-
bution and assume that N, is independent of the {Y;}’s. Let S = Sy = Zév*l Y;.
Find the characteristic function ¢g of S.

Solution: By conditioning on N, we find that

bs(t)

k

EexplitS) = E[E(e* =2 Y |Ny)]
00 k
Ble®™) =2 %O(t)ke_k%
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