Statistics 523, Problem Set 1 Solutions
Wellner; 4/5/2017

1. State the tentative topic or title of your Project / Paper and several
key references. A tentative outline will be due on Wednesday, May 3;
the Project / Paper itself will be due on June 5.

2. PIS Course Notes, Exercise 9.3.5; PS (2000), Exercise 13.1.4, page 371.
Show that the real part of a characteristic function (or Re¢(+)) is itself
a characteristic function.

Solution: Note that since ¢ = ¢_y we have
— 1
(6x(t) + 0x(t)) = 5(ox(t) + d-x(1))

A A 1 ; ;
(EeZtX + Ee_ltx) = 5 </ emde(ZE) + /elmdF_X({E))

Requ (t) =

N~ N~

I
—

e d(Fx(z) + F_x())/2 = /ede(x)
where G(z) = (1/2)(Fx(z) + F_x(z)) is the distribution function of
eX where € is a Rademacher random variable independent of X.

3. PfS Course Notes, Exercise 9.3.6; PS (2000), Exercise 13.1.5, page 371.
Let ¢ be a chf. Show that ¢~ [ ¢(tu)du is a chf.

Solution: Let U be a Uniform(0, ¢) random variable independent of
X. Then let Y = UX. The characteristic function of Y is

¢Y(t) — Eez’tY — Eez‘tUX — E{E{eitUX|U}}
= Blox(i)) =+ / ox (tu)du.

Thus if ¢ is the characteristic function of X, then the given expres-
sion is the characteristic function of UX where U ~ Uniform(0, ¢) is
independent of X.

In fact a random variable Y has a unimodal distribution if and only
if it has a characteristic function of the form given in the display with
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¢ =1 (and hence also if and only if Y = UX for U ~ Uniform(0, 1) and
X ~ F); see e.g. Dharmadhikari,and Joag-Dev (1988), Unimodality,
Convexity, and Applications, page 7.

. PfS Course Notes, Exercise 9.3.3 (PfS (2000), Exercise 13.1.3(c), page
345).
Derive the Logistic(0, 1) characteristic function. Hint: use lemma 3.2.

Solution: The logistic density is given by f(z) = e /(1 + ¢7®)?, so
we want to calculate
0 itr ,—T

We want to show that this equals 7t/sinh(nt) for ¢ € R. Consider the
function ¢ as a function of a complex variable z: thus

o] eizaze—x
= —d
CR =
Also consider the function ¢ (z) = wz/sinh(7wz). Now both ¢ and 1 are
analytic functions of z = x + iy for |[Im(z)| < 1. Note that

o oom(y) omy  wy
Y(iy) = sinh(w(iy))  isin(ry)  sin(my)

so that when y = +1,

+7

= *£o00.
sin(=) >

(i) =
But they are both analytic on the strip D = {z: |Im(z)| < 1}. For ¢

on the imaginary axis we use the change of variables (14 e™*) = v, so
that e~ = (1 — v) /v, to find that

o) = [ apde= [ emauaen

o (1 + e—x)Q 0
_ /0 (1 - U>ydv — /0 (1 — vy = U _1y“)(g)<y +1)
— (1= y)T(y)y = Sin?iy) = (iy)
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for y € (—1,1). Here we used the “duplication formula for the Gamma

function”,
T

L1 —y)(y) = ey E—"

in the last step. Since S = {z: z =iy, |y| < 1} has an accumulation
point in D, it follows from Lemma 9.3.2 that ¢(z) = ¢(z) for z € D.
But this implies that ¢(t) = ¢(¢) for t € R; i.e. the chf ¢ of the logistic
distribution is 7t /sinh(7t) for ¢t € R.

. Give an alternative derivation of the characteristic function of a Cauchy
random variable X along the following lines:

(a) Let Y7, Y5 be independent exponential(1) random variables. Show
that V =Y; — Y5 has characteristic function ¢y () = 1/(1 + ¢?).

(b) Since |¢y (t)] is integrable, the density of V' is

1 1 —itv
fv(v):%/Rl_{_tze dt for v e R.

(c) Use the convolution formula to show that fy (v) = (1/2) exp(—|v|).
(d) Combine (a) - (c¢) to conclude that ¢x(t) = (1/2) exp(—|t|).

Solution: (a) If Y; and Y, are independent exponential random vari-
ables, then ¢y, (t) = (1—it)~! and hence V = Y] — Y} has characteristic
function
¢V(t) _ EeitV _ Eeit(Y1—Y2) _ Eeityl i Ee—ith
= (I—at) "1 +at) =1 +H)h
(b) Since |¢py| = ¢y is integrable, the density of V' is given by
1 - 1 1
_ v g —
frlo) =5 /IR¢V(“)6 YT o L1

(c) But by the convolution formula, with f; = fo = the exponential(1)
density,

fv(v) = /Rfl(v + u) fo(u)du = /Ooo e‘“e_(”“)l(o,oo)(v + u)du

= / ete Ty = 6_”/ e 2 du
max{0,—v} max{0,—v}

B e V- (1/2), ifv>0,
B e’-(1/2), ifv <0,

= 27 te M

e ""du.



(d) Combining (b) and (c) yields

1 1

7 T e~y = 27 1Y,
R

Multiplication by 2 and noting that the Cauchy density is 7= (1+2%)7!,
yields the claim: ¢x(t) = e~ M.



